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ESTIMATES FROM BELOW FOR CHARACTERISTIC
FUNCTIONS OF PROBABILITY LAWS
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Let ¢ be the characteristic function of a probability law F that is analytic in D = {z: |2| <
R}, 0 < R < +oo, M(r,¢) = max {|p(z)|: |2| =r < R} and Wg(z) = 1-F(z)+F(—=x), z > 0.
A connection between the growth of M(r,¢) and the decrease it of Wg(x) is investigated in
terms of estimates from below. For entire characteristic functions it is proved, for example, that
iflnzy > )\ln(xik In m) for some increasing sequence (xy) such that xj41 = O(zy), k — oo,

then lnw > (1+o(1)Alnr as r — +o0.

M. U. TTaposas, M. M. Ilepemera. Ouenku cHu3y Tapaxmepucmuveckur GyHKuull eepoams-
nocmuux 3axonos // Mar. Crynit. — 2013. — T.39, Nel. — C.54-66.

Ilycrs ¢ — anasmTuyeckass B Dp = {z: 2| < R}, 0 < R < 400, XapaKTepUCTHIECKAs]
dyukims BepositHocTHOrO 3aKkoHa F, M (r,¢) = max{|o(z)|: |z|=r < R} u Wg(z) = 1 —
—F(z) + F(—x), x > 0. B TepMuHax OLEHOK CHU3Y uU3ydeHa CBs3b Mexkiy poctoMm M (r, @) u
y6biBannem W (z). Hanpumep, 1yist nesibIx XapakTepucTudeckux pyHKIuUi JOKA3aHO, 9TO eCiu
Inz, > A ln(é In m) J1JIs HEKOTOPOI BO3PACTAIONIEH! [10CIIe10BATEIbHOCTH (T, ) TAKO, YTO

Tp+1 = O(zg), k — oo, TO ln% > (1+o(1))M\nr upu r — +oo.

1. Introduction. A non-decreasing function F' continuous on the left on (—oo, 00) is said
(|1, p. 10]) to be a probability law, if lirf F(—z)=0and lim F(z) =1, and the function
T—r+00

T—+00
o(z) = [ e dF(z) defined for real z is called ([1, p. 12]) a characteristic function of this
law. If ¢ has an analytic continuation on the disk Dg = {z: |z] < R}, 0 < R < 400, then
we call ¢ an analytic in Dp characteristic function of the law F'. Further we always assume
that Dg is the maximal disk of the analyticity of ¢. It is known that ¢ is an analytic in Dg
characteristic function of the probability law F' if and only if for every r € [0, R)
We(x)=1—-F(z)+ F(—2) =0 (e ™), © — +o0.
Hence it follows that

1 1
lim —1In =R
soto0 T Wp(w)
If we put M(r, ) = max {|p(2)|: |z| = r} for r < R then Wg(z)e™ < 2M (r, ) forall z > 0
and r € [0,R). For R = +oo this inequality is proved in [1, p.54] and for R < +oo the
proof is analogous. Therefore, if we define (see also [2]) u(r,¢) = sup {Wg(x)e™: = > 0}
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then p(r,p) < 2M(r,¢). Thus, the estimates from below for In M(r,¢) follow from such
estimates for In u(r, ). For entire characteristic functions N. I. Jakovleva ([3]) proved that,

if lim w =1+ % then lim % > 1+ A. Hence it follows that if
T—+00 r—+00
lnxz)\ln(lln;) T > X (1)
x Wgp(x)/)’ ’
then
In M > (1+o(1)Alnr, r = 4o0. (2)

The question arises, whether asymptotical inequality (2) is valid if condition (1) holds
not necessarily for all # > xy but only for some increasing unbounded sequence (xy). In view
of the inequality In M (r, ¢) > In pu(r, ) —In 2, the following assertion gives a positive answer
to this question.

Proposition 1. If there exists an increasing to +oo sequence (xy) such that Inxp >
Aln (iln m) for allk > 1 and x4, = O (x) as k — oo then lnw > (14+o0(1)AInr
as r — +o00.

We obtain Proposition 1 from main results proved below for characteristic functions that
are entire or analytic in the disk characteristic functions.

