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Let My, be the set of k-valued meromorphic in G = {z: ro < |2|} functions with a branch
point of order k£ — 1 at oo; let E, be a set of circles with finite sum of radii. Denote M, (r, f) =
max | f(2)], z € {te’?: 0 < 0 < 2km, ro <t <r}\E., fEMy;m(r, f) = ﬁ sﬂkln+|f(rei9)|d9.
If f € My, is a solution of the equation P(z, f, f') = 0 and P is a polynomial in all variables
then either |f(re?)] < r”, re’ € G\ E,, v > 0 or m(r, f) has growth order p > 3, and the
following equality holds In M., (r, f) = (¢ + o(1))r?, ¢ 4 0, r — +o0.

A. 3. Moxonbko, A. A. Moxoubko. O nopadke pocma pewenutdl duddepenyuarvbiovir ypasherud
6 oxpecmuocmu mowku semeaenus // Mar. Cryaii. — 2013. — T.40, Nel. — C.53-65.

IIycrbs M), — MHOXKeCTBO k-3Ha4HBIX MepoMOpGdHBIX B G = {z: 1o < |z|} dyHkumii ¢ Toukoii
BETBJICHHUS TOpsiiKa k — 1 B 00; mycTh F, — HEKOTOPOE MHOYKECTBO KPYI'OB C KOHEUHON CyMMOi

pauycos. O6ozmaunm M, (r, f) = max |f(2)|, z € {te?: 0 < 0 < 2km, ro <t <r}\ E,, f €
My; m(r, f) = 77 OQTrk In" |f(re?)|df. Ecim f € My, — pemenue ypasnenust P(z, f, f') = 0,
P — mmorousien mo BeeM TiepeMerHbM, To 6o |f(re?)| < v, re’® € G\ E,, v > 0, mb6o
m(r, f) MeeT NOPSIIOK POCTa p > 5o U BbiOJHseTcs: paseHcTso In M. (r, f) = (c + o(1))r?,

c#0,r — +oo.

Differential equations P(z, f, f', f”, f") = 0 (where P is a polynomial in all variables)
may have entire transcendental solutions of zero growth order (see [1, p. 224-226]). V. V. Zy-
moglyad showed in [2| that differential equations P(z, f, f’, f”) = 0, P is a polynomial in
all variables, do not have entire transcendental solutions of zero growth order. In this paper
we obtain asymptotic estimates for meromorphic solutions of first order algebraic equations.
We show that this entails, in particular, the fact that entire transcendental solutions of
P(z, f,f') =0, P is a polynomial in all variables, have the growth order p, % < p < +o0.

Recall some definitions and properties.

Let (g,€4), 9 = {z: |2 — 20| < 0.} be a regular element or an element of the form
e,(2) = ;fis aj(z — 20)!, z € g = {z: |z — 20| < 95}, s € N. Suppose the element
(g,€s,) can be meromorphically continued along an arbitrary continuous curve L: [0, 1] —
G ={z: rog < |z] < 400}, L(0) = 29, L(1) = z; outcome element is either a regular

element e,,(2), z € {z: |z — 21| < d.,} or an element of the form €, (z) = j:im a;(z—z0),

z € {z:|z— 2| < 0,,}, m € N. It is possible that for an arbitrary z; € G there exists
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an infinite set of distinct elements with the center z; that are continued from the element
(g, €es,)- The set of all such elements is denoted by F(z), z € G and say that F(z), z € G,
is meromorphic in the domain G function, generated by the element (g,e.,).

Let the curve L be closed: L(0) = L(1) = 2, v(L,0) = s be the count of loops of
the curve L around the point 0. The curve L is homotopic in G to the curve c;: z =
|z0]€?¥0+2m7) 0 < 7 < 1, ¢,(0) = 29 = ¢ (1) that loops s times the circle of radius |z with
the center at 0. If a meromorphic element (g, e) is continued along the curve L and along
the curve c,, the results coincide: this is an element centered at z.

Assume that the meromorphic extension of the element (g, ey) along the circle ¢;: z =
|z0]e!?0F27) 0 < 7 < 1, ¢1(0) = 25 = ¢;1(1) that loops once around the circle with the radius
|20| and the center at 0, is different from the initial one. If there exists k € N such that the
meromorphic extension of the element (g, eg) along the curve c: z = |zo|e¥0+2767) () <
T < 1, (0) = 2o = (1) that goes k times around the circle of radius |zg| centered at the
origin, generates the initial element (g, eg) then the point co is a finite order branch point.
Let k, k € N be the least one with the property described above. Then the number k£ — 1 is
the branching order of the point co. In this case for any z; € G there exist exactly k distinct
elements centered at z; that are extensions of the element (g, e.,). That means F(z), z € G
is a k-valued meromorphic in the domain G function generated by the element (g, e.,).

