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A MODIFIED CRITERION OF BOUNDEDNESS L-INDEX IN DIRECTION
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A new criterion of boundedness of L-index in direction is obtained.
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Iloryden HOBBIM KpUTepwil OrpaHUIEHHOCTH L-WHIEKCA IO HAIPABJIEHUIO.

1. Introduction. Let L(z) be a positive continuous function on C", and let b € C™ \ {0}.
An entire function of F(z), z € C", is called (see [1]-[3]) a function of bounded L-index in
the direction b, if there exists mg € Z, such that for every m € Z, and every z € C" the
following inequality is valid:

1 |9"F(2) 1 |0F(2)
< <k<
mlLn(z) | abm | = { RIFG) | ook | 0Sksmoy, (1)
where
PF(z) OF(z) _§~OF(2) _ OF(z) 0 0F(2)
abO F<Z>7 8b ]Zl 62] b] <g1'ad F; b>7 @bk ab( abk_l ), k = 2

The least such integer my = mg(b) is called the L-index in the direction b € C" of the
function F(z) and is denoted by Ny(F, L) = my.

In the case of n = 1 and L(z) = l(z), z € C, we obtain the definition of a function of
bounded l-index, and in the case L(z) = 1 we get the definition of a function of bounded

index.
Forn>0,ze€C", b= (b,...,b,) € C*\ {0} and a function L : C" — R, we define

L(z+1tb) it — o] < n

AP(z t0.m) = inf 4 2 D) _n
'(2 to,n) = in {L(z+t0b) _L(z+t0b)}’

N2 (z,m) = inf{\P(2,t0,m): to € C}, AP(n) = inf{\>(z,n): 2 € C"}, and also

L(z +tb) n
2 (2,t0,m) Sup{L(z+t0b) | ol < L(z—l-tob)}’
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A3 (z,m) = sup{A3(2,t0,n): to € C}, AB(n) = sup{A3(z,m): 2 € C"}.
By @} we denote the class of all functions L for which the following condition holds for
alln >0
0 < AP(1) < A3(n) < +oo.

In a recent paper [1] the authors prove the following criterion of boundedness of the
L-index in direction, which will be used several times throughout this paper.

Theorem 1 ([1]). Let L € Q. An entire function F(z), z € C", is of bounded L-index in
the direction b € C" if and only if for each n > 0 there exist numbers ng = ny(n) € Z and
Py = Py(n) > 1 such that for every ty € C and every z € C" there exists ko = ko(to, 2) € Z,
with 0 < kg < ng and the inequality

oo tb
m{ ﬁ‘ ST <L} <p

Obko ~ L(z +tob)
The notation L < L* means that for some 6,65, 0 < 0; < 0, < +00 and all z € C" the
inequality 6, L(z) < L*(z) < 6,L(z) holds.
We will need the following theorem from [1].

8k0F(Z + tob)
Obko

holds.

Theorem 2 ([1|). Let L, L* € Qf, L < L*. An entire function F(z), z € C", is of bounded
L*-index in the direction b if and only if F' is of bounded L-index in the direction b.

In [1] we prove the following criteria of boundedness of the L-index in direction in the
form of an estimate of the maximum modulus on a larger circle by the maximum modulus
on a smaller one.

Theorem 3 ([1]). Let L € Q}. An entire function F(z) in C" is a function of bounded
L-index in the direction b € C" if and only if for any ry and ro such that 0 < r; < ry < +00,
there exists a number Py = Pi(r,73) > 1 such that for each z° € C" and ty € C the next
inequality is valid

T2
F(Z2°+th)|: |t —ty] = s p <
max{| (z" +tb)|: | o L(20+t0b)}_
r
0 0

Theorem 4 ([1]). Let L € Q}. An entire function F(z) in C" is a function of bounded
L-index in the direction b € C" if and only if there exist numbers ry and o, 0 < r; < 1 <
ry < 400, and P; > 1 such that for all 2° € C" and ty € C the inequality (2) holds.