2. Auxiliary results. If ¢ is an entire characteristic function and ¢ # const then (|1, p. 45])
lim r~'InM(r,p) = 0 € (0,400]. If ¢ < +oo then the estimate In M (r, ) from below is

r—+00
trivial. It can be shown that o < +o0 provided Wg(z) = 0 for all x > ;. Therefore we

assume in what follows that Wg(z) # 0 for all z > 0 and, thus, Wg(z) \( 0 (z — +00).
Then M — 400 as r — +00.
In the case, when 0 < R < 400, the function u(r, ¢) may be bounded and it is easy to
show that In u(r, ¢) T +oc as r 1 R if and only if
lim Wp(z)e™ = +o0. (3)
T—r+00
Further we assume that (3) holds and for the investigation of the growth of In u(r, ¢)
we use the results from [4]. By Q(0,R), 0 < R < +o0, we denote the class of positive
unbounded functions ® on [ry, R) for some ry € [0 , R) such that the derivative &’ is positively

continuously differentiable and increasing to +o0o on [rg, R). For & € Q(0,R) let U(r) =
®(r)
@'(r)
function to ®’. For the numbers ®'(ry) < a < b < +00 we put

Calab,®) = bciba /j@(i(t))dt, Ga(a,b, ®) = @(ﬁ /abd)(t)dt).

r— be a function associated with ® in the sense of Newton and ¢ be the inverse

Lemma 1. Let & € Q(0,R), 0 < R < +o0, and ¢ be an analytic in Dg characteristic
function of a probability law F' satistying condition (3) and

In Wp(zy) > =2, 9 (d(28)) (4)

for some increasing to +o0o sequence () of positive numbers. Then (Vr € [p(xy), d(xr11)])
and (Vk > ko) the following estimates are valid

Inp(r, @) > ®(r) — (Goxk, Tit1, ) — G1(zk, Tgr, P)) , (5)
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Gl (mka Tr41, (1))

Inp(r, @) > O(r) NI

and

O (Inpu(r,p)) > r — (D7 H(Go(wg, Tp1, @) — D7HG1 (2, Thyr, D)), (7)
O (G (g, Tpt1, D))

¢-%humn¢»;zréindxbth,¢», (8)

where ®~! is the inverse function to ®.

Proof. Let P be an arbitrary function defined on (0, +00) and different from +oo (it can take
on the value —oo but P # —oo ) and let Q(r) = sup{P(z) +rz: x>0}, —oco <71 < R,
be the function conjugated to P in the sense of Young. By Q(—oo, R), as in [4], we denote
the class of positive unbounded functions on (—oo, R) such that the derivative ¢’ is positive
continuously differentiable and increasing to 400 on (—oo, R). The functions ¥, ¢ and the
quantities Gy (a, b, @), Ga(a,b, ) we define as above. Then from Theorem 1 in [4] it follows
that if P(xy) > —zxU(¢(z)) for some increasing to +o00 sequence (zy) of positive numbers
then for all r € [¢(zk), d(zg+1)] and all & > 1 the estimates (5)—(8) hold with Q(r) instead
of In pu(r, ). It is clear that the functions In u(r, ¢) and In Wg(z) are conjugated in the sense
of Young, and in view of the definition of (0, R) for each function ® € Q(0, R) there exists
¢, € Q(—o00, R) such that ®1(r) = ®(r) for r € [rg, R). Since ¥(r) = ¥(r) for r € [ro, R)
and ¢1(r) = ¢(r) for x > x¢g = xo(ro), Proposition 1 follows from the quoted result in [4]. O

We note in passing that ([4]) Gi(a,b, ®) < Ga(a,b, ®) and the following lemma is hold
([4]-6])-
Lemma 2. For x > a let G.(z) = Gs(a,z,P) — Gi(a,z,P), Gu(x) = % and for

x € |a,b) let G*(x) = Ga(x,b,P) — Gy (x,b,P), G*(x) = gfgzzg Then the functions G, and

G are increasing on (a,+0o0) and the functions G* and G** are decreasing on (a,b).

3. Estimates from below of In y(r, ¢) for the functions of finite order. We begin with
a theorem, which is a generalization of Proposition 1.

