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Let Y be an infinite discrete set of points in R, satisfying the condition inf{|y—v'|, y,v' € Y,
y" # y} > 0. In the paper we prove that the systems {d(z — y)}yev, {0 (x — y)}yev,
{6(z—y), 0'(x—y)}yey form Riesz bases in the corresponding closed linear spans in the Sobolev
spaces W, *(R) and W, ?(R). As an application, we prove the transversalness of the Friedrichs
and Krein nonnegative selfadjoint extensions of the nonnegative symmetric operators Ay, A’,
and H defined as restrictions of the operator A = —dd—;, dom(A) = WZ(R) to the linear mani-
folds dom(Ag) = {f € W(R): f(y) =0, y € Y}, dom(A") = {g € WE(R): ¢'(y) =0, y € Y},
and dom(Hy) = {f € WE(R): f(y) =0, f'(y) =0, y € Y}, respectively. Using the divergence
forms, the basic nonnegative boundary triplets for Af, A™, and H} are constructed.

1O. T. KomasieB. 1D neompuyamensvuvie onepamopu, IlIpédunzepa ¢ movewnvimu 63aumodeti-
emeuamu // Mar. Cryaii. — 2013. — T.39, Ne2. — C.150-163.

[Iycts Y OGeckonedrnoe IMCKPETHOE MHOXKECTBO TOUYEK B R, yI0BIETBOPSIONIEE YCJIOBHIO
inf{ly —¢'|, v,y €Y, ¥ # y} > 0. MbI nokassiBaem, 4ro cucrems! {6(z — y)}yey, {8 (z —
Y)tyey, {0(z —y), ¢ (xz — y)}yey obpasyior Gasucsl Pucca B COOTBETCTBYIONMX 3aMKHYTHIX
JuHEHHBIX 060104Kax B pocTpancTiax CoGomesa Wy H(R) u Wy 2(R). B HpH/IOKEHII MbI J10-
Ka3bIBaEeM TPAHCBEPCAJILHOCTh HEOTPHIATEILHBIX CAMOCONPAKEHHBIX paciupennit @puapuxca
n KpeitHa HeoTpuIaTe bHBIX CUMMETPHYIECKHX oneparopos Ag, A’ u Hy, Onpee/leHHbIX KaK
cy>kenue oneparopa A = —%, dom(A) = WZ(R) na suneitnbie Muoroobpasus dom(Ag) =
{feWiR): f(y)=0,yeY}, dom(A) = {ge Wi([R): ¢'(y) =0, y €Y} n dom(Hy) =
{f e WiR): f(y) =0, f'(y) =0, y € Y} coorsercTBenno. Vcnons3ys auseprentyio dhopmy,
HOCTPOEHBI GA3UCHBIE HEOTPUIATEIbHBIE TPaHnIHble Tpoitkn st Aj, A™ u H{.

1. Introduction. Let Z be the set of all integers and let Z_ = {j € Z, j < —1}, Z, =
{j €Z, j>1}. By J we will denote one of the sets Z, Z_, Z. Let Y be a finite or infinite
monotone sequence of points in R. When Y is infinite we will suppose that

inf{ly; —ykl, j # k} =d > 0. (1)
For an infinite Y, the following three cases are possible
Y ={y;, j € Z}, if inf{Y} = —o0 and sup{Y'} = +o0,
Y ={y;, jeZ_}, ity =sup{Y} < +oo, Y ={y;, j € Z,}, if y = inf{Y} > —o0.
Clearly, the notation Y = {y;, : 7 € J'} serves all these cases.
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Let W5 (R), W32(R) be Sobolev spaces. Define in the Hilbert space Ly(R) the linear
operators

dQ

dom(Ag) = {f € WF(R): f(y) =0, y €Y}, Ag:= T (2)
dom() = {g € WHR): /() = 0. y € Y}, &' =~ 3)
dom(Hy) = {f € WIR): f(1) =0, F0) =0, ye ¥}, Hym— ()

The operators Ay, A’, and H, are basic for investigations of Hamiltonians on the real line
corresponding to the J, ¢ and § — ¢’ interactions, respectively ([1]). They are symmetric,
densely defined, closed, and nonnegative ([1|), and are restrictions of the selfadjoint and
nonnegative operator A defined by

dom(A) = W5 (R), A= _dd_:z' (5)

