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BOUNDEDNESS OF L-INDEX IN DIRECTION OF FUNCTIONS
OF THE FORM f((z,m)) AND EXISTENCE THEOREMS

A. 1. Bandura, O. B. Skaskiv. Boundedness of l-index in direction of functions of the form
f{{z,m)) and ezistence theorems, Mat. Stud. 41 (2014), 45-52.

We obtain a criterion of boundedness of L-index in direction for functions f({z,m)). Using
this criterion we find sufficient conditions of boundedness L-index in direction for some class of
entire functions with “plane” zeros. Moreover, we prove some existence theorems of an entire
function f({z,m)) of bounded L-index in direction for a given L and of a positive continuous
function L for a given entire function F(z) such that F' is of bounded L-index in direction.

A. . Banaypa, O. B. Ckackus. Oezpanuvennocmos L-undexca no nanpasienuto Gynkyul euda
f{z,m)) u meopemv, cywecmeosarus // Mar. Cryzii. — 2014. — T.41, Nel. — C.45-52.

[Mosnyven Kpurepuii OrpaHUYeHHOCTH L-UHJIEK A 110 HAIPaBJIeHuto 1yt pyHKIwmii Buga f((z,
m)). Ucnonb3ys 10T Kpurepuii, chopMyIupOBaHbI JOCTATOYHbBIE YCIOBHs OlPAHUYEHHOCTH L-
MHJIEKCa, TI0 HAIPABJICHUIO JIJIsI HEKOTOPOTO KJjacca Meablx pyHKImi ¢ “nmockumu’ Hyaamu. Jlo-
Ka3aHbl TEOPEMBI CYIecTBOBaHUs 1esioil dyukimu suga f((z,m)) orpanudensoro L-uHjekca
110 HAIIPABJICHWIO s 3aaHHON L m cymecTBoBaHus GYHKIMHN L [y 33/ 1aHHOM €101 (DyHK-
unu F' ¢ orpanndeHHbiM L-MHIEKCOM 110 HAIIPABJICHUIO.

1. Introduction. We introduced a class of entire functions of bounded L-index in direction
as an object of study in [1]-[4]. There were investigated properties of these functions. As
usually, the investigations have led to new open problems. For example, find conditions of
boundedness of L-index in direction for a function F(z) = f((z,m)) and some function L,
where (z,m) = Z?ﬂ zim;, z,m € C" and f(t) is of bounded [-index. Especially, this
problem is interesting for entire functions with “plane” zeros(definition see in [5]).

We need some standard notation. For n > 0, z € C", b = (by,...,b,) € C*\ {0} and

a positive continuous function L we define

. . L(z + tb) n
b =infdinf § ——=: [t —ty| < ———— ¢ :
AL(z,m) =in {m {L(z iob) |t — to] e tob)} to € (C} ,
L(z +tb) n
b _ . < .
A5 (z,m) = sup {sup {L(z fob) [t — 1o e tgb)} Lt € C} :

ML) = inf{AY(2,m): 2 € C"}, A3 () = sup{A7(z,7): 2 € C"}.
By @} we denote the class of functions L which satisfy the condition for all n > 0,
0 < AP(n) < AR(n) < +oc.
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For a positive continuous function [(t), t € C, ty € C and n > 0 we set \(to,n) =
A2(0,t9,m) and Xa(to,n) = A2(0,%9,7) in the case where 2 = 0, b =1, n =1, L = [, and
also A\1(n) = inf{ A\ (to,n): to € C}, Xa(n) = sup{Aa(to,n): to € C}. As in [8], let Q = Q7 be
the class of positive continuous functions [(t), ¢t € C, that satisfy the condition for all n > 0,
0 < Ai(n) < Xa(n) < +o0.