Theorem 1. Let ¢ be an entire characteristic function of a probability law F' such that
p—17 1\ 2
1mm@@z———(—J 2f, p>1,T >0, 9)
p \Tp g
for some increasing to +oo sequence (xy) of positive numbers. Then
1) if x4 — x < h(xy) for k > 1, where the function h is positive continuous and non-
decreasing on [0, 4+00) and h(x) = o(z) as * — 400, then
(1+0(1))
8Tp(p—1)
2) if 1 < xpw(xpyq) for k > 1, where the function w is continuous and non-decreasing
on [0,+00) and w(x) > 1 for all x > 0, then for all large enough r

Inu(r,p) > TrP — r*PR*(Tpr?™Y), r — +oo; (10)

w(w — 1)PY(wrT — 1)

(W — 1)

f(Tprh), flw)=

TpPre
Inpu(r, ) > W
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Proof. 1t is easy to check that for the function ®(r) = T'r? with p > 1 the following equalities

are true ¢(z) = (p%)ﬁ, 2¥(p(x)) = P;pl(%p)p%lxﬁ7

Grla b ) = (0= (7)™ o (v - ),

G019 = 0= () ()

Therefore,
G (zk, wp + h(wy), ®) = (p = 1) (Tipp) Tfﬁf (1 * %ik)) h(x;k) ((1 " hik)yl_l):
=(p—1) (%p,,) g (1 + hi’“)) héfk) x
(Lt o) gl ) (i)
- () My ot e 0 )
(g () e g e o))
o2 1

Galo i+ W) ) = (= 1 () ol g (14 2) T

N T o A W) | pl2— p) W)
~0-(5) e e e St
+O<h ii:k)>}p: (%ppyl e 2(p1— ) hi’“) * G(i:ll)ﬁ : a(;;:k)+
+O<h3<:vk)>}f“:< 1 )Axg”l{HQ(pp hax)  _p(5=p) h2(xk)+0<h3(f§k)>}’

7} Tpr —1) w2412 2 7

as k — oo. Hence in view of the condition zjy; — zx < h(zy) by Lemma 2 we have

G2($k7 Lh41, CD) — Gl(l’k, Th+1, CI)) S GQ(ZEk, T + h(l’k), CI)) — Gl(.l’k, T + h(dfk), CD) =

- <Tipp> Tl <8(pp— 1) h f(cgk) i O<h gk>>>: p(81(:_0(11))) <T1pp> T ),

as k — oo, and since (9) implies (4) (see inequality (5))
(L+o() LNt 9, | 5%
Inpu(r, ) > Tr” — (—) W (zp)xp™, k — oo,
(1 ) Blp—=1) \Tp )i
for all r € [(x1,/Tp)71, (xps1/Tp)71], k > ko. For such 7 we have x, < Tpr*=! < x5, and
since the function A is non-decreasing and xy1 = (1 + o(1))xy as k — oo then In pu(r, p) >

L5 —P
Trf — % (%p) o hz(Tprp_l)(Tprp_l)if1 as r — +o0o, whence (10) follows. The first
part of Theorem 1 is proved.

For the proof of the second part we remark that

)

_pP
1>,:1 Thg wr (wh) — 1
w(

Lh+1
(= 8= (- 1) 1
W(l‘k+1) + Tpp xk-‘rl) -1 wﬁ($k+1)
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L 1
Tht1 L\ 3y W T (Tgg1) — 1\P
Ga( iy )= (0= 0 (75) ( ).

Nw (@) . (b=1) Tpr* wﬁ(l'kJrl) w(Tgi1) — 1
that is, by Lemma 2 in view of the condition ¢y, < txw(tx+1) we have

G1<xk7xk+17q)) G1($k+1/w(9€k+1),$k+1,¢) _ P’
Go(xr, Tey1, @) — Go(Tpg1/W(Tpy1), Tog1, @) (p— 1)1

V

flw(tes)).

Therefore, by Lemma 1 Inpu(r,¢) > Tr”(—% (w(xgy1)) for all r such as in the proof

of the first part. Since w(wy1) < w(Tpr*~!) we need to prove that the function f(w) is

decreasing on [1,400). It is easy to check that f(w) = &~ (w) — £°(w), where the function

¢(w) = ill decreases to 0 on (1,+00) and {(w) 1 % as w | 1, p;pl > ¢(w) > 0 and
1

wpPTt—

¢(w) < 0 on [1,+00). Hence it follows that f'(w) = p&f~2(w) <’Ll - §(w)> (w)<0,ie f

P
is a decreasing function. The second part of Theorem 1 is proved.