In addition, the operators Ay and A’ are symmetric extensions of the operator Hy. The
adjoint operators are given by

dom(A) = WHR) NIWER\Y), Aj =~
dom(A™) = {g € W(R): ¢'(y+) =4¢'(y—), y € Y}, A" = —dd—; (6)
dom(HZ) = W2(R\Y), H; = —d—;
It is well known ([1]) that
5, = 8z —y) € Wi (R)\ L(R), (3,) = ' —y) € W(R) \ WS (B), (1)

where §(z — y) and 0’'(z — y) are the delta-function and its derivative.

We have the following chain of Hilbert spaces WZ(R) C W3 (R) C Ly(R) € Wy '(R) C
W5 2(R) The triplets W2(R) C Ly(R) € W5y ?(R) and W3 (R) C Ly(R) C W, '(R) are
rigged Hilbert spaces, i.e., the Hilbert space W, *(R) (W, ' (R), respectively) is the set of all
continuous anti-linear functionals on WZ(R) (on W3 (R), respectively, [6]).

Let Y = {y; € R, j € J} be a discrete set in R satisfying (1). Define the following
subspaces

® = span {§'(z —y), y €Y} (the closure in W, ?(R)),

Wy *(R)
U_, = span {6(x —y), y €Y} (the closure in W, '(R)),
Wy ' (R)
U_, = span {§(x —y), ye€Y} (theclosurein W;?%(R)),
Wy ?(R)

Q= span {§(x —y), &(x—y), ye€Y} (theclosurein W, ?(R)).
W5 (R)
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Clearly, ¥_; C W_,. It is known ([1]) that PN Ly(R) = {0}, ¥_oNLy(R) = {0}, QNLy(R) =
{0}. Therefore, the operators A’, Ay, and Hy are densely defined and

dom(A') = {f € W3 (R): (f,¢) =0, ¢ € D}, (8)

dom(dAo) = {f € W3(R): (f,¥) =0, v € ¥}, (9)

dom(Hp) = {f € W3(R): (f,w) =0, w € Q}. (10)

In this paper we establish some new connections between the Sobolev spaces W3 (R), W (R)

and the Hilbert space /5. Using these connections we prove that
o U_ =V_y;

e the systems {0(z — y;)}ier, {0'(x —y;j)}ies, {0(x —y;), 0'(x — y;)}jey form the Riesz
bases of the subspaces W_5, ®, and €, respectively;

e the Friedrichs and Krein extensions of A’; Ay, and H, are mutually transversal.

Finally, we construct basic positive boundary triplets (|2], [3]) for A™, A, and Hj and give
descriptions of all nonnegative selfadjoint extensions.

2. The Sobolev spaces W3 (R), WZ(R) and the Hilbert space ;. In this Section
we establish some connections between the Hilbert spaces Wy (R), WZ(R) and the Hilbert
space (5(J).
Proposition 1. Suppose Y is infinite and (1) holds. Then

1) If g € W3(R) then the sequences {g(y;), y; € Y} and {¢'(y;), y; € Y} belong to l»(J).

Moreover, there exists a positive constants ¢ such that

{9 e < clgllwzey {9 @) Hlaw < clglwzw, Yo € W5 (R).
2) If {a;, j € J}, {b;, j € J} € £5(J) then there exists a function g € W3 (R) such that
9(y;) = a3, 9'(y;) = bj, Vi €.
Proof. 1) Let g € WZ(R). One can verify that the equalities

o) =5 [ o) =senla—u)g (D)o, o' ()= [ g (2)—sela—y))g" (@)

R
hold. Further

sl <53 ( /'dx)/( [ o) st~y @) =25 A,

Yn—1 TLGJ

where {h,, n € J} € {,(]) because

EDS / — sgn(z — ) ()P <

nel neJ v Yn-1
<23 [7 (lg@P +1g@P) do < 2ol < .
neJ v Yn—1
Yn 1/2 —|yn—y;l <
R —2|z—y;| € y N>,
S =X ([ wx) < IS ) s
nel nej \Y¥n-1 neJI ’ - ’

ed+1
<V2Y emd =12 .