Let M, be the set of k-valued meromorphic in G = {7“"9: 0 <6 < 2nk, rq < r} functions
with the branch point of order k —1 at oo; other singular points of function f € M are poles
with the only possible concentration point at co. Let Ax be the set of k-valued analytic in G
functions which have unique singular point at infinity: algebraic branch point of order k — 1;
therefore A;, C M.

Rewrite z, z € C\ {0} in the exponential form: z = re?. A function f € M, can be
considered as a single-valued f(z), z € G = {re??: 0 < 6 < 27k, 79 < r}, on the Riemann
surface G = {re"?: 0 < 0 < 27k, ro < r}.

Consider the differential equation

Z T 0, ()27 = Z w,(2)f*f°, peN, 3 ¢eNU{0}, (1)

n+s=p n46<p
(Wi (2)] < [2]%, 0s(2) = cos +0(1), 2 — 00,
ZEG:{T€i920<9<2kZ7T, ro <r<+o00}, keEN, 7, a,x €R, ¢, €C,
Use(2), Woe(2), 2z € G are analytic functions, for example, for some s,¢, x+¢ =p, v, (z) =

cos \/LE, and for s, ¢ such that s+ ¢ < p, w,(2) = 2%Ln z, ¢ > 0.
By definition, v,(2) =0 if ¢, = 0; let Is2,,¢. € NU{0}:

it G =D, Cuc #0. (2)
As F, we denote a set of circles in the domain G with a finite sum of radii.
Denote
1 27k ”
= — Int N do 3
mirf) = g [ WIS, 3

M, (r, f) = max |f(2)], z€ {te?:0<0 < 2%km, ro <t <r}\Q,

@ C E., the set of circles with centers at zeros and poles of f with a finite sum of radii (see
(28)). By definition, m(r, f) < In M. (r, f), r ¢ A, mes A < +oc.
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Theorem 1. Let f € M, be a solution of equation (1). Then either

Jd=d(e): |f(re®)| <, r? € G\ E,, r>d, (4)

or m(r, f) has growth order p > i and the following equality holds

In M. (r,f)=(c+o(1))r’, ¢#0, ¢, p=const, r— +o0. (5)

Moreover,

a) there exists a finite (maybe empty) set of angles {z = te?: ry <t < +00, 1. <0 < 7.},
such that Ve >0 Ve >0 dd:

Inf(z) = (ce + g(2)27, |g(2)| <&, z€{te®:d<t, ne+e<O< v —¢€k;  (6)
b) there exists a finite (maybe empty) set of rays {z = te"?<: rqo <t < +oo}, for which
In|f(re’*)| = o(r”), 1€ [ro,+00)\ 4, mesA < +o0; (7)
c¢) on the complement to these angles and rays (in the domain G)
1f(re®)| <t e >0, r>r(0), re’ ¢ E,. (8)

Numbers 1, Vi, Cx, Py P5 C; Ps, V, are defined in view of equation (1); E, is any set of circles
with a finite sum of radii.

If a solution f € My, of equation (1) has the characteristic m(r, f) of growth order p =
then for somen € R Ve >0 Ve >0 dd:

L
2k’

Inf(z) = 2% (c+g(z), |g(z)| <e, ze{te® d<t, n+e<O<n+2rk—c}, (9)
and on the ray {z = te": ro <t < o0}
In|f(re™)| = o(r=), r€[ry,+00)\ A, mesA < +oc. (10)

Remark 1. If a solution (1) is an entire function f(z),z € C (thus & = 1) then the
characteristic m(r, f) = T(r, f) (see |3]). If the estimate (4) holds, then f is a polynomial of
a degree not grater than v. Otherwise the characteristic m(r, f) has growth order p > i = %,
and f is an entire transcendental function of order p > 3 ([4]).

Example 1. The function f(z) = cos ¥/z, z € C, from the ring A is a solution of the
equation f2 + f24k%22% = 0, has growth order p = - Moreover, In f(z) = %/z(—i +
0(1)), z=re? € {te??: d <t, 0 < < 27k}, § = const, which means that (6) holds, and on
the ray {z: z =1 > 0} statement (7) is valid.

Remark 2. It will be proved that if characteristic equation (14) does not depend on L then
for a solution f € M} of equation (1) the following inequality holds

If(2)] < 2", ze{z=re": 0<0<2nk, r >d}\ E,. (11)

Example 2. The Weierstrass elliptic function p(z), z € C is meromorphic with growth order
p=2(]5, V.2, p. 422]). It is a solution of the equation (f")? = 4f>—gof — g3, g2, g2 = const,
(|5, V.2, p. 362]). For the Weierstrass function estimates (11), (4) hold true.
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Remark 3. If in characteristic equation (14) all degrees d; < 0, then for angle coefficients
of the Newton diagram of equation (1) we have 0 > p; > ... > pp. For this case it will be
proved that (11) is valid.

