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GLOBAL CLASSICAL SOLVABILITY OF A PROBLEM
WITH NONLOCAL CONDITIONS FOR A DEGENERATE
HYPERBOLIC SYSTEM OF THE FIRST ORDER EQUATIONS
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with nonlocal conditions for degenerate hyperbolic system of the first order equations, Mat. Stud.
38 (2012), 80-92.

Using the method of characteristics and the Banach fixed point theorem we established
the existence and uniqueness of a global classical (smooth) solution to an initial-boundary
value problem with nonlocal boundary conditions for a hyperbolic integro-differential system
involving equations without time derivative of unknown functions.
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C ucrnoJsib30BaHNEM METO/a XapPAKTEPUCTUK U TeopeMa Bamaxa 0 HelOABUKHOM TOYKE yCTa-
HOBJIEHBI YCJIOBUS CYIIECTBOBAHUS U €MHCTBEHHOCTU [VIODAJIBHOIO KJIACCUYIECKOrO (IJIAIKOro)
penieHust CcMeNIaHHOM 3a/1a491 C HEJIOKaJIbHBIMU KpPaeBbIMH YCJIOBUAMU JIJIsA I‘I/IHGP6OJII/I“I€CKOI71
nHTErpo-auddepeHIma bHON CHCTEMBI, IIPU 3TOM YaCTh YPABHEHUN CHCTEMBI HE COJIEPYKUT IIPO-
M3BOHOI 110 BPEMEHU OT MCKOMBIX (DYHKITHI.

Introduction. Hyperbolic equations and systems are modeling wave phenomena of natural
science, particularly such systems appear in gas dynamics, hydrodynamics, shallow-water
theory, biological population theory, optimal control etc. ([1]-[3]).

Traditionally we consider hyperbolic systems that are solved with respect to the time
derivative of unknown functions. An initial-boundary value problem for this system is reduced
to the operator equation u = Au, where an operator A is defined on elements u of some
metric space. Solvability of the problem is generally established on a diminished time interval,
moreover the interval smallness provide a contractive property of the operator A or A(A).

Degenerate hyperbolic systems (in the sense of paper [7]) are more complicated for
research. These systems can be represented for example in the form

% +A(:B,t)g—z = f(z,t,u,v),
s

9 g(x,t,u,v),

where u, v are column vectors of the decision functions, A is a matrix, f, g are column
vectors ([4, 5]). Changing the unknown functions, we reduce the system to a simpler form

‘g—? —|—A(:U,t)% = f(z,t,q,0),
P = §(xz,t,q,0),
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where 4, v are new decision functions, A is a diagonal matrix with the eigenvalues of A on
the diagonal.

The problem for such a system can be similarly reduced to an operator equation but
the time interval smallness is not sufficient for a contractive property of the corresponding
operator with respect to the uniform metric.

In this paper we consider an initial-boundary value problem for a degenerate hyperbolic
system with integral terms, where integration is performed with respect to the time and
space variables. The problem is involved by nonlocal boundary conditions with integral
terms. The main result of our research concerns classical solvability of the problem without
any restrictions on the time interval magnitude. The finding of a problem’s classical solution
is reduced to the finding of an operator’s fixed point, moreover globality of the solution was
found thanks to a specially selected metric with weight functions (|6, 7]).

Statement of a problem. In the domain II = {(z,¢): 0 <z <[, 0 <t < T} we consider
a linear hyperbolic system with integral terms. Moreover, some equations of the system do
not contain the time derivative of unknown functions

ou; ou;
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t T
(a,-j(:v,t)uj(x,t) +/ Agj(x,t,a)uj(x,a)da —l—/ Afj(a:,t,z)uj(z,t)dz) +
0 0

M

<
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+
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(bij(l', tyvj(x,t) + /t Bl-lj(x,t, o)v;(z,0)do + /x B?j(:c, t, z)vj(z,t)dz) +
0 0
+fi(x,t), i€ {l,. (1)

gvzzz<cu(xtujxt /C1 xtawxada#—/ 02 xtzuj(z,t)dz)—i-

—i—Z( (2, ) (x, 1) / Dj(x,t, 0)v;(z, U)da—i—/o D%(x,t,z)w(z,t)dz) +

+gi(z,t), ie{l,...,n}. (2)