An entire function of F(z), z € C", is called (see [1]-[3]) a function of bounded L-index
in direction b, if there exists my € Z, such that for every m € Z, and every z € C" the
following inequality is valid

1 [9"F() 1 |9FF(2)
< : < k<
mlLm(z) | gbm —max{wu) gk | 0sksmor, (1)
where
PR _ (), 9L _ 3 OF) 5 OFE) 0 0 F()
oo = F2), ; 5. b= {grad £, ). =5 ab< o ). k>2

Below we formulate assertions that indicate possible ways to construct a function L(z) €
Q¢ given a function [(t) € Q. Their proofs are based on the definitions of @ and Q. For
[ € Q we denote l1(z) = [(|z]), z € C".

Lemma 1. Ifl € Q) then |, € Q}, for every b € C™.
Proof. Since | € () we have that for u € C

. ] U(w) n
< : — < <1<
0< uloxéf(c)\l(uo,n) <inf {l(uo) lu — ug| < l(uo)} <1<
[(u) n }
<supq —=: |u—ug| < ——p < sup A (ug,n) < +o0.
p{l(UO) | 0| l(UO) uOEI()C 2( 0 77)

Using these inequalities we obtain

0 b 0 b
inf{llﬂz_ﬂk |t_t0|§+}:inf{w Hm%#}:

1(20 4 tob) (|20 + tob]) [(|2° + tob]) : [(|2° + tob])
U Hb) 0 [bn
=inf{ ———~: tb — tob)| < ————— % >
o s bl 1 ) S g 2
JUED s \b\n} Juw - - by
>infd—5: [|2] — |20]| £ == ¢ > inf S —=: |t —to| < —=— » > A\i(|bn) >0,
{l(|zo|) ‘|| |0|‘ l(|ZoD l(to) | 0| l(to) 1(| )

where 7 = 20 + tb, 2y = 20 + tob, t = |Z], to = |Z0].
Using similar considerations we obtain

0 0

[1(2° + tob) (|20 + tob 1(|2° + tob)) (|20 + tob)
1(]2° +tb]) 0 bln
= —_ tb — tob)| < ——7-—— 5 <
swp ey (bl < g s
{(E/ e !bn} (H) + ~ _ |bly
Ssup{T: Zl =20l € == ¢ <supq —==: |t —to| < —=— » < X\o(|bn) < +o0.

Thus we proved that if [ € ) then for any b € C" one has [; € Qp. H
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Lemma 2. If[(|t|) € Q then for all m € C™ and every b € C" we have [(|(z,m)|) € Qp.

Proof. Since [(|t]) € @ we have that for any ¢ > 0

) o 4 .
Sup{l(|to|). [t —to] < l(to)} < A2(g) < o0

We substitute t = (z,m), to = (29, m) and obtain

em)) ] N
sup{—lmwm.u, )~ (2, >r<—}92<q><+ |

Let z = Z + tb, 2° = Z + tyb. Then we have

q
[{z,m) — (%, m)| = [(b,m)| [t —to| < '
(R0, m))
Hence
[(|(Z + tb,m)|) q }
= =t < = <\ < +00.
oo o)1~ 0 T o} < 40 < 420
We denote ¢* = m. Since the number ¢ is arbitrary, we obtain that for every ¢* > 0 the
following inequality is valid
L([{Z + tb,m)|) q" }
= =t < — < Xa(q* (b, < 00. 2
W )1 < [ Gy ) S M0 <o, @

A similar inequality can be deduced for inf. Indeed, the condition [(t) € @ implies

the inequality
(|t
inf{ D) 1) < i} > \i(q) > 0.

[(ltol) 1(to)
As above we substitute ¢t = (z + tb, m) and ty = (z + tyb, m) and obtain
o [ U1z + tb,m)[) q }
inf ~ =t < = >\ > 0. 3
(o = i ) >0 @

Therefore from (2) and (3) we have that I(|(z,m)|) € Q}. O
We need an analogue of Hayman’s theorem for entire functions of bounded [-index.

