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We study asymptotics of eigenvalues, eigenfunctions and norming constants of singular
energy-dependent Sturm-Liouville equations with complex-valued potentials. The analysis es-
sentially exploits the integral representation of solutions, which we derive using the connection
between the problem under study and a Dirac system of a special form.
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N3sy4gaercst acuMIITOTHKA COOCTBEHHBIX 3HAYEHUI, COOCTBEHHBIX (DYHKIMI 1 HOPMHUPYIOIITHAX
MHOKUTENEH cuuryasapubix ypasaenunit [IItypma—JInyBuiisg ¢ KOMIUIEKCHBIME [TOTEHITHAJIAMH,
3aBUCSIIIMHI OT SHEPTUUA. AHAJIN3 CYIIECTBEHHO HCIIOJIb3yeT NHTErPAJIbHBIE TIPEJICTABJICHUST Pe-
[IEHUI, KOTOPbIE MBI ITOJIyYaeM, UCIOJIb3Ysl CBs3b PACCMATpPUBaeMOi 3ajadu ¢ cucreMoit u-
paKa CIIeIUAJIbHOTO BH/IA.

1. Introduction. The main objective of the present paper is to study asymptotics of
eigenvalues and eigenfunctions of Sturm—Liouville equations on (0,1) with energy-dependent
potentials, viz.

—y" + qy + 2\py = \y. (1)

Here A\ € C is the spectral parameter, p is a complex-valued function in Ly(0,1) and ¢ is
a complex-valued distribution in the Sobolev space W, (0,1), i.e. ¢ = ' with a complex-
valued r € Ly(0, 1). We consider equation (1) mostly under the Dirichlet boundary conditions

y(0) = y(1) = 0. (2)

We restrict our attention to such boundary conditions just to concentrate on the ideas and
to avoid unnecessary technicalities. Other separated boundary conditions can be treated
analogously; in particular, in the last section we formulate some results for the case of mixed
boundary conditions.

Energy-dependent Sturm-Liouville equations are of importance in classical and quantum
mechanics. For instance, they are used for modelling mechanical systems vibrations in viscous
media. The Klein—-Gordon equations, which describe the motion of massless particles such
as photons, can also be reduced to form (1). The corresponding evolution equations are used
to model the interactions between colliding relativistic spinless particles. In such mechanical
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models the spectral parameter ) is related to the energy of the system, which explains the
terminology “energy-dependent” used for spectral equation (1).

Asymptotic behaviour of eigenvalues, eigenfunctions, and other spectral characteristics
for usual Sturm-Liouville operators are studied sufficiently well (see, e.g. 9,11, 15]). The
spectral problem for energy-dependent Sturm-Liouville equation (1) with p € W}[0, 7]
and g € Ly[0, 7] was considered by M. Gasymov and G. Guseinov in their short paper [3] of
1981. Some results on asymptotics are formulated there without proofs. Analogous problems
under more general boundary conditions were also considered by I. Nabiev in [14]|. The
asymptotics of eigenvalues and eigenfunctions for Sturm-Liouville equations with singular
potentials ¢ € W, (0, 1) were studied by A. Savchuk and A. Shkalikov in [18].

Our aim in this paper is to investigate the corresponding asymptotics for energy-depen-
dent Sturm-Liouville equations (1) under minimal smoothness assumptions on the poten-
tials p and ¢, including, e.g. the case where ¢ contains Dirac delta-functions and /or Coulumb-
like singularities. Our approach consists of the establishing a strong connection between
spectral problem (1) and the spectral problem for a Dirac system of a special form. We then
study the latter and, in particular, derive the integral representation for the solution of (1)
which, in turn, is a basis for the subsequent asymptotic analysis.

The paper is organized as follows. In the next section, we rigorously set the spectral

problem under study and give main definitions. The connection between spectral problem (1)
and that for a special Dirac system is discussed in Section 3. In Section 4, we construct the
transformation operator relating the solution of the obtained system with that of the Dirac
system with zero potential. Next in Section 5, we derive the asymptotics of eigenvalues,
eigenfunctions and the corresponding norming constants for problem (1), (2) and justify
the factorization formula for its characteristic function. In the last section we formulate
analogous results for spectral problem (1) under much more general boundary conditions.
Appendix contains main definitions from the spectral theory for operator pencils. We also
prove there that the algebraic multiplicity of A as an eigenvalue of problem (1), (2) coincides
with that of A\ as an eigenvalue of the corresponding operator pencil.
Notations. Throughout the paper, we denote by My = M;(C) the linear space of 2 x 2
matrices with complex entries endowed with the Euclidean operator norm. Next, p, will
stand for fol p(s)ds. The superscript t will signify the transposition of vectors and matrices,
e.g. (c1,c2)" is the column vector (g)

2. Preliminaries. In this section, we recall main definitions and formulate the spectral
problem under study more rigorously. To start with, introduce the differential expression
Uy) = —y" +ay.