ed —1
MEZ
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Let M be the linear operator in {5(J) given by the matrix [[Mjnl[; ;-
bound of M (|1, Appendix C|) satisfies

1/2 1/2 d
e +1
Mg = M, < V2 < 00.
1M1l = (suer ) <§g§%| J|> <V2—— <o

nejJ

Then the Holmgren

It follows that M is bounded in ¢5(J). Hence

2
1 1
> gy < 1 > (Z Mjnhn> = ZHMhH?g(J) <
je jel \neJ
1 1ed+1
ZLHMHHH.QHWQ ® < (Em> 19172y = cillallivz@ < oo (11)
Similarly 3,5 19'(5)* < éllgllyzm) < 00- So, {g(y;), 5 €Y'}, {g'(w;), y; € Y} € L2(1).
2) Let
e - exp (tzig) —eth ] < o
fa(t) = .
0, otherwise.

Clearly f,(t) € W(R) and f,(0) = a. Further

() = {e - exp <t2 2&2) e ag)g (bt* + 2at?® + 2ba?t? + bat) , |t| < «;

0, otherwise,

and f/(0) =
2 a?(—2bt" —6at5 —12ba2t5 —daa?t* —2ba* t3+6aa*t2 +8babt) .
f”(t) - {6 * eXp <t22a2> 2—a2)5 ) |t| < a;

o =

0, otherwise.

Let {ax, k € J}, {b, k € I} € (),

(d/2) ) —(d/2)*(an+bk (z—y1)) :
e-exp(x_ = pran - s e =y < d/2;
gk(a;) —_ fd/Z(x — yk) — ( yk)2 (d/2)2 ( yk)2 (d/2)2 ‘ ’ /
0, otherwise,

and g(z) = > .oy gx(®), then g(yx) = ax, ¢'(yr) = br. Now we show that the function g(x)
belongs to WZ(R).

/|g de—/Z\gk Pde <
R

kel

Yr+d/2 ) (d/2) (d/2)4\ak+bk(:v—yk)|2 B
<Z/W ‘ exp((x—yw <d/2>2> (@ — ) — (@222 =

_ 2o [ 2(d/2)? |ay, + byt ]
-Sean [ e (7 ) @ @ <

kel —d/2

o e [T (202 dt
<2e*(d/2)*) [\ k| /d/2 p (tz — (d/2)2) (2= (/277

kel N

kel
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, [V? o 2(d/2)? t2dt
10 /d/2 P (t2 - (d/2)2> (t* — (d/2)2)2] '

Set

he /// o (t22—<d(/c1l2/);)2) T /// o (tf—(d{;/);w) (2 —tz;%)%?’

then we obtain [, |g(z)[?dz < 2e*(d/2)* <HCLHZ(J)[1 + ||b\|32(J)[2> < 0o. Similarly

/R 19/(@)[2dw < 2(d/2)" (lalZ )Py + ]2 0 Pe) < oo,
/R 19" (@)2dz < A(d/2)* (Jlall2, )51 + b2, 0)S:) < 0.

So, g(z) € Wi(R). O
Corollary 1. If f € W3 (R) then the sequence {f(y;), y; € Y} belongs to ls(J).

Proof. Due to inequality (11) we have

2
1 er+1
I{f(ws). v €YYo < <7w—_1> 11y < 00 [

Proposition 2. If f € W3 (R \Y) then the sequence {f(y;+) — f(y;—), y; € Y} belongs
to 62 (J)

Proof. Let g(x) from W3 (R \ Y) be real, then the equalities

Yj—

9*(y;—) — ¢ (yj_1+)e”Wvi-1) =/ e Tl (g?(x) + 29(2) g/ (v))d,
Yj—1+
Yj—

G (yi1t) — g°(y;—)e Wimw1) = / . e lmul(g?(z) — 29(x)g/ (x))da (12)

hold. From (12) we have
(92(%—) + 92(%‘—1‘1'))(1 _ 6_(yj_yj—1)) _
Yi—

= / . [92<5L‘)(e*|a?fyj\ —1—@*\967111'71\) +2g(l‘)g/(x)<€i|xiyj| _67|x7yj,1|)} dr <