Example 3. The function f(z) = \/z, z € C, is a solution of the equation 2ff" = 1. For
this function estimate (11) is valid.

Proof of Theorem 1. If f € My is a solution of (1) then f has growth order p, 0 < p < 400
([6]). Let (see (1) and below)

n=max{s: x+s=p, . #0}, g¢=min{s: x+¢=p, c,.c #0}. (12)

Divide both parts of (1) by f?(z). After a simple transformation and coefficients reassigning
this equation can be presented as

(55 )+Z(zf, )" @) =), v =g +oll), ey 20, (13)

nrynn S/T)°
w(z) = Z W, (2)z P*"’"W, di€R, ¢g=1, dy=0.
rte<p—1
Here z € G = {r?: 0 < 0 < 27k, ry < r}. Denote f(()) = L(z), ¢o =1, dy = 0, and rewrite
equation (13) as
2+ 3L ()u(2)2Y = w(2), v(2) = ¢+ 0(1), g #0. (14)

Here z € G, ¢ > 0. This equation is called characteristic for (1).
Consider the equation

n—q
2 Yy ()2 = w(z), W) <A a2, (15)

where A is a constant defined in (20), (23) by the form of equation (15). Coefficients

w(z), vj(z), z € ®, j € {1,2,...,n — ¢} are some functions defined on an unbounded set
D Cgap={z=re: 1 =10, 0 < B} in the way that
Vi>0 3d=d(6) Vzedn{z=re?: r>d, a<0<p} = (16)

vi(2) = (¢; +8;(2)), ¢ €C, !gj( 2)| <6

Wesetg]( 2)=0if ¢; =0. Let FF = {j: U]( )#0, ze®, je{l,2,....,n—q}}.

1° If in equation (15) ¢ =0 V ¢q > 1, d,,—q < maxjecrd;, then we denote dy = 0 and
H ={(j,d;): j € FU{0}} a set of points on the plain.

2° If in equation (15) ¢ > 1, d,— g = MaXjep d;, then we append to H another point

(n,dy), dp ' _1 and obtain the set H = {(j,d;): 7€ FU{0}} U{(n,d,)}.

Let the terms in 1° hold. By the points of H, let us construct the Newton diagram of
equation (15) (of the set H). Consider the convex hull of the set H (|7, v. 1, p. 788|). The
boundary of this convex hull is a polygon divided by the points (0,dy) and (n — ¢, dn,—)
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into two broken lines. The top line is the required Newton diagram. Let vertices of Newton
diagram have abscissas

io,il,...,iT, O:i0<i1<...<iT:n—q. (17)

Denote

s

di, — d;,_,

Ps = ., se{l,2,...,T}, (18)

is - is—l
ps are angle coefficients of the Newton diagram segments, py > py > ... > pr. Note that if

in 1° the following term holds true ¢ > 1, d,,_, < maxjcp d;, then by the properties of the

convex hull of the set H, the following inequality holds pr < 0. Denote ps(n — j) + d; df

lis, s€{1,2,....,T}, jeF;
def

maxl;, = l,. 19

e XL, (19)
In what follows we assume that in (15) the constant A is subject to the condition

A >max(0, max —lI). (20)
s€{1,2,....T}
Let the terms in 2° hold true. In this case the Newton diagram of equation (15) is constructed
by the points H. Newton’s diagram vertices of the set H have abscissas iq, i1, ..., i, 741,
0=1ip<iy <...<ir=n-—q<iry =n, that are different from the abscissas of Newton’s
diagram vertices of the set H by just one additional point i7,; = n. Angle coefficients of the
Newton diagram segments of the set H are
di, — di._,

Ps = se€{l,2,...., T\ T+ 1}, p1>p2>...>pr>pra. (21)
s T bts—1

From the terms in 2° and convex hull properties |7, p. 788| we conclude: pr,; < 0. Similarly
in (19) denote by ps(n —j) +d; =15, s€{l,..., T, T+ 1}, j € F;

maxl;, €1, se{l,....T,T+1}. (22)
jEF
In the definition of the number A (20) make one extra assumption

A >max(0, max —l). (23)
s€{1,2,....,T+1}

In [8] the following lemma is proved.

Lemma 1. Let in equation (15) conditions (16) hold true and the constant A is defined in
(20) (or (23)) by the Newton diagram of this equation. Let ® C g¢,p3, ® be an unbounded
closed (open) set. By ®q, we denote the connected component of the set ®.