Since the potential ¢ is a complex-valued distribution, we need to define the action of ¢ in
detail. To do this, we use the regularization by quasi-derivative method due to Savchuk and
Shkalikov [18,19|. Take a function r from L4(0, 1) such that ¢ = 7’ and for every absolutely
continuous y introduce its quasi-derivative y!!! := ¢/ — ry. Then define ¢ (y) by

Uy) = —(yM) = ryl — 12y

on the domain dom ¢ = {y € AC|0,1] | y € AC[0,1], £(y) € Ly(0,1)}. A straightforward
verification shows that so defined ¢(y) coincides with —y” 4 ¢y in the distributional sense.
Therefore we can recast equation (1) as

((y) + 2 py = N?y. (3)
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A number X\ € C is called an eigenvalue of problem (1), (2) if equation (3) possesses a
nontrivial solution satisfying boundary conditions (2). This solution is then called an eigen-
function of problem (1), (2) corresponding to A.

Assume that y(z, z) is a solution of (3) with z instead of A subject to the initial condi-
tions y(0) = 0, y!/(0) = 1. This solution exists and is unique [18], so that A is an eigenvalue
of problem (1), (2) if and only if it is a zero of the characteristic function p(z) := y(1, z).
The corresponding eigenfunction then coincides, up to a constant factor, with y(-, A). The
multiplicity of A as a zero of p(z) is called an algebraic multiplicity of the eigenvalue A
of (1), (2).

As we shall see further, ¢ is an analytic nonconstant function, and so the set of its zeros is
a discrete subset of C. This shows that the set of eigenvalues of (1), (2) is discrete. Without
loss of generality, we shall make the following standing assumption

(A) 0 is not a zero of the characteristic function ¢(z), i.e. it is not an eigenvalue of
problem (1), (2).

In fact, (A) is achieved by shifting the spectral parameter A if necessary; then for \y such
that ¢(A\g) # 0 problem (1), (2) with new spectral parameter p := A — \g and with p and ¢
replaced with p + A\g and g — 2\gp — A2 respectively, assumption (A) holds.

Spectral problem (1), (2) can be regarded as the spectral problem for the quadratic
operator pencil T' (see [13,16]) defined by

TNy =Ny —2py+y" —qy (4)

on the A-independent domain dom 7" := {y € dom ¢ | y(0) = y(1) = 0}. For the pencil T" one
can introduce the notions of the spectrum, the eigenvalues and corresponding eigenvectors,
their geometric and algebraic multiplicities (see, e.g. [13] and Appendix). The spectral
properties of T" were discussed in [16]. In particular, it was proved therein that the spectrum
of T' consists only of eigenvalues, which can easily be shown to coincide with the eigenvalues
of problem (1), (2) defined above. In Appendix, we show that the algebraic multiplicity of A
as an eigenvalue of (1), (2) coincides with that of A as an eigenvalue of T

3. Reduction to the Dirac system. In this section we reduce equation (1) to a A-linear
Dirac-type system of the first order. We shall further use the connection between (1) and
this system to derive the asymptotics of interest.

The following observation plays an important role in the reduction procedure.

Lemma 1. The equation {(y) = 0 possesses a complex-valued solution which does not vanish
on [0, 1].

Proof. Note firstly that for every complex a, b and every xq from [0, 1] the equation ¢(y) = 0
possesses a unique solution satisfying the conditions y(z¢) = a and y!!l(zg) = b (see, e.g. [18]).

Assume that y is a solution of ¢(y) = 0. We introduce the polar coordinates p and 6
via y(z) = p(x)sinf(x) and yM(z) = p(z) cosf(z). Clearly, the solution y vanishes at some
point zy from [0, 1] if and only if 6(xy) = 7k for some k € Z. The function 6 is called the
Priifer angle (see [4,19]) and can be defined to be continuous; it then satisfies the equation

0'(x) = (cosO(z) + r(z)sind(z))>. (5)

Equation (5) has the form ¢’ = f(z, ) with the right-hand side f that is not continuous
in z. However, (5) is a so-called Caratheodory equation and subject to the initial condi-
tion #(§) = 0 with & € [0, 1] it possesses a unique solution 6(z,&) (see e.g. |2, Theorem
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1.1.2]); this solution depends continuously on ¢ (see |2, Theorem 2.8.2]). Therefore the map-
ping & — 6(0,¢) is continuous and its image Iy is a compact subset of C containing 0
as a continuous image of the compactum [0, 1]. Note further that for any & € Z the solu-
tions Oy (z, €) of problem (5) with 6(§) = 7k are equal to Oy (x, &) = 0(z, €)+mk. The images I,
of the mappings & — 6;(0,¢) are compact and are the shifts of Iy by 7k along the real axis.