Yj—1+ Yj—1+

[4g2(1:) + 2g'2(:c)} dr.
Since 1 — e~ Wi—¥i-1) > 1 — e~ we obtain

> (=) + Py t) (L —e ) < /

[4g2(a:) - 2g’2(a:)] de,
el R\Y
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and hence
> (BPy-) + g (yi+) < o (13)
jel
Consider f(z) = fr(x)+if7(z) from Wi (R\Y), then for fz(x) and f;(z) inequality (13)
holds and hence >~ (|f(y;—)|* + | f(y;+)]?) < oc.

Since |f(y;+) — fly;—)1? < 2(1f(y;—)” + | f(y;+)[?), we obtain that {f(y;+) — f(y;—),
j €I} e l(D). O

3.1. Applications. Let A be an unbounded self-adjoint operator in a Hilbert space H and
let Hio C Hyy C H C H.; C H_, be the chain of rigged Hilbert spaces (|6]) constructed
by means of A: H,, = dom(A), H.; = dom(]A|'/?) with norms ||f||x = (|A/*2f]* +
1£I)Y2, k € {1,2}. The “negative” Hilbert spaces H_; (k € {1,2}) are the completion of
H with respect to the norms

Ifll-k =" sup |(f,9)l.
g<Hi, gl =1
The operator A has an extension A € L(Hy, H, 5), k € {0,1} (Hy := H) and |A|'/2 €
L(Hy, H,_1), k € {—1,0} is an extension of |A|'/2. The resolvent R, = (A —2I)7!, z € p(A)
has an extension R, = (A — zI)™' € L(H_}, H 112), k € {0,1,2}. Let ® be a subspace in
H_, such that
b H = {0}, (14)

then the operator A’ defined by
dom(A) = {f € His: (fi0) =0 forall oe @}, A’ = A} dom(A") (15)

is a closed, densely defined symmetric operator with the defect numbers equal to dim ®. For
the defect subspace 91,(A’) = ker(A™ — zI) the formula 91,(A") = R.® holds.

Suppose that A is a nonnegative operator. Then as it is well known, A is the Friedrichs
extension of A’ if and only if ® N H_; = {0}.

The operator A given by (5) is nonnegative and self-adjoint in H = Ly(R). Set for
convenience

H,o = dom(A) = W2(R), Hyy = dom(AY?) = W}(R), H_; = Wy ' (R), H_p=W;*(R).

As mentioned above, (see (7)) one has 6, = 0(zr—y) € H_1\ H, (§,) =d'(x—y) € Ho\H_;.
Let Y = {y; € R, j € J} be a discrete set in R satisfying (1).
The defect subspaces of A, Ay, and H, are given by (see [1])

M (4) = spﬁ{sgn(w — yj) exp(i\/X\x —yl), j € .,]]} ,
M\(Ay) = span{exp(ivA|z — yil), 7 € d},
My (Ho) = span{exp(iVA|z — y;), sgn(z — y;) exp(ivA |z — y;]), j € T},

respectively.

3.2. Riesz bases. Recall [8] that a countable set of vectors {g;} forms a Riesz basis in
a separable Hilbert space §) if span{g;} = $ and there exist two positive numbers a; and a,
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such that for each positive integer n and each collection of complex numbers {cy, o, ... ¢, }

one has
n
a2 Y el < < ay Z [21%
j=1

Since {e;};ey forms a Riesz basis 9, every f € f) has an expansion f = >
> erleil? < oo, and conversely, if 7. |e;[* < oo then the series )

ie1 Ci€j with

jey Cj€j converges mn 9.
Proposition 3. The systems {0(z — y;)};er, {6'(x — y;) }jey and {0(z — y;), §'(z —yj) }ies
form Riesz bases of the subspaces W_5, ® and (), respectively.