IfVje F={j:gj(2) #0, z€ ®, j € {1,2,...,n— q}} in equation (15) the degrees
d; < 0 then all solutions of equation (15) are bounded in ® N {z =re": r > d, « < 0 < S}.
Let 35 € F: d; > 0. If a continuous function x(z), z € ® is a solution of equation (15) then
only one of properties holds:

1. either Vo >0 dry:
w(z) = (y+u(2)2’, y#0, |u(z)] <6, z€dy, |2]>r,
peR, yeC, y=y(P), p=p(Po),

y, p do not change if z € @, |z| > ro; (y,p, correspondingly, one of finite set of y;, ps
defined by the equation (15), ps is an angle coefficient of Newton diagram).

(24)
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2. or
lz(2)] < |z|€+5, (+0<0, ze€dy, |z|>r, (25)

¢ =prV{=prq (see (18), (21)), 6 > 0 is sufficiently small.

Apply Lemma 1 to equation (14). Consider the set F' = {j: v;(z) =¢;+0(1) #0, z € G,
JeAL2,...,n—q}} By ps, s € {1,2,...,T,T + 1} we denote angle coefficients of the
Newton diagram segments of the set H = {(j,d;): j € FFU{0}} (or the set H). Let

po = max(p, p1), p1>p2> ... > pr > pra1, = 0. (26)

For the function f € M; with growth order p, p < +oco the following statement is fulfilled,
see [6, p. 208] (E is a set of circles with centers in poles and zeros of f with a finite sum of
radii) Vo > 037 :

/ 0
]}<(—>) <M PO, e € G\ B, (27)
G = {re?: 0 <0 <2k, ry <r}. Thus the set
_{.. f'(z) 20 +2+0
Q—{z. z € G, 8 > |z] }C E.. (28)

Let 0Q be the boundary of Q. Since functions |z|*0T2+o J;(ZZ)} are continuous, taking into
account (27) and (28) we obtain (o > 0)

f'(2) 2p0+2+ f'(2) 2p0+2
=z 7 2€00Q; < |zt te 2 e G\ Q. 29
2 = 22 < \ (20)
Denote (see (23) and (20))
[ =max(0, max —l5) V [=max(0, max —I),
s€{1,2,....,T} s€{1,2,..,T+1}
v = max(p, max {a;,g +n— Tp_nn + (210 + 2)p + 1}). (30)

»n+e<p—

Here the constant 1 is defined by solutions of characteristic equation (14) (see (24)). Consider
the sets

O ={z: z€G\Q, [f(z)| Z [[""}, &1 ={z: z€ G\Q, [f(z)| <[«["**}, (31)
0 ={z: 2 € G\ Q,|f(2)] > |2]""}, @ =d°Udd.

On the set @ the conditions of Lemma 1 hold true (Jw,(2)| < |z]**)

(13 ner, \f/ 1
W < D wa(2)2 "‘"’”||f|p—%—< S
rte<p—1
11 fls (29) (31)
< E /‘ ’Z|n—‘l'p_n,n-5-a;(g ‘f|§-{.| < E | ’n Tp—n,n+asxc+(2po+2+0)s ‘;‘ < (32)

(30) o
< E |z|n—'rp,n,n—l—a,{g+(2u0+2+0)§—u—6 < |Z|—l—$-0p—|-7—e7 = (I),

—l+op+ % —e <0 (in (27), (32) 7p+1)
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If (14) does not depend on L then in the left-hand side of (1) only one summand
fPuy0(2)2™°, vy(2) = cpo + 0(1), has the degree p in f and f’. Then there exists d > 0
such that ® N {z: |z| > d} = @. If we assume the contrary then taking into account (32)
equation (14) has the form ¢, +0(1) = o(1), 2z € ®. From here we obtain that ¢,y = 0 which
contradicts the assumption (2). Thus in the case that is considered we have {z = re®: 0 <
0 <2rk, r > d} \ E, C ®; and from (31) it follows (11).

In particular, the Weierstrass elliptic function (see example 2) p(z), z € C is a meromor-
phic function of growth order p = 2. This function is a solution of the differential equation
()2 = 4f% — gof — g3, go, 9o = const. Thus the equalities hold true: 4[p(z)]? = (422)2 4

dz
92@('2) + g3,

4= (p/(z))2+gm(2>+g3, zeC. (33)
p(2) \ p(2) [p(2)]°

This means that the characteristic equation does not depend on L (see (14)). For one-valued

meromorphic function p(z) of finite order u the following inequality holds [4, p. 87| (E. is

a set of circles with a finite sum of radii)

‘ ¢'(2)
o(2)

Consider the set @, = {z: z € C\ E,, |p(z)| > |2[®"*7}. There exists d, d > 0 such that
¢, N {z: |z| > d} = @. If this were wrong then, taking into account (34), equality (33)
would take the following form 4 = o(1), z € ®, which is obviously wrong. That is why
lp(2)] < |23, 2 € C\ E., |z| > d, 0 > 0.