Now we take any complex number, say y, outside the union of all the compacta I, k € 7Z,
and consider problem (5) with 0(0) = 6. In view of the above arguments and uniqueness of
the solution of the corresponding initial-value problem, the solution of (5) with 8(0) = 6, can
be equal to 7k, k € Z, at no point of the interval [0, 1]. Consider the solution y, of ¢(y) =0
subject to the initial conditions 3(0) = 1, y(0) = cot fy. Then y, does not vanish on [0, 1],
which is the assertion of the lemma. ]

Denote by 1o any solution of ¢(y) = 0 not vanishing on [0, 1] and set v = y{,/yo. Observe
that v € Ly(0,1) and ¢ = v/ + v?, i.e. ¢ is a Miura potential (see [6]). Then the differential
expression —y” + qy can be written in the factorized form, viz.

_y”_|_qy: —<%—|—v> (% —U)y. (6>

Remark 1. Observe that the function v satisfies the equality v — r = y([)l] /Yo, so that v —r
is a continuous function on [0, 1] and (v —r)(x) = cot 6(z) for every x € [0, 1], where 6 is the
Priifer angle corresponding to .

For A # 0 consider the functions uy := y and uy = (¥ — vy)/A and recast spectral
equation (1) as the following first order system for u; and us:

Uy — vy = Ay, (7)

—uy — vuy + 2pus = Aus. (8)

() () () o

we see that the above system is the spectral problem ¢(P)u = Au for a Dirac differential
expression {(P) acting in Ly(0,1) x Ls(0,1) via

Setting

du
(Pu:=J—+P 10
(Phu=12 ¢ Py (10)
on the domain dom ¢(P) = {u = (u1,u2)* | u € W3 (0,1) x W}(0,1)}.
It was shown in [17] that spectral problem (1), (2) is closely related to the spectral problem
for the Dirac operator D(P) defined by the differential expression ¢(P) on the domain

dom D(P) = {u = (uy,uz)" | u € dom ¢(P), uy(0) = uy(1) = 0}.

In particular, the nonzero spectra for both problems coincide counting with multiplicity.
Moreover, u = (u1,us)" is an eigenfunction of the operator D(P) corresponding to the
eigenvalue A # 0 if and only if y = us is an eigenfunction of (1), (2) corresponding to A
and uy = (uh — vug)/A.

By assumption (A), A = 0 is not an eigenvalue of (1), (2); however, it is in the spectrum
of D(P):
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Lemma 2. Under assumption (A), A = 0 is an eigenvalue of D(P) of algebraic multiplicity
one.

Proof. A straightforward verification shows that A = 0 is an eigenvalue of D(P), and every
corresponding eigenfunction must be collinear to ug = (ug, up)*, where u; = exp{— [ v},
ug = 0. Therefore the eigenvalue A = 0 is geometrically simple.

Suppose that the algebraic multiplicity of A = 0 is greater than one. Then there exists
a vector w = (wy,ws)" from the domain of D(P) associated with ug, i.e. satisfying the

equality D(P)w = ug. Then (% — v) wy = u; and thus fwy = (dw +v) (—z — v) Wy =
— (£ 4+ v)u; = 0. Moreover, w € domD(P) requires that w,(0) = wz(l) = 0 and thus
either wy is an eigenfunction of (1), (2) for the eigenvalue A = 0 o = 0. The first

possibility is ruled out by assumption (A), while the second one is 1mp0381ble in view of the
relation w) — vws = uy. The contradiction derived shows that no such w exists and finishes
the proof. O

4. Transformation operator. In this section we construct the so-called transformation
operator relating the solution of the system ¢(P)u = Au and that of {(F,)u = Au with zero
matrix potential Py (i.e. with matrix potential having all components zero).

Denote by U(z, \) a 2 x 2 matrix-valued function satisfying the equation

d
Jd—U +PU =\U (11)

and the initial condition U(0) = I.
Theorem 1. Let P in (11) be of the form (9) with p and v from L4(0,1). Then

Uz, \) = e®@7 ¢ / e N2 K (1 5)ds, (12)
0
where a(z) = a(z, \) fo ds — Az and K is a matrix-valued function such that for
every x € [0, 1] the funcmon K( -) is from Ly((0,1), Ms). Moreover, the mapping
z— K(x,-) € Ly((0,1), My) (13)

is continuous on [0, 1].

This theorem is very similar to the corresponding theorem of [1| and its proof requires
only minor modifications.