J

Suppose u; is subject to initial conditions
wi(z,0) = qi(z), 0<ax<l, ie{l,...,m}. (3)
Assume that sgn A;(0,t), sgn A\;([,t) are constant for every t € [0,T]. Let us define sets of

indices Iy = {i € {1,2,...,m}: X\(0,t) > 0}, [, = {i € {1,2,...,m}: N\i(I,t) < 0}, which
contain rg and r; elements respectively. Then we impose boundary conditions as follows

i (yfj@)uj(o,t) AL (B)uy (1 1) + /0 t (96, 7)us(0,7) + rgj@,T)uj(z,T))dT) +

Jj=1

+ Z ( t)v;(0,¢) + /Ot (qj%(t, 7)v;(0,7) + llféj(t, T)v;(1, T))dT) = §;(t),

ie{l,...,n+ro+r} (4)
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Definition. Suppose u € (C*(I))™, v € (C*°(II))™; then a pair of functions w = (u, v) sati-
sfing system (1), (2) and conditions (3), (4) is called a classical solution of prob-
lem (1)—(4).

Equivalent integral systems. Assume \; € C(IT) N Lip, (IT). We denote by ¢;(t; 2o, to) the
solution of the Cauchy problem

d _ _
df N(z,t), (x,t) €T, a(ty) =z, (z0,t0) € IL

Note these solutions are characteristics of system (1), (2). Moreover, this system has also
characteristics t = to, where ¢y € [0,T]. Suppose the integral curve x = ¢;(t; o, to), t < to
reaches the boundary of IT at ¢ = y;(zo, o).

Integrating (1), (2) along the corresponding characteristics, we obtain the following
system of integral equations

w(o.t) = us (Ol s e 0) + [ » (Z (aijwi(ﬂx,t>,7>uj<soi<r;az,t>m>+
@i (Tz,t)
/0 AL (il ), T, 0)ui(@i(T;2,t), 0 )da—i—/o A?j(goi(T;x,t),T, Z)Uj(Z,T)dZ>+
—|—Z ( ii(i(Ty 2, 1), T)vj(pi(Ts 2, t), T) + /OT ng(gpi(r;x,t),ﬂ o)v;(gi(T;x,t), 0)do+
wi(T52,t)
+/0 B (pi(Ty2,t), 7, 2)v;(2, 7)d ) + fi(pi(T; 2, 1), )) dr, ie€{l,...,m}, (5)

m t
Ui(m)t) = (Z (Czj y,t uj Y, ) /0 C’ilj(y,t,O')Uj(y,O')dO' +

J=1

/ y,t z Uj Z, t > ( i y,t)Ug y; / D yat U)U]<y7 )d0+

/D y,tzwzt)d)—i—gi(y,t))dy, ie{l,...,n}. (6)

Suppose we can rewrite boundary conditions (4) as follows
=3 0,0 + 3 v (s (1) +Z/ (G2t 7y 0.7)+
J#1o J€0
—I—Hilj(t T)u;(l, 7) dT-I—Z/ F1 t,7)v;(0,7) +Kilj(t,T)vj(l,T)>d7'+wi1(t), i€ ly, (7)
i(1,1) Z“w uJOthZyZJ u]lt+2/ GthuJOT)+
Jélo J¢h

+Hi2j(t T)u;(l,7) dT—i—Z/ F2 t,7)v;(0,7) —1—Kfj(t,T)vj(l,T))dT—i—wf(t), iel, (8)
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:(0,1) Z,u” u]Ot—I—Z 1z u]lt~|—2/ G3 (t, 7)u; (0,7) 4+ Hj (¢, 7)uy(l, T)>d7'+

Jjélo Jj¢n

+Z/ (Fo )00 7) + K36, 7)oy (1) ) +(0), 1 € {1,.....n}. ()

To be precise, suppose Iy = {i1, ... i}, I = {j1,.-.,Jn}, and N = n + 1o + r;, then
introduce the matrix

Further, if det I'(¢) # 0, then conditions (4) can be rewritten in form (7)—(9).

