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WIMAN’S TYPE INEQUALITY FOR SOME DOUBLE POWER SERIES
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In this paper we prove some analogue of Wiman’s inequality for analytic functions f(z1, z2)
in the domain T = {z € C?: |z1]| < 1, |22] < +00}. The obtained inequality is sharp.

A. O. Kypunsik, JI. O. Ilamosanoscka, O. B. Ckackus. Hepasencmseo muna Bumana das
HEKOMOPLLT d6otinur cmenernux psdos // Mar. Crynil. — 2013. — T.39, Ne2. — C.134-141.

JokasbiBaerca anajor HepasencTBa Bumana misa dyuxiuii f(21, 22), aHAJIATUYECKUX B 00-
nactu T = {z € C?: |21] < 1, |22| < +oc}. Tosmyuennoe HepaBeHCTBO TOUHOE.

1. Introduction. Let f be analytic function in the disc {z: |z] < R}, 0 < R < +o0,

represented by the power series
+oo

f2) =) an2". (1)
n=0
For r € (0, R) we denote M¢(r) = max{|f(2)|: |z| = r}, ps(r) = max{|a,|r": n > 0}.
It is well known ([1, p. 9], [2, p. 28]) that for each nonconstant entire function f(z) and
every € > 0 there exists a set E(e, f) C [1,400) such that Wiman’s inequality

My(r) < pp(r)(Inpg(r)) '/

holds for all r € [1,+00)\E(e, f), where the set E(e, f) has finite logarithmic measure, i.e.
fE(&f) % < +00.
Let R =1, i.e. f(2) be an analytic function in the unit disc D = {z: |z| < 1}. For such

a function f(z) and every ¢ > 0 there exists a set Ef(0) C (0, 1) of finite logarithmic measure

on (0, 1), i.e.
/E :
< ,
f((;) 1 T

such that for all r € (0,1)\E(J) the inequality

py(r) 1/246 py(r)
< S [ad A4
Mf(r)_(l—r)H‘sln 1—7r

holds ([3]). Similar inequality for analytic function in the unit disc one can find in [4].
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Also in [3] it is noted that for the function g(z) = 3725 exp{n°}z", € € (0, 1) we have

My(r)

510 ulg( ) 1nl/? ulg_(:)

>(C > 0.

Some analogues of Wiman’s inequality for entire functions of several complex variables
one can find in [5]-[11].

The aim of this paper is to prove some analogues of Wiman’s inequality for analytic
functions represented by the series

f(2) = f(z1, 22) Z A 21 25" (2)

n+m=0

with the domain of convergence T = {z € C?: |z;| < 1,2, € C}.

By A% we denote the class of analytic functions of form (2) with the domain of convergence
T and (%Qf(zl,zg) #Z0in T.

2. Wiman’s type inequality for analytic functions in T. For r = (r1,75) € T:=[0,1) X
[0, +00) and function f € A? we denote

Ap={(tr,t2) € T: by > 11, T2 > 1o}, My(r) =max{|f(z)|: [z1] <71, |22 < 12},
+oo

uy(r) = max{|anm| {75 (n,m) € Z2}, My(r) = Y lalrirs'.

n+m=0

Let Ds(r) = (D;;) be a 2 x 2 matrix such that

Dij =

a< 0 i,je{1,2}.

9
s Tja—rjlnfmf(r)): 0,0, In M (r), 8 = 1

87’7; ’

The following statement can be proved by verbatim repetition of the proof of Theorem 3.1
from [5].

Theorem 1. Let f € A?. There exists an absolute constant Cy such that
My (1) < Cops(r)(det(Dy(r) + 1))"2,
where I is the identity 2 X 2 matrix.
We say that ¥ C T is set of asymptotically finite logarithmic measure on T if there exists

rg € T such that
drid
Vln Eﬂ Aro // n T2 < 400,
1— 7"1 T2

ENAy

i.e. the set ENA,, is a set of finite logarithmic measure on T'.

Lemma 1. Let 6 > 0 and let h: R2 — R, be an increasing function on each variable such

that
“+o00 +o00

/ / duidusg
+00.
u17 uQ
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Then there exists a set EE C T of asymptotically finite logarithmic measure such that for all
r € T\ E the inequalities

det(Dys(r)+ 1) < . —17‘1 h(aczl In Oty (r),r 8?“2 InMts(r) + lnrg), (3)
(;j’ lnmf( ) (hl imf(r),ln 7“2>, (4)
WD (1) £ — Ll () 5)

hold.