Proof. We will show that {§(x — y;), ¢'(z — y;)},es is a Riesz basis of the subspace 2.
Let f =3, a;0(x —y;) +b;0'(x — y;) € Q, where {a;}jes, {b;}jer € [2(J), then using the
first statement of Propositions (1) we get
> ajg(y;) + big (v)

J

<2 ( sup Z |a;|? Z lg(y;)? + sup Z 1b;]? Z ’9’(%)‘2) =

9€H2, ll9llmy =175 J 9€H 12, 9l ,=1"

2

= sup I(f. o) =
geH 12, HgHH+2:1

> a;d(z —y;) +b;d' (z — yy)

J

H_»o
2

= sup <

9€H vz, glli, 5 =1

= Cillallz, @) + Callbllz, ) < oo

On the other hand, using the second statement of Proposition (1) we have

2

_l’_
‘Z “all H ]HbH

Therefore, the system {J(x — y;), ¢'(x — y;)};ey forms a Riesz basis of the subspace €.
The other statements can be proved similarly. O

sup
9€H 2, llgllr, =1

Zajg y;) + ;9 (y;) = (lallex +HbH€2(J))

3.3. Transversalness of the Friedrichs and Krein extensions. Let H be a separable
Hilbert space and let A be a densely defined closed symmetric and nonnegative operator.
Denote by A* the adjoint to A, by A a nonnegative selfadjoint extension of A. It is well
known ([1]) that the operator A admits at least one nonnegative self-adjoint extension Ap
called the Friedrichs extension, which is defined as follows. Denote by A[-, -] the closure of
the sesquilinear form (see [10])

Alf,gl = (Af,9), f,g € dom(A),

and let D[A] be the domain of this closure. According to the first representation theorem
([10]) there exists a nonnegative self-adjoint operator A associated with A[-, -], i.e., (Agh, 1)
= Alh, 9], ¥ € D|A], h € dom(AF). Clearly A C Ar C A*, where A* is the adjoint operator
to A. It follows that dom(Ar) = D[A] N dom(A*). By the second representation theorem,

the equalities D[A] = dom(AY?) and A[p, 1] = (AX2e, AYp), ¢, ¥ € DA] hold.
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M. G. Krein in [14] discovered one more nonnegative self-adjoint extension of A having
extremal property to be minimal (in the sense of the corresponding quadratic forms) among
others nonnegative self-adjoint extensions of A. This extension we will denote by Ax and
call it the Krein extension of A.

Recall that two selfadjoint extensions A; and A, of a symmetric operator A are called
disjoint if dom(A;)Ndom(A,) = dom(A) and transversal if dom(A;)+dom(Ay) = dom(A*).
We need the following statement ([4], [16]).

Proposition 4. The Friedrichs and Krein extensions Ar and Ay are transversal if O, C
dom(.A}(m) at least for one (hence for all) z € C\ [0, 00).

In what follows we will consider our operators (2)—(4) in the p-representation by means
of the Fourier transform

i) = (21101 = = [ sor-o.

Note that
ipe~ Py

~ 1
Fo =0y(p) = ——= :
and the Fourier transformation F is a unitary operator from Ls(R,dz) onto Lo(R,dp). In
addition

e, (FE)p) = 5yp) =

dom(AV?) = , Z{fGLszp / F) P2+ 1)dp < } E2H)p) = p|FD).
dom(A ) {f € H,s /peipyff( Ydp =0, ]GJ} 121\
dom(Ay) = {f € flas [ emfip)p =0, j € J} (oD = P T),

dom<H0>={f € Hpy: / e f(p)dp = 0, / pe’™ f(p)dp =0 j € J} , (Hof)(p) = p*f(p).

The pairs of operators (121\, A), <121\’ VAT, <ﬁ0, Ap), and <ﬁ0, Hy) are unitary equivalent since
.FA = AF Clea.rly, H+2 = .FH+2, H+1 = .FH+1,

. ~ R R R 2
A oy 10\ 7 o

;&fA :p2f(p)> ;&: j_\IJrl — ﬁflv L2<R) — ]E\[*Q'
Let ® = F®, U_, = FU_;, U_y=FU_, )= FQ. Then

& = span{pe ?, j €I}, V_,=span{e ", je I},
f],Q ﬁ72
U, = span{e " j € J}, Q= span{e "% pe i j € J}.
ﬁ_l ﬁ—Q
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Theorem 1. The equality W_o = W _; holds.
Proof. Let f € W_y, then f =", cxd(z — i), ZkGJ |cx|* < oo. Using Corollary (1) we have