For any u € (CY(II))™, v € (CY°(II))" we define an operator B = (Bi,...,B,,) in the
following way. For (x,t) € II such that x;(x,t) = 0, we put Bi[w](z,t) = ¢;(¢:(0;z,t)). But
in the case ;(x:i(z,t);x,t) = 0, we define

Bilw](a,t) =y (i, £))ui (0, xi(w, 1)) + Y vl Ol )y (1 X, 1))+
J€1o J¢nL

m

xi(z;t)
+Z/0 <G1 (XZ(I' t) ) j(O,T) + Hi1]‘<Xi(x’t)7T)uj(l7T)>d7—+

Jj=1

Xi(z,t)
+ Z/o (Fé(xz(x, t),7)0;(0,7) + K (xi(z. ), 7)v;(l, T))dT + w; (xi(z,1)).

Jj=1

Likewise if ¢;(x;(x,t);z,t) = [, we put

Bilw](w,t) = > pd; (i, 1))ui (0, xi(, 1)) + > v Ol 1)y (1 X, 1))+
J&1o J€1

m

Xi(z,t)
+ Z /0 (ij(xi(x, t), 7)u;(0,7) + Hfj(xi(x, t), T)u;(l, T)>d7'+

J=1

Xi(xt)
+ z;/o (E%(Xi(x, t),7)v;(0,7) + K (xi(z, t), 7)v; (1, T))dT +wl(xail(z, 1)

j:
By construction of the operator B, the equality

ui<gpi(xi(x,t);x,t),xi(:v,t)>:Bi[w](x,t), ief{l,....m}), (v,t)ell

is equivalent to initial conditions (3) and boundary conditions (7), (8). Taking into account
the previous equality and conditions (9), we rewrite system (5), (6) in the form

¢ m

ui(x,t) = Bilw](z,t) + / - (Z (aij((Pi(T;;U,t),T)Uj(QOZ’(T;.QZ,t),T)‘i‘
Xilx,t j=1

pi(T52,t)

T / AL (s 21,7, 0 Yy (a(73 0, 0), 0)dor + /

i Afj(wi(T; z,t), T, 2)u;(z, T)dz> +



84 R. V. ANDRUSYAK, V. M. KYRYLYCH, O. V. PELIUSHKEVYCH

+Z ( i (pi(T5 2, 1), T)v(@i(T; 2, 1), 7) +/ Bij(¢i(Ti2,1), 7, 0)v;(¢i(Ti 2, 1), 0)do+
0
wi(T52,t)
n / B2 (i, t),m, 2)0y (2,702 | + filgi(rias b)) | dr. i€ {1, m}, (10)

i(z,1) Z'“w )u; (0, 1) —FZVU u]lt+2/ thTu]OT)+

Jj¢lo Jj¢n

Y ( T)us(1,7) ) dr + Z /0 (Bt )os(0,7) + K (6, 7)o (1, 7) ) dr + wi(0)+

+/0x <Z (Cij(%t)uj(y,tH/o Cilj(y>taa>uj<y70)d0+/ C2(y, t, 2)u;(z, t)dz)

Jj=1

+Z(U y, )y, t /D” y,t,0)v(y, o da+/D y,tzv]zt)d>+gi(y,t)> dy,

ie{l,. . (11)

Thus system of functional integral equations (10)7 (11) is equivalent to system (1), (2)
with conditions (3), (7)—(9) in the class of smooth functions.