Proof. Let Ey C T be a set for which inequality (3) does not hold. Now we prove that E} is
a set of asymptotically finite logarithmic measure. Since r;5- 9 1n Ms(r) is increasing to 400

for j € {1,2} asr; — 1 —0, 7 — 400, there exists 7° € T such that 9 > £, 79 > 1 and for
all r € Ao we have

0 InMs(r) +1nr; > 1.

8
Then
By M A // _drydry // det(Dys(r) + I)(1 — ry)dridrs B
ln 1 7’0 <
BibAo 1-— 7°1 ro a— 111 mf ) TQ% In S))Tf(r) + In 7“2) (1 — 7‘1)7“2
// det(Df( r) + I)dridry
EinA o re Tl_lnmf( )+1n7’177”28%21n9ﬁf(7")—|—1n7“2>

Let U: T — R2 be a mapping such that U = (ui(r), u2(r)) and u;(r) = rja In Mty (r) +
Inr;, j€{1,2}, r=(r1,72). Then for 7,5 € {1,2} we obtain

or; arz( Yor; I3 (r >+lnri> T —0:0; In My (r) + )
(97“]- = (9 ( 67’1 lnimf( )+1n7“¢>— E@,aj lni)ﬁf(r), 7 7é]_
So, the Jacobian
D(u1, us) Gu Jur
Jyo=—"" el | 0r O | — det(D I
! D(Tl,TQ) g—gfg—ﬁj © ( f( )+ )7“17”2
Therefore,
+00 400
dud duyd
iinns ] o [ [
1,U2 ul,u2
ElﬁA

Suppose that Fy C T is a set for which inequality (4) does not hold. Then we can choose
r? € T so that InM;(r®) > 1 and rd > e.

vl By A // dT1dT2 // ln M (r) - (1 —rq)dridry
in (£ ) (1 —7)ry r)ry h(In O (r), Inry)(1 —ry)re

EQQA
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Consider the mapping V: T — R2, where V = (vi(r), v2(r)) and v; = InMy(r), ve =
Inry, r = (ry,r2). So,

D(vi,vg) |7 InDs(r) In9M,(r)) 1 0

J::—: ory 87"2 — _1m ‘
’ D(r1,72) r2 O 1 f(r)
0 1
T2
Therefore
400 400
Ui (Eo N Ao) // 8’" 90y (r)drydrs _ // duyduy / / dmduz
' h’l 93/tf ln 702 TZ Ul, u2 U1U2
EnL EQQA 0

Let E3 C T be a set for which inequality (5) does not hold. Then

lnﬁﬁf( Yrodridry
(B 1 5r0) = // "M (r)(1 = ry)ry”
(1 r1 AT 12

EgﬂA

Let ro be such that In 9, (r") > 1. Define the mapping W: T — T, where W = (w; (1), wa(r))
and wy =11, we = InMy(r), r = (r1,72). So,

D(wl,wg) 1 0 8
Jyp=———"5 = = —InM,(r).
3 D(’f‘l,?”g) o o (97’2 f( )
8—T11n9ﬁf(r) a—wlnﬂﬁf(r)
Therefore,
duyd [ T
U1GU3 Uy U2
(B3 A Apo) // </—-/—<—|—oo.
in(Fs o) < 1 —w)—w = ) T—u) ukte
W(EgﬂA 0) 0 1

It remains to remark that the set £ = U?Zl E; is also a set of asymptotically finite
logarithmic measure in 7. O]

Theorem 2. Let f € A% For every § > 0 there exists a set E = E(§, f) C T of asymptoti-
cally finite logarithmic measure such that for all r € T\ E we obtain

My(r) < % In'*o <ff——(rr)1) AnY/2H0 gy (©)

Proof. Let E' and Ej be the exceptional sets from Theorem 1 and Lemma 1, respectively.
Then for E = E'U Ey and h(ry,r3) = (r172)172,8 € (0,1), we get for all r € T\ E

M, (1) < Copg(r) (det(Dy(r) + 1) <

1/2
1 0 0
< C’O,uf('r)< h(ar1 In My (r),r 25, InMts(r) + lnr2)> <

1—7“1

1/2
1 0 146 0 146
S C()/Lf(r) ( <a_7”1 lni)ﬁf(r)) (7“2871n9ﬁf(7“) +lnr2> ) .

1—7”1
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Hence by Lemma 1 there exists 7° € T such that for all 7 € A0\ E we get

M (r) < Copy(r) | —— (1n90ty(r) -1 )“MZ( L () 41 )W 1/2<
fAr) = Colg(T (1—T‘1>2 nAte(r nro (1—7‘1)6 nJte(r nro
T 2
<A F f: ))Hé In 7 90t () In' /2720 1y, (7)
— T
Using inequality (7) we obtain
s (1) 2 1
<lp—HY) - <
InMs(r) <ln 1= )i +(14+6) Inln9M,(r) + <2 + 25>lnlnr2 <
146
r
<In % + 8Inln My (r).
Therefore, InM,(r) < 2In “i—(r) Finally for all » € A0\ E we have
f 1—ry
1+26+62
s (r) ps (1) 1/2426
Ms(r) <Ms(r) < A=) (21n1—r1 In ry <
1+6;
iy (r) ps (1) 1/2+46
1 1 !
= (1 —ry)tton <n1 - ! "

where 0; > 2(0 + 6%). O

3. Some examples. From Theorem 2 we conclude, that for every 6 > 0 the set

ps(r) 1+5< s (r) ) 1/2+6 }
E={reT: My(r) > L5 0 (LD g /24
f( ) (1—7”1)1+6 ].—7"1 2
has asymptotically finite logarithmic measure.
Remark that exponent 1 by ﬁ in inequality (6) cannot be replaced with a smaller
number. We suppose that one can replace this exponent with € € (0, 1). Consider the function

() = (o1, 20) = 2122)

1-— 217
where y(z2) is an entire function such that In i, (re) < ra, 72 — +00. Then

M, (ra)
1-— T1

Mg (r) = y pp(r) = py(r2).