Proof. Observe that system (11) can be rewritten as J49& + QU = (A — p)U with

_(—-p —v\ _ B (=10 (0 1
Q_(—v p>—pJ1 vy, J1—<0 1), J2_(1 O)'

The variation of constants method shows that U satisfies the following integral equation

U(z) = @7 +/ @@= 7O(s)U (5)ds.
0

This equation can be solved by the method of successive approximation. Setting

Uo(x) = "7 Un(z) = / @@ =06DT 10 ()T, (s)ds, (14)
0
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we see that the solution of the above equation can formally be given by the sum > U,
We shall prove below that

Z ”UnHoo < 00 (15)
n=0

(here [|Un oo = sup,ejo1) |Un(z)|, and |[Uy,(z)| is the Euclidean norm of the matrix U, (z))
whence the series )~ U, converges in the space L ([0,1], M2) to the solution of equa-
tion (11) which satisfies the initial condition U(0) = 1.

Let us now prove (15). Set Q(t) := exp{—2 fOth}JQ(t) and

Qulty,. .. tn) == Q(tn)Qtn_1) ... Q(t1).

Observe firstly that the matrix Q anti-commutes with J and therefore e */Q(s) = Q(s)e!’
Using this, in relations (14), we obtain by induction that

U, (z) = elo po)ds/ / e A2 DT O (4 )y . dy,
I, ()

where
I (x) = {t = (t, ..., t) ER" [0 <ty <o <ty S}, Gi(t) = (1),
Setting s = £, (t), we can rewrite the equality for U, as
Up(x) = /ff e A2 | (1) 5)ds,
0
where K{(x,s) = elo P7Q(s) and for n > 2

Kn(z,s) =elo?’ / Qulty, i tn1,5+ Enr(t))dty .. db,_
I (z,5)
with 0 < s <z <1 and
I (x,8)={t=(t1,...,tn 1) ER"O<t; < <t 1 <& (t) +5s <)
Let us estimate the Ly-norm of K, (x,-)

1K ||2—/|K (&, 5)|ds <

1

1 2f|1mp\

= <n—1)!/d5 / 1Qu(ty, - tumr, s + &umr (8)Pdty -ty <
0

54 (25)

1 2 [ |Im
< / f' p'|Qn( st Pdty L dt, =

I, (x)

_ 1 2fllmpl " e2llpl ”Ql|2n
(@i </ @) < T




44 N. I. PRONSKA

where ||K(+)||2 := fo |K )|?ds)'/? and |K(z)| is the Euclidean norm of the matrix K (z).
Put C' := max,e_11)|e *"’|. Then
Q3
(n—1)!"
which yields (15). The estimate of the norm || K,(z,-)||s implies also the convergence of the
series K (x,-) :=> " K,(z,-) in Ly((0, 1), Ms) with
< el o) . ~
Kl < 3 A GE < 1Qlexp {1l + )
n=1
Therefore the first statement of the theorem is proved.
To prove the contmuity of (13) it is enough to verify the continuity of the mapping x
exp{— fo pJ}K(z,-) = K(z,-). Take 21,2, € [0,1] such that z; < z,. Set K,(z,s) :=
exp{— [y pJ} K (x,); then

Rn(fﬂg,é’) —Rn(fEl,S) = / Qn(tl,...,tn,175+£n,1(t))dt1 ...dtnfl,

" (z1,x2,s)

|Un()] < C/ [ Ko (2, 8)|ds < C[|Kn(, )]s < O———=7F
0

where
I (21,20, 8) = {t == (t1,.. ., tp ) ER"0<t; <. <ty <Ea(t) +5,
1 < & (t) + 5 < @a}
Therefore,

1
/ (g, s - K, (xl,s)]2d5 <
0

o TL—]_ / / |Qn ST 173+£n 1( )i2dt1-~-dtn71d8§
0

* L (z1,22,8)

ITy;
) 1 ) 72 -
codtp £ /= . .

Iy —1(x2)

This yields the estimate of the norms
) ) 1 . z2 1/2
| K (g, ) — Kp(x1,-)||2 < m”@”z ' i/xl |Q(t)|2dt}
and so

) o
1R (. ) - (“’)”“i/ |Q<t>|2dt] {1011}

with some constant C' depending on p. This shows that the mapping = — K (x,-) is conti-
nuous from [0, 1] to Lo((0, 1), Ma). O

Observe that the 2 x 2 matrix Uy = e=**/ is a solution of the system ¢(Py))U = AU with
zero potential Py. Therefore, in view of the later theorem, the solution U of problem (11) can
be obtained from Uy by means of the transformation operator .7 = #Z + J# , where Z is the
operator of multiplication by exp{.J fox p} and £ is the integral operator acting as follows

fo x — 2s)K(x, s)ds. This transformation operator also performs similarity of
the correspondmg dlfferential expressions, namely, ((P)7 = TL(F).