Now we prove Proposition 1. By its assumption, In Wg(z) < —J,‘k . Let p > 1 be
an arbitrary number such that 2 > p . Then for every large enough k mequahty (9) holds
with T" = 1. Since xp41 = O(xk) as k: —> oo we have z,1 < Ky, that is, the assumptions
of Proposition 1 hold with w(z) = K > 1, and by Theorem 1 In pu(r,¢) > Arf for all large
enough r, where A is a positive constant, whence it follows that In M > (p—1)Inr+In A.
Letting here p to A+1 we obtain the desired asymptotical inequality. Proposition 1 is proved.

From Theorem 1 the following proposition also follows.

Proposition 2. If there exists an increasing to +oo sequence (zy) such that (9) holds and
Tpy1/Tr — 1 (k — 00) then In M(r,¢) > (1 + o(1))Tr* as r — +oo.

Indeed, since xp;1 < wzy for an arbitrary w > 1 and all k& > ko(w), by proposition 2) of
Theorem 1 we have In u(r, ¢) > Tr”#f(w). Since li?ll flw) = (p*;# we obtain hence
the desired asymptotical inequality.

For analytic in Dy function the following theorem is an analog of Theorem 1.

Theorem 2. Let ¢ be an analytic in Dg, 0 < R < 400, characteristic function of probability
law F' such that

1
In Wg(xg) > —Rxy, + &(Tp) 1 x,ﬁ“, p>0, T>0, (11)
p

for some increasing to +o0o sequence (xy) of positive numbers. Then

1) if (z) satisfies the assumption of proposition 1) of Theorem 1 then

T (1+o0(1))

1 T. QY > Z +

(R — r>ﬂ+2h2( ) rt R (12)

2) if (xy,) satisfies the assumption of proposition 2) of Theorem 1, then

T(p+ 1) Tp _ (T (@ 1y
o) 2 St (o)) 1@ =m0
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Proof. 1t is easy to check that for the function ®(r) = T(R—r)"" we have ¢(z) =
1

1 1
P

=R ()" 2¥0() = Re— S TR, Gl b, @) = (4 D)) iila 7 -
P

b_ﬁ) and Go(a,b, ) = (T(’er)lp;l (bp%ll):;%) . Therefore, as in the proof of Theorem 1, it

1
is possible to show that G (tk,tk + h(ty), <I>>: (l) r ”“ {1 -3 May) _ p2+p) W2(xk) |

P p+1) ) 6(p+1)2 2
1
h>(x P+l h(x T h3(x
+O(EG) Y, Goltes trth(t), ®) = (Z) " P“{Lv¢h)g”—ﬁgﬁ; G po(24e) )
_pt2
and, thus, Ga(wy, 2 + h(wy), ®) = Ga(ww o + i), ®) = HLHTp) TR (@)a, " as
k — oo, whence in view of the condition xy1 < xx + h(zx) and lemmas 1 and 2 we obtain
1
T (Tp)»(140(1)),, —55
1 > — h Pk — 14
n/’t(,r.’gp) - (R-T’)p ] p+1) (‘xk)‘xk ) 0, ( )

for all r € [R — (Tp/xk)ﬂ*il, R — (Tp/xkﬂ)ﬁ] and all large enough k. For such r we have
xp < W < 2441 and since the function h is non-decreasing and 1 = (1 + o(1))xy as
k — oo (14) implies (12). The first part of Theorem 2 is proved.
We prove the second part. Since
L1 T\w7 2 W (Tpp1) — 1
(2 s #) 0 (B
Ny )= D) o
2, 1 L
Th1 _ (Tp7)et erwett (zpq) (W(Tgy) — 1)°
s T+, o Lri1 P
W(Tht1) (p+1)° (WP (pg1) — 1)7
Gy (Thsr/w(Tpi1), Trp1, @) (p+1)PH

Go(Tps1/W(Trg1)s Thg1, ) N PP flw(@ri1)),

and by Lemmas 1 and 2 In u(r, p) > (RTT),J (p+;f),p+1f(w(a:k+1)) for all r such as in Proposi-

Y

we have

tion 1) of this theorem. Since w(xgyq1) < w(m—_z;%) we need to prove, as above, that the