Let (14) depend on L. Assume for definiteness in (14) ¢ = 0. Let &y be an arbitrary
connected component of &, &5 C ®. According to Lemma 1 for the continuous function
L(z) = 2L which is a solution of (14) on the set @, one of the following assertions is true:

f(2)
either (24) or (25),

<[Pt = Jatt

, z€{z:d<|z| <400} \ By, o>0. (34)

2f'(2)
x(z) = L(z) = . 35
(2)= 1) = 2 (3)
Let y be the greatest possible values of |y| in (24) (see (30)).
If R is large enough then for the points z € 9Q the following statement holds
2€0Q, |2|>R = zed E |f2)] < |z (36)

Indeed, if z € & N OQ then from (24), (26) we have J;/((j))‘ < 3|yzri~!| < |z|*°, which

contradicts the first formula in (29). From (36) and (31) it follows that ®° is an open set.
From (36) and from the definition of ® we conclude

2e0®, |z|>R B ) = |7 (37)

It is possible to assume that for ry the following holds true: f(rge) # 0,00, 0 < 6 < 27k.
Then '
0<c<|f(roe?) <C, 0<60<2rk, c,C = const. (38)

Take some ¢, 0 < ¢ < 27wk. Consider a ray S(¢) = {re*: r > ry, ¢ = const}. If
¢ N S(¢) = @ then from (31) it follows

[f() <277, 2 € S(p). (39)
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Let ® N S(p) # &, & = &° U IJP. From (37) we have |f(z)| = |z|"1%, 2 € 0P. The set
$° N S(p) is a union of finite or countable set of disjunctive maximal connected components
wy = {z: 2 =re" ry <r <ry}, see 9, p. 58| such that |f(2)| > |z|""¢, z € wy. Moreover
if z;; = ;€' is the starting point, zg9; = roe™® is the ending point of wy and |z14| > 7o,
|29¢] < 400 then from (37) it follows

[F(z)l =zl [f(220)] = |27 (40)

Add the start and end points to the open interval w; and obtain the closed interval w;, =
{z: z2=re% ry <r <ry), D w Dwy, such that

[F(2)] 21277, 2z €w (41)

The connected set w; is contained in the connected component ®q C ®. That is why V z € w,
either equality (24) holds true (y = y(t), p = p(t)) or inequality (25).

Let {w;} be the set of all segments w; on S(p); by w;” we denote such segments w; € {w;}
for which equality (24) holds with p > 0; let w, be the segments w; for which equality (24)
with p < 0 or (25) holds true. Let wp.,, .; be an arc (a piece of) the segment w; from the
point zy; to the point z € wy.

Suppose there exists a section w, C S( ). According to (24), (25), (35), for s € w,

f s) < (\y||+ 2 Thus by integrating f(z along w, , we obtain

the following inequality holds

(|Z| =T, |th| :7“1t)
UL el oo 2 ot
< /w[%z] ) ds| < !y|+3 S ly |+3 ln| " (42)

In

f(z1)

If w; has an infinite length then from (42) it follows (|y| < v, § <e) In|f(2)| < (Jy[ + %) x
xIn|z| +1n|f(z1)] < (v+ 5)In|z| +In|f(21)], 2 € w; C P, 2 — 400 that contradicts the
first equality in (31). Therefore o < +00.

If r1; > ro then taking into account (40) at z = zy, inequality (42) has the form (v +
) In IZI < (]y\ + %) In :ZI, ly| < v, § < e, that is possible only if 21, = 2z, where the
segment w, is actually a point zj; = zy if (40) holds true.

If ri; = 7o then (38) and (40) yield In|f(z1:)| < InC, In|f(22)| = (v + €) In |29/, thus
at z = zy inequality (42) has the form In|f(z2)| = (v 4 €) In|22¢| < (Jy] + ) In22t +InC,
ro < Taor, |y| < v, 0 < g, that is possible only if |22 < R = const which does not depend
on . Finally

{2: z=re"”, p=const, r> R}Nw, =3. (43)

In particular, if in characteristic equation (14) all degrees d; < 0 then for angle coefficients
of the Newton diagram segments of equation (14) we obtain 0 > p; > ... > pr. Thus, on
an arbltrary connected component ®, equality (24) holds true with p < 0. That is why
segments w;” C S(p) do not actually exist. This and (43) implies {z: z =re’?, r > R, ¢ =

const} N ®° = @. Thus the ray {z = re’: r > R, ¢ = const} (?)Cl) $;, UQUOIP and (11)
holds true (see example 3).