Compatibility conditions. Consider boundary conditions (7)—(8) at ¢ = 0, consequently

we obtain a system of relations in unknowns u;(0,0) and w;(l,0). Therefore, using initial
conditions (3), we have zero-order compatibility conditions

0) = ui(0)g;(0) + Y v;(0)a; (1) + wi(0), i€ I,

j¢10 jgll (12>
= 15(0)g;(0) + > 12 (0)g; (1) + wi(0), i€ L.
J¢1o J¢n

Differentiating conditions (7)—(8) at t = 0, we get equalities in unknowns u;(0, 0), u;(l,0),
2u;(0,0), 2u,(1,0), v;(0,0), and v;({,0)

%ui(ov O) = Z <%/’Jz‘1j(0>uj (07 0) + :uzlj (0)%%(@ 0)) +

Jjélo

£ 22 (Bh 0w 0.0) + 150 Fus1.0)) +

-

(3500, 0)u45(0,0) + H1 (0,051, 0) ) +

J€1 j=1
+Z <F1 0,0)2;(0,0) +K}j(o,0)vj(l,0)> Y wl(0), i€ Iy (13)
Sui(l,0) = ; (&0 (0);0,0) + 122,(0) 550, 0) ) +
+ J; (Gv2(0)u;(1,0) + V3 (0)Gu;(1,0)) + g (G2(0,0)u;(0,0) + HE (0, 0)u(1,0) )+
+i (F200,0)6,00.0) + K2(0,0)0,(1,0)) +42(0). i€ )

Jj=1
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From initial conditions (3) it follows that w;(0,0) = ¢;(0) and u;(l,0) = ¢;(I). Using boundary
conditions (9), we establish

0) = > p(0)g;(0) + > v (0)g;(1) + wi(0), i€ {l,...,n}. (15)
J¢lo JEn
Further, rewrite system (2) fixing ¢t =0

m

8“”30 ;(Cuqu] /ICQ(:L’OZ) ()dz)+

—i—Z(UmOv]xO / Dz, 0, 2)v;(z, O)dz)—l—gi(x,O):

= (dm(x 0)u;(x, 0) / D2(,0, 2)uy =, O)dz> LGi), ie{l...n},  (16)

J=1

where G;(x) is determined from the initial data. Let d;;(z, 0), D};(z, 0, z), Gi(z) be continuous
functions on the corresponding domains, then the Cauchy problem for system (16) with initial
conditions (15) has a unique solution, which is denoted by v?(z). From system (1) at ¢t = 0
we follow

8ui(:ic, 0) an ’
Oulr.0) _ ) Z (e 0aso) + [ 200,201z ) +

+Z: (bij(w,O)v?(wH/o ij(a:,o,z)vg(z)dz> + filx,0), die{1,...,m}.

Thus the right-hand sides of the obtained equalities are known functions, which are denoted
by Qi(x). Using the introduced notation, equalities (13), (14) can be rewritten in the form

Qi(0) = (£ (0);(0) + 5 0)25(0) )+ (Bvh (0)a;1) + v 0 ) + Z(Gl (0,0)x
J#lo J¢h
xq;(0) + HL(0,0)q ) Z(Fl (0,0 +K3j(o,o)v;?(z)) L wl0), iely,  (17)
Qi)=Y (B3 (0),(0) + 123, 0)Q5(0)) + 3 (4% 2000,(0) +3 (G5 0.0)x
j€1o 7€ j=1

xq5(0) + HE(0,0)q;(1) ) + 3 (F2(0,0005(0) + KZ(0,0000(1)) +2(0), i €L (18)

j=1
Thus equations (17), (18) are first-order compatibility conditions.

Global solvability theorem. Let us define domains

Ay =[0,1] % [0,T] x [0,T], As=[0,1] x [0,7] x[0,]], As=1[0,T]x [0,T].
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Theorem. Suppose the fo]]owing conditions hold:

1) Ny ENiy i Zaig, big, Zbig, fiy 2 i cigy digy g0 € C(TD);
2) AL, 5114}], ng, 2B}, Cl, DY € C(Ay);

3) A%, ZA% B2 2B C% D% e C(Ay);

1) ¢, Zq; € C[0,1;

5) %Qj, %%Qj, ij, %ij, %‘j, %%‘j, is 515 € C[O T]

6) FU’ gtrgﬁ Fi], gtFi], ‘IJ?J’ gt\ll%, ‘Ijiw gt\ljl € C(As);

7) Xi(0,t) and X;(l,t) maintain sign on [0,T;

8) detT'(t) # 0 for all t € [0,T];