_P_ p 1
function f is decreasing on [1,+00). So, f(w) = % (“’j‘tfl) ©0° =1 and every factor is
wP
a decreasing function. O
From Theorem 2 the following two propositions follow.
Proposition 3. If a probability law F' satisfies the condition
A
1mmwamymsz+lmm,A>a (15)

for some increasing to +oo sequence (xy) of positive numbers and xp11 = O(xy), k — o0,
then for its characteristic function ¢ we have the following asymptotic inequality

Inln M(r,9) > (1+ o(1 )))\lan_r, r T R. (16)

Indeed, (15) implies In Wg(xy) > —Rxy + x“l > —Ruxy, + &plpﬁxf for every p < A
and all large enough k, that is, (11) holds and since zp1; < Kuxy for all k by item 2) of
Theorem 2 we have In ,u(r ) > T - 37> Where A is a positive constant, whence Inln p(r, o) >
(1), 7T R. In view of the arbitrariness of p we obtain (16).
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Proposition 4. If for a probability law F' condition (11) holds and zy1 = (14 o(1))xy as

k — oo then In M (r, p) > (1(+°( - asr T R.

We

Proposition 4 easy follows from item 2) of Theorem 2, because 11?11 flw) = #.
w.

remark that if in item 1) of Theorems 1-2 zj1 — 25 = h = const and in item 2) of these

theorems x4 1 /2, = w = const then we need not use Lemma 2, that is, we need not estimate

of Gy — G and G /G5. Therefore, in view of the optimality of estimates (5) and (6), which

we used in the proof of theorems 1-2, in the cases where z,1 — 2 = h and 2441 /2 = w

estimates (10), (12) and corresponding (1), (13) are unimprovable.

4. Generalized results. Since we not always can find G; and G5 in an explicit way, the
following theorem is useful.

Theorem 3. Let 0 < R < 400, ® € Q(0, R) be such that ®(r)®'(r)~'~" non-increase on
[r0, R) for some ry € (0,R) and n € [0,+00), let ¢ be an analytic in Dg characteristic
function of a probability law F', which satisfies condition (3) and let inequality (4) hold for
some increasing to +0o sequence (zy) of positive numbers. Then

1) if 2p11 — xr, < h(zg), k > 1, where a positive and continuous on (0,+00) function h
is such that h(z) = o(x) as * — oo, the function z + h(x) increases and the function
x"h(z) non-decreases on (0, +00), then

h(®'(r), r 1 R; (17)

Inpu(r, @) > @(r) — (1 + 0(1>>1—

2) if zp1 < zpw(zpy1), k > 1, where a continuous and non-decreasing on (0, +00) func-
tion w is such that w(x) > 1 for x > 0, then

w(®'(r)) —1

)
) 2 @) @) - D 1)

for all r < R close enough to R.

Proof. At first we assume that n > 0 and prove item 1). From the non-increase of %

we have

T th(zy)
G (20, 75 + h(ax), D) = zk (g + h(zy)) / ’ @(¢($))xn_1dx >

h(zy) X 't
z(rg + h(zy)) S((z) + A7) (21 + A(7))" — T
B h(x) (z + h(zy)) 0 1
)

 0(p(an + h(z) 2

=Gty Tt
 D(d(a + h(z) T mh(w) | n— DRA@) | @)\
 (zr + h(a)n nh(xk){ Tg * 227 O( >}_

_ (i + M) (n — 1)h(z)
(et b)) xk{1+2—xk (
1 zpth(zr)
I / ¢<t>dt)s O (¢ (i + h(zy)))-

GQ(J]k,JZk + h(l’k), CI)) = (I)<
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Therefore,

Go(zk, g + h(zk), ) — Gi(ag, ) + h(xg), P) <
< O(@(ar + h(z)){1 - (%Wl Pl O(hQ(xk))) }=

Tp +h 274 x2
14 i) | (0
= O(¢(ay + h(ax)))4 1 - o Tt )4 (g + h(ri)) X
1+t 4 O(h :E;:k))
{1 (1 ) o (B0 (1 1B ()
= oot + o) {5 4 o))
_ O(p(ag + h(xr)))

1—|—77 , . N
= oy + (o)t g ML+ o(1)), k= co.