Let Jw;” C S(p) ={z: z =re", r > 1y, ¢ = const}. For z = re® € w;" equalities (24)
(p>0) and (40) hold.
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If we integrate (24) on the set w;” and remove real parts then obtain (see (35)) (y =
lyle?, p>0; z =1, 2, = rye € w)

f(z)—gzp—zp u
S R AR R

u C)C”_ldC‘ < g/ 2’ dx <

( Wz1y,2] Wz1y,2]
< gt =t SO = W tycontoo ) ae), il < 7. )

z=re € wl, ry <r<rgy < 4oo, §>0, 0 is small.

First suppose that all segments w;" have a finite length. For all segments w;", where
rie = (@), in (44) cos(pp + ) = 0. To prove this let us assume that cos(pp + ) # 0.
Substitute (40) into (44) and obtain (z = z9;)

v+ o) 2 = (r8,— 2 (cos(o 1 B) + d(ar)), 1(za0)] <

— 45
p oy (45)

Let in (45) cos(pp + ) < 0. If 5 > 0 is small and r(¢p) is large enough then in (45) the
following inequality holds |G(z)| < | P < —cos(pyp + B), m(¢) < 11t < |z|. Then in (45) the
left and right-hand side have dlstlnct signs that presents the required contradiction.

If in (45) cos(p<p + ) > 0, and r(¢p) is large enough then in (45) the following inequality
holds |G(2)| < 9|y‘ < s cos(pp+ ), r(¢) < ry < |2/, and from (45) we obtain (v +¢) In 22t >

(5, — 1§ cos(pp + B). Finally

_ 2(v +e¢)
|yl cos(pp + )

(46)

c(Inzy —Inmzy) > a9 — 1, a1 =7 <32 =7%),

Since the function x — clnz grows on (¢, +00), (46) does not hold if r; (and, x;) is large
enough, i.e. 1 > r(p). Thus

wiN{z: z=7e", cos(pp + B) £ 0, |z| > 1(p), 1y < 40} = @. (47)

If cos(pp + B) = 0 on the segment w;" in (44) then ¢ = ;,

T+ 271)
o= ]—g, 0< o) < 2, (48)
J is an integer; p, 3, j take a finite amount of values (0 < ¢; < 2km). In this case from (44)
and (40) the inequality is inferred
f(rei#’) 0 P p i +
1n| Ute | < %(7’ —7rh), re¥ecw, o=¢; ri<r<ry, (49)

d > 0, ¢ is arbitrarily small if 7, is large enough. Then taking into account (43), (47), (49)
and the fact that |f(2)| < |z|"*, z € ®; (see (31)) we obtain

, )
In|f(re*)| < 9—pr”, r>r(p), ©=j p=maxp. (50)

Maximum is taken over all p, that correspond to the segments w;” C S.
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Assume that the segment w;” has an infinite length (ry; = +00). Take d € [ry;, +00).
Integrate (24) on the ray w,” from the point de’# to the point re’, r > d; similar to (44) by
removing real parts we obtain

&)y, ) o
’ f<dew) - p(zp (de w)p) * /w[dew,z] U(C)Cp 1d<’ Y= |y‘6 )
o “(C)Cp_ldg‘ < g/df“ " dr < %(rﬁ —d"), (51)
AP |y_| p_ P ~ )
n’f(dew) P (r? —d")(cos(pp + B) +q(2)), 14(2)] < = T

Here z = re® € w;", riy < d <r < +o00, 6 > 0, J is small and Wiaeiv 2] 15 a part of the
segment w; from the point de’® € w; to the point z € wy.

If in (51) cos(pp + B) = 0 then (see (48)) ¢ = ¢; and In|f(re™i)| = o(r?), r — +oo.
From this and from (50), (48) statement (7) follows.

Let cos(pp + ) < 0 on the segment w," in (51). If d is large enough, then in (51)
one has |G(2)] < —cos(pp + ). Thus, the right-hand side in (51) is negative. This infers
|f(2)] < |f(de*)|, V2 € w;" for which |z| > d. This contradicts (41).