£, = swp (£l = s D agl)] <D lal> sup Y gyl
geH, |lglh=1 g€H, llgllh=1|"¢cy ke 9€HL llglh=17;
Therefore, V_o C H_; and ¥_o, =¥ _;. O

e tPYj
p?+1

Corollary 2. The systems {e™ ¥ }JGJ {pe=¥i} ey and {< o Yien, {2 }jey form Riesz

P
bases of the subspaces U_;, ® and ‘)Ll(AO) N_1(A), respectively.

Proof. Since the operator J unitarily maps H_» onto H,Q, by Proposition 3, the systems

{e” ZWﬂ} ey and {pe PYj }]EJ form Riesz bases of W_ 1 and ?, respectively. Let N_1 (A =

ker(A’*+I) N_1(Ag) = ker(A*—H) Then N_,(A) = (A+I) 1, N_1(Ay) = (A+1)"1W_y,

and { B } ; is a Riesz basis of M_1(A') C H, { e, is a Riesz basis of M_1(Ay) C
je

2
+1 241 jel
H... 0

Theorem 2. The equality ® N H_; = {0} holds.

Proof. Let g € @, then g(p) = >k ckpe” Y% but by Corollary (2) [, # 1>, cxpe P *dp =
00, hence ¢ does not belong to H_, i.e. N H_, = {0} and ® N H_; = {0}. O

Corollary 3. The Friedrichs and Krein extensions of the operators Hy, A’', Ay are transversal.

Proof. Let u € M_1(Hy), then u(p) = > ay e];ipyk + bk.p%jfl Using Corollary (2) we have
k

2+1
~ 2 — |7
(ot )P e PP F@)ulp)dp) S\ () Pdp Jy lu(p) Pdp
Sup - T=—— T = Sup 2 f(p)Pdp  — Sup 2 24
pedom(y) (Hof.f)  redom(iio) JaP |f p)[*dp fedom(fly) JeP?If (p)Pdp

fipyk

aie
<

So, ‘ft,l(f—\[o) C dom(ﬁé]/(z). Therefore, due to Proposition 4 the extensions Hop and Hox as
well as Hyrp and Hyg are transversal.

Transversalness of the Friedrichs and Krein extensions of the operators A’ and A, can be
proved similarly. ]

2
bupe Yk
Z kDE dp < 0.
p?+1

Corollary 4. The operator A is the Friedrichs extension of the operator A’.
Proof. Since ® N H_; = {0}, we get that A% = A. O

3.4. Basic boundary triplets for operators Aj, A and H;. Let S be a closed densely
defined symmetric operator with equal defect numbers in ). Let H be some Hilbert space, 'y
and 'y be linear mappings of dom(S*) into H. A triplet II = {H, o, I'1 } is called a boundary
triplet for adjoint operator S* (|7], |11], [9]), if

(S*z,y) — (x,S"y) = (T2, Toy)x — (Toz, T1y)y  for all z,y € dom(S*), (16)
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and a mapping I': z — {Tox, 12}, € dom(S*) is a surjection of dom(S*) onto H & H.

Let S be a densely defined and nonnegative operator. Suppose that the Friedrichs and
Krein extensions of S are transversal. The boundary triplet IT = {H, Ty, "1} for S* is called
basic (2], 3] rigid for positive definite S [17]) if ker(I'g) = dom(Sg), ker(I';) = dom(Sk).
A basic boundary triplet is positive [2] and (see [3|) Sk[z,y] = (S*z,y) — (T2, Toy)n, x,y €
dom(S™).

Proposition 5 ([2]). Let S be a densely defined and nonnegative operator with transversal
Friedrichs and Krein extensions and let I1 = {H,Ty,T'1} be a basic boundary triplet for S*.
Then the mapping

O S :=5"IT7'0=8"|{f €dom(5): ([of,T1f) € O} (17)
establishes a bijective correspondence between the set of all selfadjoint nonnegative linear
relations © in H and the set of all nonnegative selfadjoint extensions of Sg C S* of S.