Hence in view of the condition zxi1 < xp + h(zg) using Lemma 2 (growth of G.) and

inequality (5) we obtain

(¢(xr + h(zk)) 1+ 1
($k + h(.’I?k))H'n 2

for all r € [¢(z), ¢(zry1)]- Since ®(p(¢))t~"! non-increases, x7h(x) non-decreases and the
inequalities ¢(zy) < r < ¢(xy1) imply the inequalities 2, < ®'(r) < 2441, we obtain

@) 1+

Inpu(r,p) > d(r) — zlh(zg)(1+0(1)), k — oo, (19)

tr,9) = 0(r) ~ PO L1y o(1)
> 0(0) - 5o e @ ()1 + o(1)

i.e., inequality (17) holds.
If n = 0 then by analogy we have

(ot M) Boto ) () M)y

G1(xg, xp + h(zy), ®) >

= ®((zx + h(zr))) (1 . %’;) + o(%g’“))) k — oo,
D(d(x + h(zy))) hzk)

Go(wg, T + h(zg), @) — Gy, 7 + h(z1), @) <

14+0(1)), k — oo,
ot hen) 2 (1+o0(1))
whence we obtain (19) with 7 = 0. Hence, as above estimate (17) follows. The first part of
Theorem 3 is proved.

We prove second part. For n > 0 we have

Th4+1 (I)
G1< xk+1_7$k+17 ®>: ) / (QfJ(rﬂf))xn_ldx =
w(Tpy1) w(rper) — 1 T n

Th+1 D(P(hy1)) 1 ( " Trt1 )_ (P(wht1)) ) <1 _ o 1 >’

~w(Tgy) — 1 1 5 k1 W (Xgt1) N(w(xpr) — 1 Thi1)

Lht1
X
Go(rt e @) < B(0lann))
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Therefore, in view of the condition 2,1 < zpw(zgs1) using Lemma 2 and inequality (6) for
all 7 € [¢p(xr), ¢(xr41)] and all k& > kg we have

wl(xpyq) — 1 () wh(@'(r)) — 1
(@) (@ () = 1) = T (@ (r)) (w(P'(r) — 1)

decreases on [1,400) and xpy1 > ®'(r). The inequa-

In p(r,¢) = @(r)

z—1

because the function f(z) = o5

lity (18) is proved.
If n = 0 then, by analogy, we have

()
) (wl’kﬂ Tir1, (I>> > Th+1 (¢(l’k+1))

(Tg+1) Inw(zp) = P(G(xps1)) Inw(xg41)

W(Tpt1) =1 Tpp wW(wpg1) — 1
and in view of the estimates GQ(J;TTI), Tht1s CD) < ®(¢(xpy1)), as above, we obtain

Inw(zg1) Inw(®'(r))

Inpu(r, o) > &(r > o(r)—————— 20

ur.¢) ( )w(iﬂkﬂ) -1 ( )w(CID’(r)) -1 20)

for all » < R close enough to R. Since nwﬁz;il) — i% as 1 — 0 estimate (20) coincides with
estimate (18) with n = 0. O

The condition of the non-increase of ®(r)(®'(r))~'~" can be removed if we use estimates
(7) and (8) from Lemma 1. We get the following theorem.

Theorem 4. Let ® € Q(0, R),0 < R < 400, and ¢ be an analytic characteristic function of
a probability law, which satisfies conditions (3) and (4) for some increasing to +o0o sequence
(xy) of positive numbers. Then

1) if ¢(xpy1) — ¢(xr) < h(xgy1), where h is a positive continuous and non-increasing
function on (0,400) such that R > ¢(x) — h(x) = R as x — +o0, then for all r < R
close enough to R

I pu(r,p) = ®(r — h(P'(r))); (21)
2) if o(xy1) < d(wk)w(Try), where w is a positive continuous and non-increasing function

on (0,400) such that R > A1) s Rasx — 400, then for all r < R close enough to R

w(z)
r
1 >P( —— ). 22
np(r, @) > (w(q)’(r))) (22)
Proof. Since the function ®(¢(t)) increases we have

B G #) 2 07 (0ot [ 4= ot

T4l — Tk N

O~ (Galap, Thpr, D)) = — /Ik+1 O(t)dt < P(xps1)-

Tl — Tk Jqy,

Therefore, from (7) and (8) for all » € [p(zk), ¢(xk11)] We obtain respectively
7 (Inpu(r,0)) > 1 = ($@rs1) — d(xx)) 27 = hl@p) > 1 — h(P(r)),

-1 nu(r r SO(xk) . ;
e nulr ) 2 oS 2 e 2 Sy

whence the inequalities (21) and (22) follows. O
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5. Corollaries. Let L be a class of continuous increasing functions « such that o(z) > 0
for x > xg, a(z) = a(x) for x < xy and on [zg, +00) the function « increases to +00. We
say that o € L° if @ € L and o((1 + o(1))x) = (1 + o(1))x(x) as  — 4o0; further o € Ly
if a(cx) = (14 o(1))a(x)) as © — +oo for any ¢ € (0, 4+00). It is easy to see that Lg; C L.