Let cos(pp + ) > 0 on the segment w,;" of an infinite length in (51). Then there exists
an integer b, b € Z such that [pp + 8 — 27b| < 7. Take ¢ that satisfies 7 > p@ + § —27b >
|pe + 8 — 27b|. Then

cos(py + B) = cos(pp +B) >0, <Y <@ (52)
Here w;® C @y is a segment of the connected component ®. There exists d; > d, such that
{z=re p<OL @, r>d} C . (53)

Indeed, let ¥ be the greatest value such that the arc H, = {reio: 0 <0 <Y, r=const >
d} C ®y. Assume that ¢ < @. Recall that as soon as z € 9Q), then (36) holds true and
z € ®; (see (31)); taking into account the definition of the point re® and the definition of
the connected component @, of the set ® we infer that re’¥ € 9®. Then from (37) it follows

[f(re™)| =1+ (54)

If z € H, then statement (24) holds true (p = p(®y) > 0). By integrating (24) along H, and
extracting the real parts we obtain (see (35))

‘f (re) ‘ |i/?| (rp cos(py + B) — r” cos(pp + ﬁ)) + Re/ u(¢)¢Ptd¢ >

T

y Y
‘p’ (r* cos(pv) + B) = 17 cos(p + B)) = 5r°(d> = ).
The latter statement together with (54) and (51) imply

In 7+ > |/y)| (r cos(p + B) — 1* cos(p + B)) — érp(d’ — ot

+%<rﬂ — &) (cos(pp + B) +d(2)) + In| f(de™?)| > 'ﬁ‘ cos(pt + B)— (55
—gr”(l/) — ) — %'d” cos(pp + B8) — gip(rp —d?) +In|f(de*)|, r>d.
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In (52) cos(pp + ) > 0; thus choose § > 0 so that

Iyl 0
p cos(p@ + ) — w ) T (56)
The segment w;" has an infinite length. Let d be such that for |2| = r > d the relations (24),
(51), (55) hold true with § satisfying (56). If r is large enough, r > d; > d, then from (52),
(56) it follows that inequality (55) is false. Thus ¢ > ¢. This completes the proof of (53).
Denote by

2mb=f Ty T e (57)
P 2p P 2p
where b is the number defined above. Similar to the proof of (53) one can prove that
Ve>0 3d:

P={z=re’ n+e<O<V—¢ r>d} C. (58)

Therefore, for an arbitrary 6 € [ + €, — €] on the ray S(0) = {re??: r > d} C @, the
same conditions hold as those that gave the possibility to prove on {re’?: r > d} C @
equality (51). Thus, Ve >0 V& >0 3d =d(e, ) :

In S0 = L = () 4 alre”) )] < 07— ),
f(reie) _ Y| ~( i ~ i g
I e | = 07 = ) eos(ph + 8) 420, e < g (69
z=re € P, cos(pf+p)>¢>0, n+e<O<I—e,
In|f(re?)| = <’_Z| cos(pf + B) + 0(1))7“”, cos(pd + B) >0, 0 € (n,0), (60)

r — +00. Then (6) follows from the first equality in (59).

As it was mentioned above p, y, 5, b, ¢; (see (24), (57)) take a finite amount of possible
values. Thus in (57) for n = n;, ¥ = 9, there also exists just a finite amount of possible values.
Conclude that there exists only a finite number of intervals (n;, ¥,), where the estimates
similar to (59), (60) hold true.

For an arbitrary ¢, 0 < ¢ < 27k consider a ray S(p) = {re®: r > ry, ¢ = const} C

PUD,UQ, Q (2C8) E. a set of circles with a finite sum of radii, & = ®°UJP (see (31)). The
set ®°N.S(yp) is a union of disjunctive segments wy. According to (43) {re*?: ¢ = const, r >
R} Nw, = @. If the ray S(p) contains the segment w;" of an infinite length then (51) holds
where cos(pp + ) > 0. If cos(pp + ) = 0 then ¢ = ¢, (see (48)) and (7) holds true. If
cos(pp + ) > 0 then (59) and (6) hold.

Suppose S(¢) does not contain any segment w; of infinite length. If ¢ takes one of
finite amounts of values ¢ = ¢; (48) then |f(z)| < |2|*¢ holds on the intersection of the
ray S = {re’?: r > r(p), ¢ = const} C S(p) with the set ®; defined by (31), and (47)
and (50) hold on the segments w,". This means that (7) holds true, p = max p; where the
maximum is taken over those p; that corresponds to the segments w; C S(p). If ¢ # ¢; then
|f(2)] < |z|**¢ and (47) are valid on the intersection of the ray S with the sets @y, w,". This
completes the proof of (8).