Theorem 1 ([7]). An entire function f is of bounded I-index if and only if there exist
numbers p € Z, and C' > 0 such, that for every z € C

S+ (2)] f (=)
[P+1(z) I*(z)

This theorem was proved M. M. Sheremeta in [7].
In [1] we proved a proposition, which is a multidimensional analogue of Hayman’s theorem
for functions of bounded L-index in direction.

SC’maX{ :nggp}.



48 A.I. BANDURA, O. B. SKASKIV

Theorem 2 ([1]). Let L € Q}. An entire function F(z),z € C", is of bounded L-index in
the direction b if and only if there exist numbers p € Z, and ¢ > 0 such that for every
zeCn
1 OPTE(2)
Lr+l(z) Obprtl

1 OFF(z)
Lk(z) Obk

§C’max{‘

0<k< p} | (1)
As a consequence, we obtain the following result.

Theorem 3. Let [(|t|) € Q. An entire function f(t), t € C, is of bounded l-index if and
only if the entire function f((z,m}) is of bounded L-index in the direction b € C", where
L(z) = ([{zm)]), = € C", m € T, {b, m) #0.

Proof. At first we calculate the directional derivative

0" f({z,m))

e = fO(z,m))(b,m)* for s > 1. (5)

Since the function f(t) is of bounded [-index, by Theorem 1 there exist p € Z, and C* > 0

such that for all t € C
£ () F9(2)]
Yy Yo < k< .
P = O T 0 SRS

In other words, for ¢t = (z,m) the following estimation holds

L e m)| e
T | = i e
(k)
SC*|(b,m>|p+1maX{% O<k:<p}:
o 1 0 f ({2, m))
= s g | o <o} <
k zZ,m
< O ma{ (b 0 <k < phmes | g [T o <k

Hence there exist p € Z, and C' = C* max{|(b, m)[P*17%: 0 < k < p}, that for all z € C"
inequality (4) holds. Therefore by Theorem 2 the function f((z,m}) is of bounded L-index
in the direction b (L(z) = I(|(z,m)]) € Q} by Lemma 2).

The proof of sufficiency is similar and uses (5). O

This theorem is useful in the study of boundedness of L-index in direction for some
infinite products.
Let m be an entire function in C" of genus p with “plane” zeros

= [T 9((z a*1a*17),p), (6)
k=1

2

p#0 g(u,p):(1—U)6Xp{u+%+-~+u§}, p=0 g(u,0)=(1-wu),
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where a* € C" is a sequence of genus p, i.e.
S 1/lak P < oo, S0 1/Jakp = o @
k=1 k=1

We assume that the sequence (a*) is ordered in such a way that |a*| < |} (K > 1).
Moreover, we suppose that elements of sequence (a*) are located on some ray

a¥ = myla®| for all k > 1, (8)
m = (my, ma, ..., my). If condition (8) holds then 7(z) is a function of (z, m). For the class
of such functions we obtained some conditions (see [4] and [1]) on the sequence a”, under
which 7(z) is a function of bounded L-index in direction.

We note that for these conditions the proof of sufficiency is similar to that for one-
dimensional case (][9], [10]). But in view of Theorem 3 and Lemma 2 now we can apply
the corresponding propositions for infinite products from [9], [10] to obtain sufficient condi-
tions of boundedness L-index in direction for functions m(z). Thus the next corollaries of
Propositions 2-4 from [9] are true. Let n(r) = >_ ., 1.

Corollary 1. Iflak‘TpJrl oo (k — 00), (a*) satisfies condition (8), L(z) = I(|(z,m)|), l € Q,
n(r)Inn(r) = O(rl(r)) and

n(r) 1
2Tt

o0

1
Z W = O(l(?”)), r — +00,
k=n(r)+1

then a function m(z) defined by (6) is a function of bounded L-index in the direction b.