9) zero-order and first-order compatibility conditions (12), (17), (18).
Then there exists a unique classical solution of problem (1)—(4).
Proof. Consider the metric space Q that consists of pairs w = (u,v) such that u € (C*(II))™,
v € (CH(II))". Besides, u; is subject to (3), and satisfies conditions w = Qi(z),
v;i(2,0) = v)(x). Let us define a space metric by the formula

p(w!, w?) = max {max i (2, ) — uf(z, t)] ay(z)e™™, max v} (2, t) — v} (z,1)| Bi(w)e ™,

2,2,t
0 0

0 0
—u! — —u? . at 1 _9. 2 () p—at
max | = (2, 1) — 5w (@, 8) vil@)e™, max | Zou; (2, 8) — 5ui (1) vilw)e™™,
. 2 ) —at
max | =—; vi (7, 1) o (x,t)|0i(x)e }, (19)

where a constant a > 1 and positive functions «;, 3;, v, §; defined on [0, ] will be chosen
later on.

We introduce an operator A on the space Q in the following way. Let w € Q, then
Alw] = (Al[w], ..., AL [w], A}w], ..., A%[w]), where the functions A} [w], A?[w] are defined
by the right sides of functional integral system (10), (11), i.e

Azl[w](l"t) = B’i[w](‘rvt) + /t <zm: <aij(90i(7-;Ivt)77_)uj(90i(7_;x7t)a7_)+

Xi(x’t) j:]_
wi(T52,t)
/ A1 (ng(T x,t), 7, 0)ui(pi(T; x, 1), )da—I—/ A2 (QDZ(T z,t), 7, 2)ui(z, 7)dz |+
0 0
+Z ( i (i(T; 2, 1), T)vi(pi(T5 2, 1), 7) +/ Bii(pi(T; 2, 1), 7, 0)v;(pi(T; 2, 1), 0)do+
0
wi(T52,t)
+ /0 ij(goi(T;x,t),T, 2)v;i(z,7)dz | + filgi(m;x,t),7) | dr, i€ {l,...,m},
t) :Zuf’j(t)uj(o,t)—i-Zl/f’j u;(l,t) +Z/ G3 t,7)u;(0,7)+

Jélo Jén

+Hf’j(t T)u;(l,7) dT—i—Z/ F3 t,7)v;(0,7) —1—Kf’j(t,T)vj(l,T))dT—i-wf(t)—l—
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+/0=’f <Zl (Cij(y,t)Uj(y,t) +/O Cl-lj(y,t,a)uj(y,a)da+ /Oy C’fj(%t, z)uj(z,t)dz>—|—

n

+
j=1

di;(y, t)v(y,t /D (y,t,0)v;(y, o da+/ D?, y,t,z)vj(z,t)dz> +g¢(y,t)> dy,
ied{l,...,n}.

Thus, finding a classical solution of problem (1)—(4) is reduced to finding a fixed point
of the operator A in the space Q. Let us remark that Afw] € Q whenever w € Q. Tt follows
from the smoothness conditions imposed on given data, the smoothness of ;, x;, as well
as the compatibility conditions. In the sequel, we choose weighting functions of the space
metric so that the operator A is contractive.

Suppose the absolute values of functions /\Z, aw, aaxazm bw, g@bw Cijy dij, Al 2 AL

ij> 9zt tigr ZJ’
O pl Pl A2 D A2 p2 9 p2 2 ok (k Ok prk O prk
Bz]) Cz]? D A]? BCEAZ]’ B]? axBU? Cz]? ’L]7 ILLU? atlu‘l]7 J? EVZ‘N Gj? athj7 H]J 8tH’L]7
FZ;, SFk, Kfj, SKE. i, £, Xi, £x; are bounded by a constant L.
The definition of the metric implies the following inequalities
1,2 1,2
ul(e.t) — 2] < L gt ) <o) < P
a;(z) Bi(x)
9 4 9 , p(w',w?) 9 4 d , pw',w?)
— ) — —w2(x, )| < B et |yl (a,t) — =ud(m, )| < B Len
ket gridte)| < Ao | Do) - S| < A e
9 4 9 4 p(w', w?) t
)] 1) — — " Pl <L ‘e@
ib(ant) - geitlon )| < 28

where w!, w? € Q. These inequalities will be used to obtain the required estimates. To

simplify formulas, we denote the difference s! — s? by Ays*.
For (z,t) € Il such that ¢;(xi(z,t);x,t) = 0, we get the following estimate

|AuB ], 1) ()e™ =

= Z /hlj(Xi(% t))Akuf(O, Xi(w,t)) + Z Vilj(Xi(xa t))Akuf(la Xi(,t))+
J'éZIo J€1
Xi(z,t)