Denote

G(r)={se?: 0< 0 < 2km, 10 <s<r}\Q, QCE, (61)
M.(r, f) = max|f(2)], 2 € G(r), |f(@ )|=M( f), @weGlr),
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where the open set @ is defined in (28), the set G(r) is closed. If for some a, M,(r, f) <
r’*2 Vr > a, then we have (4). Suppose that

Va>0 3r>a: MJr, f) = |f(@)] > r"t=. (62)

The maximum of the absolute value of f(z) on the closed set G(r) is reached on the
edge. Taking into account (36), |f(2)| < |z]"™¢, z € 0Q, |z| > R = w ¢ JQ. Keeping
in mind (38), |w| # r¢. Thus if (62) holds then for the point w at which the maximum of
|f(2)], z € G(r) is reached we have

[f(@)] = M(r, ) 2% = |w|l=r =¢0Q. (63)

That is why Macintyre formula holds (|4, p. 59-62|, [10])
=f(=) _ M)
f@)  M.(r, f)

M (r, f) is the right-side derivative of M, (r, f).
Taking into account (63), (31) the point w € ®; C ¢ and in this point (24) holds. Thus
!/
=/(=) =(y+u(w))w” 20, |ulw) < é, w=re?" ey, r>a>r,
f(@) 9
y = |yle® # 0, 6 > 0 is small. By the reasonings described right above, the following
asymptotic relation for the argument holds

>0, |w=r, (64)

pp(r)+ B+ o(1) =2mm, m € Z, r — oo, cos(pp(r) + ) =1+ o(1), cos(pp(r) + B8)>1,
(65)
m takes a finite amount of values (0 < ¢(r) < 2k7). Since w € Py, we have that w € wt_
or w € w;. From (43) for |w| = r > R, it follows that w ¢ w; . Thus w € w;". If w;
is a segment of finite length then (45) is valid for ¢ = ¢(r). According to (65) we have
cos(pp(r) + ) > 3. Thus from (45) we have (v +¢&)In 2t = (rf, — rf,) v > (cos(pp(r) + B) +

2t
i) > (1% — 0B (E 4 () > (5 — P Jq(ea)] < g < L, o

2w +e
c(nzg —Inzy) > a9 — 21, @ =71, <x2=15, c= ( m ) (66)
Y
The function 2 — clnx increases on (¢, +00). That is why (66) does not hold if z; = 7§, >
c = 2(1‘/‘;?5)‘ If 4 = 1), < ¢, ®g = 15, > ¢ then from (66) it follows that (1 < ry <
ri) clnxy > z9 — ¢, ¢ = Z(T;f this is true if 9 < z, = const. Thus if |w| = r >

maX(R, /2w +¢)/|yl, \f/ac_*), w € w;", then this segment w;" cannot have finite length. Thus
if |o| = r > max(R, /2(v +¢)/|y|, ¢7.), w € w/, then @w € w;" a segment of an infinite
length where (51) holds. Then (60) is also true. Thus, for the point @ = re™() at which
the maximum of the absolute value is reached, the argument ¢(r) belongs to the union of

a finite amount of segments (n;, ¥;), where estimates similar to (59), (60) hold true. Thus
after substituting 6 = ¢(r) into (60) (or (59)) we obtain as r — oo

MG f) = ()] = | free)] L ('i' cos(po(r )+B)+0(1))T” © <@+o<1>)rﬂ.

p
From here we get (5).
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Take arbitrary ¢, 1, n < ¢ < 1 < ¥ (see (57)). From (59) it follows that the estimate (60)
is uniform in 0, ¢ < 0 < vy and

cos(pf+ ) >¢ >0, ¢<O<P. (67)
Assume that p < 5-. Then taking into account (57), ¥ —n = £ > 2k and numbers

o, ¥, n < @ <Y < ¥ can be taken in the way that
= ¢+ 2km, sin(pp+ [+ knp) #0. (68)

Since f(re'®) = f(re!®*t%*m) from (60), (68) if follows

0 =In|f(re®)| —In|f(re?)| = (cos(pé + p2km + ) — cos(pé + B) + o(1)) Lr =
. . (69)
= (—2(sin pk) sin(pe + B + kmp) + o(1)) e

By assumption p < i so 0 < pkm < 7, thus sin pkm # 0. From this statement and from (68)
it follows (sin pk7) sin(pg + 5 + kmp) # 0 which contradicts (69). Thus

> 1/2k. (70)
(70)
From the condition n < ¢ < ¢ < ¥ and from (57), we have ¢ —¢p <9 —n = 2 < 2km. Thus
1 1 D ey =yl ,

m(r, f) = 5 k/ In™ \f(re‘9)|d6 2 o (M cos(pf + B) + o(1 ))rpdG pym P,

r > d. This together with (70) gives the fact that the characteristic m(r, f) has the growth
order p > 5. If in (70) p = 5 then ¥ — 1y = % = 2km and from (59), (60) we obtain (9).
Estimate (1()) on the ray follows from (7). O
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