Assume that
(A) Ly and Ly are two closed densely defined operators in the Hilbert space $) taking
values in a Hilbert space H and such that L, C Ls.

Theorem 3 ([5]). Let condition (A) be fulfilled. If the operator A = L}L; is densely defined
and A* = LiL,, then

1) the operator Ar = LiL, is the Friedrichs extension of A;
2) the Friedrichs and Krein extensions of A are transversal;

3) the operator

dom Ag = {f € dom(Ls): Pam(r,)Laf € dom(L3)},
AKf = L;-PrzTn(Ll)IQf = LTLQf, f c dOm(AK)

is the Krein extension of A and
D[AK] == dOHl(Lg), .AK[U, U] = (Pm(Ll)LQU, PW(LI)LQU), u,v = dOHl(LQ).

The operator A = L3L, called an operator in the divergence form.

According to V. E. Lyantse and O. G. Storozh ([15]) a pair {#H, T'} is called a boundary pair
for Ly C Lo, if H is a Hilbert space, I € L (dom(L3), H) and ker(T") = dom(L,), ran(T") = H.
Let {#,I'} be a boundary pair for Ly C L. Then there exists a linear operator G €
L(dom(L3),H) such that {H,G} is a boundary pair for L; C L and the Green identity

(Lif,wn = (f, Lau)g = (Gf,Tu)y, f € dom(L7), u € dom(Lz) (18)
holds. The set {#H,G,T'} is called the boundary triplet for a pair of the operators Ly C Ls.

Theorem 4. Let condition (A) be fulfilled and let {H,G,T'} be a boundary triplet for
Ly C Ly. If the operator A = L3L, is densely defined and A* = LjL,, then

1. the triplet Il = {H,I", G Pan(z,)L2} is a basic for A*;
2. the mapping
O Ag:=A" |T7'0 =A" | {f € dom(A"): (T'f, GPrn(r,)L2f) € O} (19)

establishes a bijective correspondence between all nonnegative selfadjoint extensions of
the operator A and all nonnegative selfadjoint linear relations © in H.
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Proof. By Theorem 3, the Friedrichs and Krein extensions of A are transversal, D[Ax] =
dom(Ls), D[Ar| = dom(L;). Hence, {#,I'} is a boundary pair for A. Let x € dom(A*) =
dom(LjLs) and y € dom(Ly). Then Payr,)lox = Lov — Pex(ri)lox € dom(L7). Using
Theorem 3 and (18) we get

Ak 2, y] = (Pas (L) Lo, Lovw) g = (L] Pan(r,) Lo, ¥) g — (G Pamny) Lo, Ty)yn =
= (L1L2x,y)s — (GPrn(ry) Lo, Ty)u = (A2, y)5 — (GPaw(r) Lox, Ty)n.
In particular, for z,y € dom(A*) taking into account that the form Ag[z,y] is Hermitian,
we have (A*z,y) — (z, A*y) = (G Pan(r,) Lo, Ty)u — (I'w, G Pan(r,) Lay)n. Thus, the triplet
I = {H,T", GPar(r,) L2} is basic for S*. From Proposition 5 we get that statement (2) holds
true. O

Consider in Ly(R) the following operators

dom(Lo) = {f € W}(B): fly) = 0.y € Y}, Lo =i (20)
dom(L) = WJ(R), L = 1%. (21)

From (20) it follows that Ly is a densely defined symmetric operator and its adjoint L3 is

given by
d

%.
The operator L is a selfadjoint extension of Ly. So, we have Ly C £ C L§. From (3)—(22) it
follows that

Ag=LLy, A= Lof, Hy= L2 A=L% Ay=LiL, A" =LL, Hy =2 (23)

dom(L) =Wy (R\Y), L= (22)

Using representation (23) and Theorem 3 the explicit expressions for the Friedrichs and
Krein extensions of Ay, A" and H, and their transversalness have been obtained in [5].
In the next statements for the operators A™, Ay and H explicit expressions for the basic
boundary triplets and abstract boundary conditions for all nonnegative selfadjoint extensions
are obtained.