5. Asymptotics. In this section, we derive the asymptotics of eigenvalues and eigenfunc-
tions and the corresponding norming constants of problem (1) under the Dirichlet boundary
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conditions (2). We also obtain a factorization of the characteristic function for the problem
under study.

5.1. Asymptotics of the eigenvalues. Consider the vector u(xz,\) = U(z,\)(1,0)" =
(uy(z, \), uz(x, \))". In view of (12), the second component uy(x, \) of the vector u(z, \) is
given by

ug(z, A) = —sina(z) + /Oxkll(a:, s)sin(A(x — 2s))ds + /:le(:c, s) cos(A(x — 2s))ds.

Observe that the function us(x,A) solves equation (1) and satisfies the initial condi-
tion u2(0,A) = 0. However, u[2”(0, A) = Mur(0,A) 4+ cug(0, X)) = A, where ¢ = (v —7)(0)
(see Remark 1). Therefore ¢(A) = wus(1,A)/\ is the characteristic function for spectral
problem (1), (2).

Further observe that us(1, \) can be written as

ug(1,\) = sin (A — po) + /0 f(s)eP=2)ds (16)

with f(s) = 3 [ka(1,5) + ko1 (1,1 — s) — ki1 (1, s) + iki1(1,1 — s)] and py = folp(s)ds. Let
us use the substitution z := \—py, and consider the function §(z) = sin z—i—folf(s)eiz(l_%)ds,
where f(s) = f(s)e(1-29) Clearly, 6(z) = uy (1,2 + po). By Theorem 4 of [10], the zeros
of §(z) can be labeled according to their multiplicities as z,, n € Z, so that z, = mn + S\n,
where the sequence (A, )nez belongs to £5(Z). Hence the zeros of the function us(1, \) can be
labeled according to their multiplicities as A\,,, n € Z, so that \,, = mn + py + M. In view of
this asymptotics, all but finitely many zeros of us(1, \) are simple.

Next note that wug(1,\) is the characteristic function of the operator D(P) defined in
Section 3, whence A = 0 is a zero of uy(1,\) of order 1 (see Lemma 2). However, under
assumption (A) it is not a zero of the characteristic function ¢(\). Therefore the set of all
eigenvalues of problem (1), (2) coincides with the set of zeros of the function us(1, \) different
from 0. Thus the following theorem holds true.

Theorem 2. The eigenvalues of problem (1), (2) can be labeled according to their multipli-
cities as A\, with n € Z* := Z \ {0} so that

An =70+ po + A (17)
with an ly-sequence ().

Next we construct a factorization of the characteristic function ¢(\), which allows to
determine () via the eigenvalues of (1), (2). We use this factorization to derive the formula
determining the norming constants of (1), (2) via two spectra of equation (1) under two types
of boundary conditions (see [16]).

Theorem 3. Suppose that \,, n € Z*, are the eigenvalues of spectral problem (1), (2). Then
the characteristic function ¢(\) can be factorized in the following way

© N\, — A ,
V. [] — if pg #7l, | € Z;
p(N) = S W
(=1)!Vop. J] — ifpy=ml, | € Z.
n=—oo T

n#0
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Proof. Suppose firstly that py # wl, [ € Z. Observe that the function us(1, ) is given by (16)
and so it is of exponential type 1. Recall also that, by Lemma 2, A = 0 is a zero of uy(1, \)
of order 1. Therefore by Hadamard factorization theorem (see e.g. [20]) we have!
ug(1,\) = AP nnoo (1 — %n) eﬁ,
n#0
where A and B are some constants and A, are the zeros of the function uy(1, A). In view of
asymptotic distribution (17), the series » ﬁ converges in the principal value sense. Indeed,

1 (1 1 — % A+ A,
> (o) i e

n

n=—oo
n#0
and we note that the series y -, % is absolutely convergent and the sequence ( /\:2/\"_271)
oo
is bounded. Therefore we can write us(1, A) = Ae?**# [] (1—3-) with some constant A’.
"0
u2(1,\)

To find the values A’ and B, consider the ratio

ray A = re??, 6 # 0,7. In view of (16) and a refined version of the Riemann-Lebesgue
lemma [12, Lemma 1.3.1], we have

Ry w— and find its limits along the

u2(17 T€i9)

Recall (see e.g. [20]) that the function sin(A — py) can be factorized as follows

o0

Up — A
sin( po) = ( Po) nnoo o
n#£0
where v, are the zeros of sin(A — py), i.e. 1, = mn + pg. Therefore we have
'u2(1,)\) _ \eAMB . ﬁ ™m Ay — >\. (19)
sinfA —po)  A—po L Ay v — A
n#0