Corollary 1. Let either a € Lg; and 3 € L° or a € L° and 8 € Lg; and ¢ be an entire
characteristic function of a probability law F' such that

g (x—t In Wpl(xk) > < a(zy) (23)

for some increasing to +oo sequence (xy) of positive numbers, which satisfies the condition
B (ca(ri1))/B ca(zg)) — 1 as k — oo for any ¢ € (1,+00). Then

a<M>Z (14 0(1))B(r), r— . (24)

r

Proof. Let at first « € Lg;, B € L° and € € (0,1) be an arbitrary number. Since 8 € LY,
we have ([7]) B(:%) < (1 + d1(¢))B(z), where 01(¢) — 0 as ¢ — 0 and, thus, f7'(z) <
(1—)B7 ' ((1+01(e))x), and the condition o € Lg; implies a(ex) = (140(1))a(z) as z — 400,

that is, for any d, > 0 and all large enough x the inequality a(ex) > ﬁa(m) is true.

Therefore, 26~ (a(x)) < 2(1—¢)B7 (1 +01(e))a(x)) < (1—e)B7H((1+d1(e))(1+02)a(ex))
for all large enough z. On the other hand
/m BN+ 8,(2) (1 + S)a(t))dt > / BN+ 8,()) (1 + Sp)a(t))dt >
> 57(1+ 61())(1+ B)al=2)(1 - ).
Hence it follows from (23) that
InWp(zy) >~ (alzr)) = —(1 =) B (1 + 01(e)) (1 + d2)aley)) =

z—/mﬂ%u+a@»u+@mwMt (25)

for each € € (0,1), 2 > 0 and all k > ko = ko(e, 02).
We put &(r) = [ o™’ (%)dt, where 146 < (1+68;(g))(14d2). Then ®'(r) = a~! <f(’g>,

¢(x) = B7H((1 + d)a(z)) and
V¥ (p(x)) = / ¢(t)dt + const < / BH(1 4 8)a(t))dt 4 const <

< [ 57O+ N0+ Bal)dr

Therefore, inequality (25) implies (4) for all large enough k.
B~ H(1+8) (2 p11))
BH(140)a(w))

function w such that ¢((;E;:)1) < w(xyyq) for all k. Therefore, by item 2) of Theorem 4 inequality

Further, since — 1 (kK — 00), there exists a decreasing to 1 continuous

(22) is true, that is, in view of the condition 8 € L° we have

natr: )2 8{ )= 00 ot = [T (P>

r (Sl (B —=e)r
24?ﬁ¥&d$9“2a<%%5¥%r
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for all large enough r. Since o € Lg;, # € L° and the numbers €, d, and § are arbitrary, from
the latter inequality we easily obtain (24).

If « € L° and § € Lg; then o((1 —¢)x) > Ha;l(e)a(x), where d1(¢) — 0 as € — 0 and
Blex) > ﬁﬁ (x) for all large enough x. Therefore, as above

/m BTHL+61()) (1 + B2)a(t))dt = exfB (1 + d1(e)) (1 + 2)a((1 — €)x)) =

> caf (14 8r)a(w)) > 267 (-85 (1 + D)) )= 26 (alx)).

1+ 69

Hence it follows from (23) that In Wg(xy) > — f;: B7H(1 + 61())(1 + d2)a(t))dt for any
e € (0,1), 9o > 0 and all k > kg = ko(g,02). Therefore, choosing ®(r), as above, and
repeating the arguments, we again arrive at inequality (24). ]

For analytic functions in Dg, 0 < R < +o00, the following corollary is an analog of
Corollary 1.