Denote r/(g) € (0,1) such that for all 7 > 7/(¢) we have

———— —In e.
(1 —ry)t-e 1—7r
Thus,
B = {r € [r'(e),1) x [e, +00): b In? 1 > T‘Q}C
’ ’ (1 =)t 1—nr 2

1 1 1 +T2>m}c

< {TE [7‘/(5),1) X [€’+OO): 1—mr g (1—7"1)8(1n1—7“1
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C {7‘ € [r'(e),1) x e, +00): a(72) > a(72) In i (72) \/R}C

1—7"1 (]_—7"1)8 1—7”1

C {7" € [r'(e),1) x [e,+00): Ms(ri,re) > /g(il;:;) In Hg(il’fr:z) \/1117"2}: B

Denote R = \/ W — In? ﬁ Then for ,-measure of the set B is estimated as

1 R
// d’f’ldTQ // dTldTQ / /d d?”l
Vln el - el
1—7"17“2 1—7”17"2 T9 ].—7"1
1
/ In 1 — In? L dry > 1 / dry = +00.
(]_—7"1)1_8 ]_—7"1 1-7’1 2 1—7“1

We remark, that none of the exponents 1 in (6) can be replaced with a smaller number. Let
us consider the function

follows

n+°o

f(z1, 22) Z Ze 25" = (z1) - Y(22), € € (0,1).
Remark that for this function there exists ro € T" such that for some § > 0 we have

. )y e ()Y 2
{TGATO.MJC(T’)>(1_T1)1+61D (1_r1)1n TQ}C

C {7“ € Avo: My(r) > “f—r)lnH%(“f—(’”))}.

(1—7”1)1+5 1—7'1

For the analytic function ¢(21) there exist constants C}(g) € (0,1) and ry € (r?, 1) such that
for all r; > ¥ we get

C{(S)'u@(rl)< My(ry) < 1 fo(71) (8)

L—ry = /In M,(r) e)l—r

It follows from inequality (8), that for 1 > r{ and some constant C;(g) < Cj(g) we
obtain

M (Tl) > Cl( ) ( )1n1/2 Ns&(rl)’ (9)

1-7’1 1—7"1

and for the entire function v (z3) we obtain for every € > 0 and ry € (r9, +00)

My (ra) > (V21 — &)ty (ra)In s (ra). (10)

So, My(r1,12) = My(r1)My(re) and for r € (r;1) x (1), +00) we get
1

My(r) = (V2R — )y () 2210) (m prelr) -mw(rz)) . (1)

1—7”1 1—T1
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Consider the positive increasing functions gy (r1) = In(ue,(r1)/(1—r1)) and ga(re) = In pry(r2).
We define

A= {reTi ) aaos) > folonlr) + )} 5 {re s 3 < 200 <o)

Then, for r € A we get

92 (27“2> 118 (g2(rs) + 2g2(7’2)) %(91(7”1) n gQ(TQ))Q.

91(r1)ga2(r2) >

—_

Moreover, there exists the inverse function g, ': R, — (7, 1), which is also increasing.
For r; € (r?,1) we define r} and rj such that

=g <#) 5 = g5 (2g1(r1)).

Therefore, from inequality (11) we have for all r € E*

(V27 — )Ci(e) py(r) (m per) )>: (V2T = £)Ca(e) puy(r) | pslr)
18 1—nr 1—nr 18 1—r;  1—1ry

It remains to prove that set £ is a set of infinite asymptotically logarithmic measure.

E* // dTldTg // dT‘ldTQ .
1—7"1 TQ ]_—7"1 7’2

My(r) >

A OQE
1 p 1 ) ;
* * ! - —1(91\"1 T
— /(lnr2 —lnrl)1 e /(lng21(2gl(r1)) —ln921< 5 )) —
"l "
Since lim —20 _ — /o7 and Go(r) = In puy (1), we get

r—+oo Hy(r) In'/2 ()
1 1
r—In(vV2r +¢) — §lngg(r) < go(r) <r—In(V2r —¢) — 511192(7"), r — 400. (12)

From (12) we have

g5 (r) >, (13)
1 1 2
g2(r) >r —In(vV21r +¢) — élngg(r) >r—In(vV2r+e¢) — Elnr > 3"
3
g, (r) < oh T +o0. (14)

Using (13) and (14) we finally obtain

1

1
% 1 3 d?"l 8 d?"l
> — — — . — .
vn(E7) > /(1n(291(r1)) In(3 - 291(7“1))> - /ln3 = oo

1
o T
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