Corollary 2. Let WTPH S oo (K — o0), (a¥) satisfy condition (8), Li(z) = l1(|{z,m)]),
hoeQand h(r) = YR o (o < v — +oo). If "M — O(Ly(r)) (r — +00), then
the function m(z) defined by (6) is a function of bounded L,-index in the direction b.

k‘p+1

Corollary 3. Let 1" 7 oo (k — o0), (a*) satisfy condition (8) Ly(z) = b(|(z,m)]),
lr(z) € Q and lp(r) < 1P 327 )14 \ak|p (ro < 7 — +o00). If "M — O(ly(r)) (r — +00),
then the function 7(z) defined by (6) is a function of bounded Lg index in the direction b.

Let @ be the class of nondecreasing functions [(t) € ). We obtain the next corollaries of
Lemma 2 and Theorem 1 from [10].

Corollary 4. Let L(z) = I(|(z,m)|), | € Q and (a*) satisfy condition (8), I(|a’])) =
O(l(Ja**1|)) s — +o0, for some qy > 0 and every k > 1

26]0
k41 | k
@™ —a"| > (Jak+1]) ) Z| |ak|

Then the function 7(z) of genus 0 defined by (6) is a function of bounded L-index in the
direction b.

Z |ak| = O(L(|a’))), s — oc.

k=s+2
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Corollary 5. If for some n > 0 and every k > 1 (1 + n)|a*| < |a**!] and (a*) satisfies
condition (8) then there exists L(z) = I(|(z,m)|), | € Q such, that I(r) ~ @ (r = +o0)
and the function 7(z) of genus 0 defined by (6) is a function of bounded L-index in the
direction b.

Theorem 1 from [11] gives one more corollary.

Corollary 6. If 0 < |a!| = d; < dy, = |af| — "1 M 0 (2 < k — o), (a*) satisfies
condition (8) then there exists L(z) = I(|(z,m)|), | € QF, such that I(r) — 0 r — 400,
and the function 7(z) with genus 0 defined by (6) is a function of bounded L-index in the
direction b.

Applying Lemma 9 from [1] to these Corollaries 1-6 and putting L({z,m)) = 1, one can
obtain corresponding sufficient conditions of boundedness index in the sense of Bordulyak-
Sheremeta (see definition in [16]).

For the one-dimensional case, for some past time mathematicians were interested in the
following two problems: the problem of the existence of an entire function of bounded [-index
for a given [, and the problem of the existence of a function [/ for a given entire function f
such that f is of bounded [-index (see [12]-[15]). It is clear that the same problems can be
posed for the multidimensional case.

We note that the solution of the first problem in the one-dimensional case is given by
a canonical product. The solution of the first problem in the multidimensional case also
exists in the class of canonical product with “plane” zeros.

Theorem 4. For every positive continuous function L(z) = I(|(z,m}|), where m € C" is
a fixed vector, I(t): [0,+00) — (0,+00) is a continuous function and rl(r) — +oo(r — +00)
there exists an entire transcendental function F of bounded L-index in every direction b.

Proof. By Theorem 1 from [13] for every positive continuous function I(]¢|), t € C, such that
rl(r) — 400 (r — +00), there exists an entire function f(¢) of bounded l-index. We put
t = (z,m) and by Theorem 3 we obtain that F(z) = f({z,m)) is a function of bounded
L-index in the direction b. O

We consider the function F'(z°+tb) if 20 € C™ is fixed. If F(2°+tb) # 0, then we denote
by pp(2° + alb) the multiplicity of the zero af of the function F(2°+tb). If F(2° +tb) =0
for some 2% € C", then we put py(2° + tb) = .

Theorem 5. In order that for an entire function F' there exist a positive continuous func-
tion L(z) such that F(z) is a function of bounded L-index in the direction b it is necessary
and sufficient that Ip € Z, Vz° € C" such, that F(z° + tb) # 0, and Vk pp(z° + alb) < p.

Proof. Necessity. To simplify the notation we consider everywhere in the proof p? = py,(2° +
agb). Necessity follows from the definition of bounded L-index in direction. Indeed, assume
on the contrary that Vp € Z, 32° 3k p? > p. This means that

IR F (20 4 adb) IF (2 + alb)
ObPk ObJ

for all j € {1,...,p) — 1}. Therefore L-index in the direction b at the point 2% + alb is not
less than p? > p

=0

# 0 and

Nu(F, L, 2° + alb) > p.