Let us show that A" = 0. If A’ were not 0, then one would choose the direction # such
that ReA’re? tends to infinity as r — oo. Next note that by Lemma 3 given below the

product [] ’/{—’: is convergent and by Lemma 4 the product ;}::::Z converges to 1
"0 Y0
as r — oo and 0 # 0, 7. These arguments together with (18) and (19) give a contradiction.
Thus A’ = 0 and e [ T =1, yielding that p(\) = ﬁ )\nm_l
n#£0 n#£0
If po = 7l for some [ € Z, then sin(\ — pg) = (—1)'A ﬁ =2 - and so
Tt0”
U (1, A , S oo A — A
sin(g\ — ]30) = (-1 nl__[c)o An nl__loo ™m—\
n#£0 n#£0

'Here and hereafter all infinite products and sums are understood in the principal value sense and the
symbol V.p. will be omitted.
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Combining this, (18) and the arguments analogous to those used in the case of py # 7l, we

obtain that A’ = 0 and e® = (=1)" J] 22. Thus for py = 7l

Tt0
A=A
A) = (-1) -
o= T e
n£0
XA
Lemma 3. The product [] — is convergent.
n=—oco T
n#0
Proof. We start with proving the following inequality for z € C
|(1+2)e| < el (20)

Indeed, (1+2)e™® =Y 77, cp2® with ¢g = 1 and ¢ = (—1)*'(k — 1) /K. For |z| < 1 we have
(14 206 < 1355 et + ok ) |212% wohile for [2] 2 1 (14 2)e] < 14+ 3555 (Jeae 1| +
|cor|)|2|?*. Tt remains to observe that |cox| + |cory1| < 1/k! and that |ear| + |cox_1| < 1/k! for
all £ > 1.

Now consider a sequence (a,)nez of complex numbers from ¢5(Z) such that 1+ a, # 0
and the series Y a, converges. Applying (20) we see that the product [](1 + a,) converges

and moreover
‘H(l +an)‘ < ‘epoan| -exp{z |an|2}.

2o Set 14a, = fr—jl, ie.a, = ’%7:\".

Next we show that this result is applicable to HnEZ*

Since = belongs to (5 and a constant C' < oo exists such that Do+ An| < C' for every n € 77,
the sequence (a,) belongs to f5. Note that V.p.}", ;. 22 =0 and Y, ;. 2= converges as the

sequences ()\n) and % are from /5. This implies the convergence of the series ), _,. ay, thus
finishing the proof. [l

Lemma 4. The product H

n=—oo

n#0

converges to 1 as r — oo with 6 # 0, .

Proof. Consider the series

An
Z ln rew Z ln(l + o —7“6“9> (21)

n=—oo n=—oo

n#0 n#0

One can find N sufficiently large such that |\,| < 1/2 if |n| > N. Also, for all r > Ry
with Rg = (1 + [po|)/sin @ we have |v, — re| > 1. Since the constant C' < oo exists such
that [In(1 + z)| < Clz] if [2] < 1/2, for such n and r

(m (1+- ‘ C‘

e“’ Un, —rew
Next observe that |v, — re?| > |7m — ’9] — |po| = |mnsin @] — [po|. Since |po| < 17N sin6

for sufficiently large N, for all n with |n| > N we have |v,, — re®| > lSi—zne'|7m|. Therefore,
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A 2 |\
Vo —re?| " m|sind]| |n|
~ 00 ~
Since the sequences (\,) and (1/n) belong to f, the series ) % is convergent and so
n=—oo0
n#0

the series (21) is convergent uniformly in r > Ry for a fixed 6, 6 # 0, 7. Therefore,

: o0 .
. A\, — ret? _ A\, — ret?
lim g In —— = E lim In —— =0,
r—00 v, — ret r—oo Uy, — ret?
n—=—oo n=—oo
n#0 n#0
0o :
. A\, — ret?
which means that the product H ——— converges to 1 as r — oo. O]
vy, — ret
n=—oo
n#0

5.2. Asymptotics of eigenfunctions and norming constants. Let us now consider the

vectors u, := u(z, \,). Put u, o := (cos A\, 2, sin A\, z)". Then, in view of Theorem 1, we have
u, = Zu, o+ Lu,,

where the operator % was defined at the end of Section 4 and Lu(z) = [

0
with (,3) (2.5)
o kll xr,s —kgl xT,Ss
Liz,s) = (/f21($7 s)  ku(x,s) )
and k;; being the corresponding entries of K. This yields the following

L(z, s)u(z—2s)ds

Theorem 4. The eigenfunctions y, of problem (1), (2) corresponding to the eigenvalues \,
satisfy the asymptotics

Yn(z) = sin ()\nw — / p) +Jn (),
0
where ¢, (z) = (0,1)Zu, o and the sequence (||y,||) is from (5.