+Z / 00, 1), 7 A0, 7) + Y (1), T) A (1, 7) ) dr

n

xz(z t)
Y /O (@(Xi(x,t),T)Aw;?(o,T) + K} (u(. 1), 1) Ak 7) ) dr

Jj=1

ai(x)e ™ <

< (n+m)L max |Aku§(0, Xi(w, 1)) |ag(z)e™™ + max \Akuf(l, Xi(x, 1) |ag(z)e "+
i€lp 1elo
J¢lo JEn

)

t
+/ e—at<maX|Aku§(O77)‘ai(ﬂf) + max [ Al (I, 7) e () +
0 "I "

+ max |ApvF (0, 7) | () + max | Azl (1, 7) !Oéi(w)) dT) p(w', w?) <
1,] 2,7
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A a(xi(z,t)—t) A a(xi(z,t)—t)
< (n+m)L | max ai(z)e + max ai(z)e +
iclo a;(0) iclo a; (1)
i¢lo J¢h

' a(r—t) ) () () () 1,2
K d7<“3,?x o0 T @ T g T R ) ) ) S

(
A (xi(z;t)—t) A a(xi(z,t)—t)
< (n+m)L | max ai(z)e + max ai(z)e +
a;(1)

iclo a;(0) i€lo
J¢lo J¢

In the case ¢;(x;(x,t);z,t) = [, we have a similar estimate. Finally, we derive a general

estimate
() etz 1) (2)eatxi(@t)—)
|AkBi [w"](z, t)| ai(x)e”™ < (n+m)L [ max ai(z)e + max ai(z)e
. Q; (O) i%]IO Oéj(l)
JEL

i€lp
J¢lo

ai(x>€a(xi(:c,t)—t) ai<x>ea(Xi(I,t)—t) N 2( M 4 max M) p(w', w?).

_|_

PN 1) B /A ) A\ TN e TG
J¢lo J&h
Likewise, we obtain

|ArA w2, )| ai(z)e™ < [ApBiw"](2, )| ai(x)e™"+

t ei(rim,t)
+(n+m)L (/ mDdr + dT/ e g +/ e“(Tt)dT/ dz) X
0 0 0 0

X (1;11?2{ Zz(ég + I;n]ai( Z;((g ) plwh, w?) < ‘AkBi [wk] (z, t)‘ ai(x)e "+
1

+(n+m)(2+ l)g (max () + max M) plwh, w?).

i ay(s) e By(s)

And we also get

) » Bi(z) Bi(z)
[AuAful(e, 0] ()™ < (-t m)L | e s e

3 it
S Bi(z) Bi(z) Bi(z) Bi(z)
+ e ar ( a0 T a0 TR0 T Em )T
Bi(x)

J¢lo
+/w (max biz) + max &@)) dy + /t e o /I (max filx) + max 22 > dy+
0 “J aj(y) i /BJ( ) 0 0 2¥] Oéj(y) i,] BJ(?J)

// (u e +ng ng)dzdy) p(w', w?) <

A o I RS
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(x) x )
12, @yd +// ” ﬁ]dedy) plwh, w?).