%ﬁf;(x)) < q < 1 for all large enough = and

O‘(W>: (14 o(1))a(x) as @ — 400, and ¢ be an analytic in D, 0 < R < +o0,

characteristic function of a probability law F', for which

Corollary 2. Let a € Ly, B € Lg;,

Ty

6<1n(WF(xk)eka))§ a(zx) (26)

for some increasing to +oo sequence (x) of positive numbers such that 7 (a(zpy1)) =
O(B ' (a(zy))) as k — oo. Then

1
R—r

a(lnp(r,¢) = (1+0o(1)B(5—), r1 R (27)

Proof. From (26) it follows that In Wg(zy) > —Rxy + FTlamy): Since dnp Aal2) < 1,

(a(z dlnz
we have m 1 400 (rg < x — +00), and using L’Hospital’s rule it is easy to show that

T r dt
Fiat) = U oW | Fomy © 7o
Therefore, .
In WF(ZEk) Z —RJT;C + (1 — ql) L (28)

w0 BHa(t))
for any ¢; € (¢,1) and all large enough k. We put

B(r) = / T a‘1<6<2__q;>)d:v, (29)

T0

/ _ -1 1—¢ _p_ _1-q
where g2 € (q1,1). Then '(r) = « <B<R772*>>’ o(z) =R oty and

2V (p(x)) = R — (1 — qo) ’ #ctv(t)) + const,
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that is, in view of (28) and ¢; < ¢» we obtain (4). Since 37 (a(xp41)) < KB (a(xy)), K > 1,
K1

for all & > 1, we have B_l(i(xk)) — /B_I(Dl%xlwrl)) < Tt Therefore, if we put h(x) =
EASE) then ¢(z) — h(z) = R — 55285 — Ras © — +o0, W(¥'(r) = (K — 1)(R —7)

and ¢(xpy1) — d(wx) < h(zpyy) for k> 1.
Finally, for function (29) and r > max{ry, R/2} we have

o2 [ o (3(7=8))ae 2 -0 (3(572))

r

Therefore, by item 1) of Theorem 4

Inpu(r, 9) = (R —r+ h(®¥(r)))a” (5<2(R — :;Z?qﬂ(r))))):

- K(R=na” (3 gz 25)

for all » < R close enough to R. But from the condition a(m) = (1 +o(1))a(zx) as

x — +oo it follows that a(%) = (14 0(1))B(t) as t — oo and since o € Ly, f € Lg;

the last inequality implies (27). O

We remark that under the other conditions of Corollary 2 the condition 87 (a(zs11)) =
= O(B7! (a(xr))) as k — oo holds provided x;,1 = O() as k — oo.

The conditions on « and  in Corollary 2 assume that the function a increases slower
than the function . In the case where « increases quicker than (3, the following corollary is
true.

dlna~}(

Corollary 3. Let a € Ly, € Lgi, dlnf(z)) < ¢ < 1 for all large enough x, —do‘fld(f(x)) —

ﬁ 1 0 and a7 (B(f(z))) = O(a"(B(x))) as © — +o0, and ¢ be an analytic in Dg,
0 < R < 400, characteristic function of a probability law F', for which

a(In(Wp(zp)e™)) > Bla) (30)

for some increasing to +oo sequence (x;) of positive numbers such that lim Hoirn)

Then asymptotical inequality (27) holds.

Proof. 1f we put 2% (¢(x)) = Rr—a~'(S(z)) then (30) implies (4) and ¢(z) = (2P (¢(z))) =

R — w =R - ﬁ Hence it follows that ®'(r) = f~(5=),

00) = w(r0) = [ 7 (e = /ﬁf_l(’*l‘” (- )=

= B (e (5 ()2 (- (3 ()

But from the condition a~!(B(f(z))) = O(a™(B(x))) as * — +oo it follows that

0GR (0 ()
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where K is a positive constant. Therefore, ®(r) > Kia '(8(5=)), where K is a positive

constant, for all » < R close enough to R, and if h(x) = a(R — ¢(z)), 0 < a < 1, then

B = @) > K0~ (557 =)) (31)

Under such a choice of the function h the condition ¢(xyi1) — ¢(zx) < h(xg41) is equivalent
to the condition f(xry1) < (1+a)f(xx), and the latter condition follows from the condition

km % < 2. Therefore, by item 1) of Theorem 4 inequality (21) is true and in view of
—00
(31) and the conditions o € Lg;, f € Lg; we obtain (27). O

We remark that from Corollaries 1-3 one can obtain analogues of Propositions 1-4, but
we shall not discuss this here.
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