These theorems distinguish the universal quantifier and the existential quantifiers for r
and r9 such that 0 < 7 < ry < +o00.

Hence the following question arises naturally: is it possible to change the quantifiers in
the other criteria of boundedness of L-index in direction (see [1]).
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2. Main result. Using Fricke’s idea from [4] a modification of Theorem 1 is obtained.

Theorem 5. Let L € Q.. An entire function F(z), z € C", is a function of bounded L-index
in the direction b € C" if and only if there exist constants n > 0, ng = ng(n) € Z, and
P, = Py(n) > 1 such that for every t, € C and every z € C" there exists ko = ko(tg, z) € Z+,
with 0 < kg < ng and the inequality

max {

Proof of Theorem 5. Necessity. If F(z) is of bounded L-index in the direction b, then it
follows directly from Theorem 1 that the necessity condition of Theorem 5 is satisfied.
Sufficiency. Suppose that there exists n > 0, ng = no(n) € Z; and P, = Pi(n) > 1 such that
for each ¢ty € C and each z € C" there exists ko = ko(to, 2) € Z,, with 0 < ky < ng and

M F(z 4 tb
max{ m‘ st —to] < L} <P

bk = L(z + tob)
If n > 1 then we choose jo € N such that P; < n?. But if n € (0; 1] then we choose jo € N

such that (]{)Oik,;);)!Pl < 1. Such a jj exists because

9" F(z + tb)

Obko

- U
‘. |t—t0|<—)}§P1 e

9" F(z + tob) ‘

holds.

(3)

9" F(z + tob)
bk

Jo!ko! ko! ‘
P = — - - P — 0, jo — o0.
Go+ko) ' Go+1)(Go+2) .- (o+hko) ' ’

Applying Cauchy’s formula to the function F(z + tb) as a function of one complex
variable ¢ with j > j, we have that for each ¢y € C and each z € C" there exists an integer
k?() = k‘o(to,Z) with 0 S k‘() S Nno

OHEF(z+tb) gl / 1 OFF(z + tb) "
Obko+i - 2mi (t —to)it1  Obko '
lt=tol= ey
Therefore, in view of (3), we have
1 |oFHF b L b ko 7 b
L 0 (z—l—fo ) < (tho )maX 0" F(z +tb) L t—to] = n <
J! Obkoti n Obko L(z + tob)
Lj (Z + t[)b) 8k0F(z + tob)
S Pl T]] 8bk0 ) (4>
that is by the choice of jg for n > 1
1 ORI F (2 + tob) kol Py 1 OFF(z + tob) <
(ko + j)!Lk0+j<Z + tob) Obko+i - (] + ko)' 77j ko!LkO(Z + tob) Obko -
k k
< o 1 0" F(z + tyb) < 1 0™ F(z 4+ tyb) (5)
]’CQ!Lk()(Z + tob) Obko k’o!LkO (Z + tob) Obko

for all j > jo.
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Since by the assumptions of the theorem the numbers ny = no(n), jo = Jjo(n) are
independent of z and ty, and z € C™ and ¢, € C are arbitrary, the inequality (5) is equivalent
to the assertion that F'(z) is of bounded L-index in the direction b and Ny(F, L) < ng + jo.

If n € (0,1) then in view of (4) we have for all j > j,

1 ak0+jF<Z + tob) j'kQ'Pl 1 8k0F(2 + tob) <
(ko + j)! LFo*i (2 + tob) bkt = + ko) 19ko! LR (2 + tob) bko =
- 1 OFF(z + tob)
- njkolLkO(Z + tob) Obko

or, by the choice of jy,

1 77k0+j ‘ako-i-jF(Z + t0b> ‘ - 1 nko

1 8’“0F(z + tob)
(Ko + 5)! L*+3 (2 + tob) kot kol L*(z +1ob)

Obko

Thus the function F is of bounded L-index in the direction b, where L(z) = Lff). Then, by

Theorem 2, F' is of bounded L-index in the direction b. O]
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