+ 2 max

For (x,t) € II such that o;(x;(z,t);x,t) = 0, the following estimate holds

9 k
%Bi[w |(z,t)

‘Ak Yi(x)e ™ =

= ‘ (Z <%Nz‘lj(Xi(x7t))Aku?(O’Xi(x7t)) + 1 (xi (=, t>>Ak%u§:(07 xi(@, t))) +

Jjé1o
+3 (%mi(x,t)mku?(z,xi<x7t>> + v3j<xi<x,t>>Ak§u§<laxi<wat>>> +

JE1
+Z (Gl (i, t), xi(z, t))AkU (0, xi(z, 1)) —l—Hl (xi(z,t), xi(z, t))Aku (1, xi(z, )+
xi(w,t)
+/0 (;Gl (xi(@, ), 7) Apul (0, 7) + %H}j(xi(m,t),T)Aku;?(l’ﬂ) dT) i

+Z( (6l ), i, ) Ak (0, 1, 1)) + K (1), 31 ) A (1 s, )+

xi(w,t)
+/0 <§t 5 0a(, 1), T) Ay (0, T)aatK}j(Xi(:l:,t) ) ARk (L, 7)) d7> %xi(z’,t) y

. a(x:(z,t)—1) 4 a(xi(z,t)—1)
i\r)e i\x)e
xyi(z)e™™ < (n +m)L? maXV( ) —i—maXV( ) +
i€ly a;(0) i€l a;(l)
i¢lo J¢h
() e®xi(@:t)—t) (1) e (,t)—t)
i\L)€ i\x)e
—|—max7() +max7() +
iclh — 7;(0) iclo 73 (0)
J¢lo J¢h

(o o) om0 )

Clearly, we get a similar estimate in the case y;(xi(z,t);x,t) = l. Therefore we derive a
general estimate

9 ; a(xqi(z,t)—t) ) a(xi(z,t)—t)
A LBk (o, 6)| (w)e < (4 m)L? [ i 5 + max 2E)E n
oz i€y 8 (0) 1€lp ’yj(l)
J¢1o Jén
) a(xi(z,t)—t) a(xi(z,t)—t) )
+max 71(‘7:)6 _’_maX7 (.’I) —|—8 (max Pyl<x) +max %(x)) ) p(w17w2)
iel 7;(0) el %;(0) s aj(s)  ias By(s)
J¥%1o 1

As before, we have

AkgBi[wk](x, t)

A A, 1) a

ox

. t ) l ‘
+(n + m)L2 (maX Vi (ZU) + / ea(a‘ft)do, max Vi (ZU) + / maX 71(1') dz+
0 o ¢

153 ay(s) 155 ay(s) 7 oy(2)

Tila)e < Yi(a)e "+
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7‘(I) ' a(o—t) () : ()
—l—rln]as 5,(s) +/ e darznjas 5,(s) +/ Hil%X 5j<z)dz—|—

e fe e Coma e o)

a(o—1) 2162 i(z) i(z) i(z)
o df’(w>+%fz<3j<s>*%ﬁ?%*%ﬁ?é&*
o s [ (e 2 3 ) ot <
stemz (52 (a5 < w2 (s mess )

Taking into account the equality

9 k —at
Ak%lgz[w ](x,t) ’)/Z(ZL")B +

9 Aul(r,1) = N, t) 5~ Alul(r, )+
+Z (aij($,t)Uj($,t) + /OA}j(x,t,a)uj(a:,a)do + /Or Afj(x,t,z)uj(z,t)dz) +

J=1

—1—2 ( i (2, t)vj(x,t) + / B;, it 0)vy(x, 0)do + /Oz ij(x,t,z)vj(z,t)dz> + fi(z,t),

we deduce

9 Ao 1) ()™ < LAt Al (o 1) (et

() i) 1,2
+(n+m)(2+1)L <Iznja§ o (5) +rznja§< ﬂj(s)) p(w™, w?).

In the same way, we establish the estimate

0 0; 0;
A2 A, 0] ()e < (04 m)(2 + Z>L<gg;;§ af(?) +mas Bf(g)p(wl,w?).
Let max |Ai(z,t)] # 0, introduce the notation p = (maic (N (2, 8)]) 7L IE i (xa (2, t); 2, 8) =
0, then we get x;(z,t) <t — pz. Similarly, assuming that i(xi(x,t);z,t) = I, we establish
Xi(z,t) < t — p(l —x) ([7]). Otherwise if A\;(z,t) = 0 for all i, z,¢, then B;[w|(z,t) =
¢i(i(0;z,t)), therefore we need not have the notation of constant p. By the last estimates
we have the inequality