Proof. 1t only remains to prove the statement on ||g,||, and to this end we shall show that
the sequence of norms (||-Zu,||) belongs to ¢5. Put v,, := (cos(mn + po)z, sin(mn + pg)x)*
and v,, o := (cos mnz, sin mnx)®. Then the vectors v, ¢ form an orthonormal basis in Ly (0, 1) X
Ly(0,1) and v,, = Pv,, where & is an operator of multiplication by exp{pox.J}. Next
observe that
B T d - B
fans = vall = = = Do < | [ e et Ivall < T,
’ o dt
with C' := max,cz- || 2| so that

D e = vall* < 0. (22)

nez*

Now we write the inequality
Lol < [|Z(tno = Vo) || + [ L7V (23)

and note that the sequence (||-Z(u,0—v,)||) belongs to ¢5 in view of (22). Finally, we observe
that the operator .Z is of the Hilbert—Schmidt class G,; then the same is true for £ 42, and
therefore

DLVl =Y 1L PVl = 1L P e,
where || - ||, is the Hilbert—-Schmidt norm of the operator £ Z(see e.g. [7, V.2.4.]). These
observations and (23) complete the proof. O
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Observe that the following estimate holds
Hanll = [Zvalll < [lwn = Zvall < |[un — Zunoll + [ Z0no — Zval =
= [ZLunoll + 1 Z]l[[an0 = vall-

Similarly as it was done in the proof of the above theorem, one can prove that the sequence

of ||[un|| = |2 v.]||| belongs to ¢;. Assume now that p is real-valued. In this case the opera-
tors & and Z are unitary, whence v,, form an orthonormal basis and ||Zv,| = 1. As
a consequence, ||u,|| =1+ @&, where (&,) belongs to ¢s.

If additionally ¢ is real-valued then all but finitely many eigenvalues of (1), (2) are real
and simple, and the norming constants of (1), (2) corresponding to such eigenvalues coincide
with the norms of eigenvectors of the operator D(P) (see [5]). Therefore the following holds
true.

Theorem 5. If p and q are real-valued, the norming constants «, of problem (1), (2)
corresponding to the eigenvalues ), satisfy the asymptotics a,, = 1 + &,,, where (&) € ls.

6. Results for the mixed boundary conditions. In this section, we consider equation (1)
under the boundary conditions, which we call the mixed ones; namely,

y(0) = yM(1) + hy(1) =0 (24)

with some complex h. As the proofs are analogous to those applied in the case of the Dirichlet
boundary conditions, we shall only reformulate the results.

Without loss of generality, we assume that p = 0 is not an eigenvalue of problem (1), (24).
Consider the function

U(p) = ur (1, p) + (b + h)ua(1, 1) /1,
where u; and wug are the solutions of system (7), (8) and h; := (v — r)(1). The func-
tion y(-, 1) := ua(-, p) solves the equation £(y) + 2upy = p*y and satisfies the relation
YW+ hy = (' —vy) + (v =)y + hy = puy + (v — 7 + h)uy;

in particular, y(0, ) = 0 and y™ (1, ) + hy(1, ) = pap(). Therefore ¢ is the characteristic
function for problem (1), (24), i.e. the zeros of ¥(u) are the eigenvalues of the mentioned
problem.

Using the asymptotics form of u; and uy, we have

(hi+h) .

$(p) = cosa(l,p) - sina(1, 1) —

—/O ka1 (1, s)sin(u(1 — 2s))ds +/0 k11(1,s) cos(u(l — 2s))ds+

hi+h
+
1

(/01 Fa(1, ) sin(p(1 — 28))ds + /01 o (1, ) cos(u(1 — 25))d3) |

Taking into account Theorem 4 from [10], we obtain

Theorem 6. The eigenvalues of (1), (24) can be labeled according to their multiplicities
as [, n € Z, so that they satisfy the following asymptotics

1
un=7r<n+§> + Po + fin, (25)

with ly-sequence (fi,). In particular, all eigenvalues p,, with large enough |n| are simple.
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Analogously to the case of the Dirichlet boundary conditions, we prove the following

Theorem 7. Let p,, n € Z, be the eigenvalues of (1), (24). Then the characteristic func-
tion 1 () can be factorized in the following way

_/J’ X T

. T B fpo# = 47l I €2

Vpnﬂmw(nﬂ/m ifpo# 5 +ml IS L

(—1)* (o — )Vop. T 22—F ifpo=2+1nl, e
™ 2

n=—0oo

() =

Theorem 8. The eigenfunctions y, of (1), (24) corresponding to the eigenvalues j, satisfy

the asymptotics
yn() = cos <)\nx — / p) +3, (),
0

where the sequence (||9,(z)||) is from /.

Theorem 9. If p and q are real-valued, the norming constants /3, of (1), (24) corresponding
to the eigenvalues p, satisfy the asymptotics 3, = 1 + f3,,, with an {y-sequence (f3,).