Proposition 6. Set

) {ccm, Y consists of m points: 0y _ wiR\ v),

l5(J), Y is infinite,
Tu = {i(u(y;+) — u(y;—)), j € I}, dom(G) = W5 (R), Gf ={f(y;), j € I}.
Then
(i) {H,T,G} is the boundary triplet for pair £ C L};
(ii) the triplet Il = {H, ', GL}} is basic for A™*, where GL is given by the relation GL} f =
{if'(y;), 7 €I}, f € dom(A™);
(iii) the mapping
O = Ag = A" [ {f € dom(A™): ({i(f(y;+) — f(y;=)), j € I} {if'(y), j € I}) € ©}

establishes a one-to-one correspondence between all nonnegative selfadjoint extensions
of the operator A" and all nonnegative selfadjoint linear relation © in H.
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Proof. By the definition of a boundary triplet for the pair L; C Ly, where Ly = L, Ly = L
we get dom(T") = dom(Ly) = dom(L}) = W (R\ Y) and ker(T') = dom(L) = Wj(R).

Similarly, dom(®) = dom(L}) = dom(L) = W3 (R), ker(®) = dom(L3) = dom(Ly) = {u €
Wi(R): u(y) =0, y € Y}. Further, the Green identity

(Lt fu)y — (f. Low)ss = / i (o)u(@)dz — / f (@) (@) dz =

() o

=i ) (wlg) = ulys)) = 3 Fl)i alys) — wly;—)) = (G, Tup

jel jel

y]+1 —

holds. Due to Propositions 1 and 2 the operators [' and G are bounded. Hence the triplet
{#H,G,T'} is the boundary triplet for the pair £ C L.
Further, since ker(£) = {0} and applying Theorem 4 we get (ii) and (iii). ]

Recall [5], that
* - prl - 1 *
Pran(eo Lof =if =i d_k(f(yk+1 —0) = f(yr +0))xx, f € dom(Lp),
k

where the functions {\}%}kej (xx is the characteristic function of the interval [y, Y1),
dr = |Yr — Yr+1]) form an orthonormal basis of ker(Lf) and di = |yx — Yr1], k € J.

Proposition 7. Set

_ { 7 consists of m points; dom(T) = W3 (R), Tu = {iu(y;), j € J},

05(J), Y is infinite,
dom(G) = Wy (R\Y), Gf={(f(y;+)— fly;—)), j €T},
then
(i) {H,T,G} is a boundary triplet for the pair Lo C L;
(i) the triplet Il = {H,T", G Pan(c,)L} is a basic for A, where

GPranic)Lf =
= {irn - isty-) - LD 2 L) JD 2 Ha®) e )

[ € dom(Af);
(iii) the mapping

© = Ave = A" [ {f € dom(Ay"): ( {iulfy), j € I},

{irtus) = irpmy - L) S22 Had) e gl o)

establishes a one-to-one correspondence between all nonnegative selfadjoint extensions
of the operator Ay and all nonnegative selfadjoint linear relation © in H.
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Proposition 8. Set

B Cc?m, Y consists of 'm  points; I
"= l,(J)® C?, Y s infinite, dom(I') = Wy R\ Y),
Tu = {(iu(y;—), iu(y;+)), j € T}, dom(G) = Wy (R\Y),Gf = {(f(y;~), f(y;+)). j € T}.

Then
(i) {#H,T',G} is a boundary triplet for pair Lo C L};
(ii) the triplet Il = {H,I", G Pan(c,) L} is basic for Hi, where

Gpm(ﬁo) Sf:

_ {(z’f’(yj—) B Z.f(yj;j - ;;J,(yflJr)»if/(Z/ﬁ) B Z.f(yj+y1;z :i(yﬁ)) e J}’

f € dom(H);
(iii) the mapping
O 1 Hoo = Hy' [ {f € dom(Hy"): {( = if(y=),if(u;+)), j €T},

{(z’f’(yj—) B Z.f(yj—yj :§]§?5—1+)’if/(yj+) 3 Z.f(yj;;z - i}(%ﬂ) e J} c @}

establishes a one-to-one correspondence between all nonnegative selfadjoint extensions
of the operator Hy and all nonnegative selfadjoint linear relations © in H.

Other boundary triplets for Hj have been constructed in [12] and in [13].
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