Alw'], Alw?]) < C heA Sl A
p (Apw), Alw]) < Crmax | max == + max = e — - max == "o
Iy JéI J¢lo
() o—an(i—) (N o—apz R () oman(i—)
+ max az(:ﬁ)e(l) 0 %(af)(eo) na %(rﬂ);) o %(w)e(o)
Jeh @ jely il e,
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+max ——— + — +ma + max + max ——=-+

b () a\ W5 ag(s) TS B(s) T s Bi(s) s 3(s)
%‘<x>>+m Bila) L o @) ) i)

yi(@)e = 1 ( () () Bi(x) 7i(x)

Jén
+ + + T max 2
max max max max
igs a(s) g ay(s)  ias Bi(s) s ag(s) s B5(s)

v Bilx) / L Bilz) ) .

+ [ max dy + max dzdy | p(w, w?),
i B(y) 0 i B5(2)

where (' is some posmve constant, which is determlned from the initial data.

Let us choose the weighting functions of the space metric so that A is a contractive
operator on Q

+ max +

i35 0;(5)

pr(lfx), 1€ lh Ul

e, ie I\ 1, -,
al(x) - ep(l—:l:)7 /L c [l \ [0’ 77/(1') =& al(x)7
Gpl, 7 ¢ [(] U Il;

Bz(x) :se_va 5Z(x) :526i(x)’ i€ {17""n}7
where 0 < € < 1, p > 1 are some parameters. Using the chosen weighting functions, we

estimate the contraction coefficient of A.
Suppose the following conditions hold p < au, pl < au, then we have

ai(w)e e ai(x)e ™
B () R ()
i¢lo Jgl
= max max —%.(x)e—auw = max max —%(a;)e—a;w —
el , il ,
”” ;;Ig 7;(0) ¥ 328 (1)
— max mg}XMZﬂmw < max max {epac(l—ac)—amv—pl7 epx—aua:—pl} < e—pl’
xz  i€lp (& z
i (z)e~ =) i (z)e~ =)
S T a0 e T a0
J¢lo J¢d
= el 75(0) v el (1)
i¢lo j¢h

a;(w)e =) ! ! L p(l l l !
T iel; epl T

In addition, we deduce the following inequalities

; 0; 0,
1max Bi(x) < ,maxﬁge{ max 9il@)
i, s,@ aj(S) ij,s, @ i (s) i,4,5,T BJ(S)
. 2 2
max i) <e max{epl T } ,  ma i (ac) < ge”! max {epl,epl?}.
i,j,s,wa]( ) zg,sa:ﬂj( )

v 1
max/ maX dy < max/ ePUdy < =,
i 6] 0 p

Y /G ) " pte) !
max max dzdy < max e’ dzdy < .
r Jo v B(2) * Jo Jo p
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Finally, we obtain
1
A Al < Co (04 2 e (14 ¢E) 4
p

1 a;(z) () Bi(x) i) ()

T\ M a0 TR B TR B Ty TR 5(s)

where (5, C5 are some positive constants, which are determined from the initial data. Fix p*

so large that e P! + 1% < ﬁ, and £* > 0 so small that * (1 + 603”*) < % Denote by

of, BF, vr, 0 the corresponding functions «;, 3;, v;, 0; under the fixed parameters p*, *.
Finally, we choose the parameter a large enough so that p* < au, p*l < au,

max ai(x) + max ai<x> + max @*(96) + max %*(x) + max %*(x) < —.
a ,7,8,T aj<8) 1,7,8,T ﬁj (S) ,7,8,T ﬁj (S) 1,7,8,T ’yj (S) %,7,8,T 5j (5) 302

Then A is a contractive operator on Q@ with the chosen metric.
Thus, by the Banach theorem, there exists a unique fixed point of the operator A in Q.
This point is a classical solution of problem (1)—(4). O

Remark. Suppose theorem’s conditions hold on the time interval [0, +00); then there exists
an unique classical solution of problem (1)—(4) in the set Il = {(z,1): 0 <2 <[, 0<t <
+00}.
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