Acknowledgement. The author is thankful to her supervisor Dr. Rostyslav Hryniv for
useful discussions and for help with the preparation of the manuscript and to the anonymous
referee for the valuable comments and suggestions.

7. Appendix: algebraic multiplicities of the eigenvalues. In this appendix we recall
the main notions of the spectral theory for the operator pencils. We also show that the
algebraic multiplicity of A as an eigenvalue of the operator pencil T" of (4) coincides with the
corresponding multiplicity of A as an eigenvalue of problem (1), (2).

An operator pencil T is an operator-valued function defined on C. The spectrum of
an operator pencil 7" is the set o(T) of all A € C such that T'(\) is not boundedly invertible,
ie. o(T)={Ae€C|0€a(T(N)}. Anumber A € C is called an eigenvalue of T if T'(A\)y = 0
for some non-zero function y from dom 7', which is then the corresponding eigenfunction.

Vectors yi, ..., Ym—1 from dom T are said to be associated with an eigenvector y, correspon-
ding to an eigenvalue \ if

J
1 .
Zk— Nyx =0, jef{l,..,m—1}. (26)

Here T®) denotes the k-th derivative of T" with respect to A. The number m is called the
length of the chain ¥, ..., ¥y,,_1 of an eigen- and associated vectors. The maximal length of
a chain starting with an eigenvector yq is called the algebraic multiplicity of an eigenvector .

For an eigenvalue \ of T' the dimension of the null-space of T'()) is called the geometric
multiplicity of . The eigenvalue is said to be geometrically simple if its geometric multiplicity
equals to one.

All the eigenvalues of the pencil T of (4) are geometrically simple (see [16]), and then
the algebraic multiplicity of an eigenvalue is the algebraic multiplicity of the corresponding
eigenvector. (If the eigenvalue A is not geometrically simple, its algebraic multiplicity is the
number of vectors in the corresponding canonical system, see [8,13]). An eigenvalue is said
to be algebraically simple (or just simple) if its algebraic multiplicity is one.
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In the next proposition we show that the order of A as a zero of the characteristic
function ¢ coincides with the algebraic multiplicity of A as an eigenvalue of the operator
pencil T defined by (4).

Proposition 1. Suppose A is an eigenvalue of spectral problem (1), (2). Then X is a zero
of the characteristic function ¢ of order m if and only if \ is an eigenvalue of the operator
pencil T given by (4) of algebraic multiplicity m.

Proof. Suppose that y(z, z) is the solution of (1) subject to the initial conditions y(0, z) = 0,
y1(0, 2) = 1 and that ) is a zero of ¢(z) = y(1, 2) of order m. Then y(z, \) is an eigenfunction
of (1), (2) corresponding to A. Clearly, y(x, A) is also an eigenfunction of the operator pencil T
corresponding to the eigenvalue A. Consider the chain of the vectors y; with j € {0,1,...},

such that yo = y(z, ) and y;(z, A) := %% L j > 1. Set 7(N)y := X2y — 2\py — L(y).
Straightforward verification shows that y; satisfy_equalities (26) with 7 instead of T". More-
over, since A is a zero of y(1, z) of order m, we have y;(1) = --- = y,,—1(1) = 0, and all the
functions y;, j € {0,...,m — 1}, belong to the domain of 7" and so form a chain of eigen-
and associated vectors of T' corresponding to A. Therefore m does not exceed the algebraic
multiplicity of A as an eigenvalue of T

Assume that vg,...,v; is a chain of eigen- and associated vectors corresponding to an
eigenvalue A of T'. Then vy solves the equation 7(\)y = 0 and satisfies boundary conditi-
ons (2), and thus coincides with yy, up to a scalar factor. Without loss of generality, we
assume that vy = g and then show by induction that there exists a sequence (cj)!_, such

that
k

Uk — Yk = Z CjVk—j- (27)

i=1

To start with, note that 7/(\)(vo—vo)+7(A\)(v1i—y1) = 0. But vg—yo = 0 and (v; —y;)(0) = 0.
Therefore v; —y; = c1vg giving the base of induction. Next suppose that the statement holds
for all £ < n and prove it for £ = n. Observe that

PO =) = =3 =D (0 — ).

By assumption we obtain

<
Il
-

<
Il
-

Therefore,

n—1 n—1
T(A) <vn — Yp — Z cjvn,j) =0, (vn — Yp — Z cjvn,j> (0) =0,
j=1 j=1

giving that v, — y, — Z?:_ll CjUn—j = Cyg, 1.€. (27) holds.
Assuming that [ > m, we see that v,, — y,, = Z;nzl ¢jUm—; and so Y, (1) = 0. This

contradicts the fact that X is a zero of ¢(2) of order m. O
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