A BOUNDEDNESS OF THE L-INDEX IN DIRECTION FUNCTIONS f((z,m)) 51

If p — o0, then we obtain that Ny(F,L,2° + alb) — +oo. But this contradicts the
boundedness of L-index in the direction of the function F.
Sufficiency. If for some 2° € C", F(2° 4 tb) = 0, then inequality (1) is obvious.

Let p be the smallest integer such that V2 € C" F(2° + tb) # 0, and V& p(2°) < p.
For any point z € C" we define unambiguously the choice of 2 € C"* and t, € C such
that z = 2% + tyb. We choose a point z° on a hyperplane (z,m) = 1, where (b,m) = 1
(actually it is sufficient that (b, m) # 0, i. e. the hyperplane is not parallel to b). Therefore
to=(z,m)—1,2°=2—({z;m) —1)b. We put Kr = {t € C: max{0,R—1} < |t| < R+ 1}
for all R > 0 and

IPLF (20 4 adb)
ObPi '

Since F is an entire function, there exists ¢ = £(2° R) > 0 such that

0
kg | P!

1
m1(2°, R) = min {—

1 |07 F(2° + tb)
! Obk

for all k and all t € KrN{t € C: |t — a?] < &(R,2°)}. We denote G° = werpit € C:

[t —a?] < e}, ma(2°, R) = min{|F(2° + tb)|: |t| < R+ 1,t ¢ G},

Q(R, ") = min {M,mg(}z, ZO)} :

> my (2207 R)

We take R = [tg|. Then at least one of the numbers |F(z° + tob)], w e
0
%! % is not less than Q(R, 2°) (respectively, Flkrl %Jétoﬂ‘ for ty € G2 and |F(2°+
tob)| for ¢t ¢ G.). Hence
1 éWF(zO + tob) . 0
max{ﬁT 0<j<pr > Q(R,2). (9)

On the other hand, for |tg| = R and j > p + 1 Cauchy’s inequality is valid

1 |0PF(2° +tob) 1 / F(z° +7Db)
Tl S N — —————dr
J! ObJ 210 Jjr =1 (T — )7 !

We choose a positive continuous function L(z) such that

max{|F(z° + tb)|: |7|R + 1} 1}

< max{|F(z°+7b)|: |7| < R+1}. (10)

L(2° 4+ tob) > max{

Q(R, 2°)
From (9) and (10) with |to| = R and j > p + 1 we obtain
1 81 F(z9+tob) ‘
FLI(0+tob) obJ < L7 (2% + tb) "
k(50 - 0)] — 0
maX{k:!Lk(z%J—ktob) : F(ab:tob) 0<k< P} Q(R, 2%)L77(z° + tb)

x max{|F(z" +tb)|: |[7| < R+ 1} < LPT79(2° 4-tb) < 1.

Since z = 2% 4 tb, we have
1 IF(z) < ma 1 OFF(2)
iz | b | = T\ RILRG) | bR

But z is arbitrary. So F' is a function of bounded L-index in the direction b. m

:ng:gp}.
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Let yr(z) be a multiplicity of the zero point of function F
z) =min ||k
3e(2) = min ]

for F(z):ZﬁZH var(z—20)% ||kl =ki+... 4+ ky, k€Z, 2 € C". If F(2°) = 0 and for all
je{l,...,p} 8J§b] =0 and W—F(z # 0, then the point z° is called zero of multiplicity p
in the direction b, and we denote thls multiplicity by pp(z). It is clear that yg(z) < pp(F).

Using the proved theorem we obtain the following corollary.

Corollary 7. If F' is an entire function of bounded index in the direction b (i. e. L(z) = 1),
then the multiplicities of the zero points of function F' are uniformly bounded.
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