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In the paper we consider entire functions f : Cp → C, p ≥ 2, defined by power series f(z) =
f(z1, . . . , zp) =

∑+∞
‖n‖=0 anz

n, zn = zn1
1 · . . . · z

np
p , n = (n1, . . . , np). For r = (r1, . . . , rp) ∈ Rp

+

we set
Mf (r) = max{|f(z)| : |zi| ≤ ri, i ∈ {1, . . . , p}}, µf (r) = max{|an|rn : n ∈ Zp

+},
r∨ = max{ri : i ∈ {1, . . . , p}}, r∧ = min{ri : i ∈ {1, . . . , p}}

and let l be a log-convex real function on (1,+∞) such that ln t = o(l(t)), t→ +∞. Then for
any entire transcendental function f with lnMf (r) ≤ l(r∨), r∧ → +∞, the inequality

lim
r∧→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ α

holds if and only if lim
t→+∞

(ln l(t)/ ln ln t) ≤ 1 + α/p. Similar theorems are proved for random

entire functions of several complex variables.

А. О. Куриляк, О. Б. Скаскив. Неравенства типа Вимана без исключительных мно-
жеств для случайных целых функций нескольких переменных // Мат. Студiї. – 2012. –
Т.38, №1. – C.35–50.

В статье рассматриваются целые функции f : Cp → C, p ≥ 2, определенные степенным
рядом f(z) = f(z1, . . . , zp) =

∑+∞
‖n‖=0 anz

n, zn = zn1
1 · . . . · z

np
p , n = (n1, . . . , np). Пусть для

r = (r1, . . . , rp) ∈ Rp
+

Mf (r) = max{|f(z)| : |zi| ≤ ri, i ∈ {1, . . . , p}}, µf (r) = max{|an|rn : n ∈ Zp
+},

r∨ = max{ri : i ∈ {1, . . . , p}}, r∧ = min{ri : i ∈ {1, . . . , p}},
и l выпуклая относительно логарифма на (1,+∞) вещественная функция, ln t = o(l(t)),
t → +∞. Доказано, что для того чтобы для любой целой трансцендентной функции f,
удовлетворяющей условию lnMf (r) ≤ l(r∨), r∧ → +∞, выполнялось соотношение

lim
r∧→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ α

необходимо и достаточно, чтобы lim
t→+∞

(ln l(t)/ ln ln t) ≤ 1+α/p. Похожие теоремы доказано

для случайных целых функций многих комплексных переменных.

1. Introduction. By classical Wiman-Valiron’s theorem (see [1]) for all entire nonconstant
functions and all ε > 0 the following inequality

Mf (r) ≤ µf (r) ln1/2+ε µf (r) (1)
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holds for r > 1 outside an exceptional set Ef (ε) of finite logarithmic measure, i.e.
∫
Ef (ε)

dr
r
<

+∞. In general, we cannot replace power 1/2 in inequality (1) with a smaller number,
because for the entire function f(z) = ez we have

lim
r→+∞

Mf (r)

µf (r) ln1/2 µf (r)
=
√

2π.

Let us assume, that the exceptional set in Wiman’s inequality is absent ([2]) whenever

lim
r→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ 1

2
. (2)

It is known from ([3], [4]), that for any entire function f ∈ E of finite order, i.e.

ρ(f) = lim
r→+∞

ln lnMf (r)

ln r
< +∞,

we have lnMf (r) ∼ lnµf (r), r → +∞.
Therefore, the following question naturally arises: under what conditions on the function

lnµf (r) relation (2) holds?
Let H be the class of right-continuous real functions h on (1,+∞), for which h(x) ↗

+∞, x→ +∞. Let
4(h) = lim

t→+∞

lnh(t)

ln ln t
.

We will consider the subclass L of H which consists of log-convex functions l, such that
ln r = o(l(r)), r → +∞.

The following theorems give conditions on the functions νf (r), lnµf (r) and lnMf (r),
under which the inequality

lim
r→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ α (3)

holds.

Theorem 1 ([2]). Let α ∈ (0,+∞), h ∈ H. For any entire function f ∈ E such that
νf (r) ≤ h(r), r → +∞ inequality (3) holds if and only if 4(h) ≤ α.

Theorem 2 ([2]). Let α ∈ (0,+∞), l ∈ L. For any entire function f ∈ E such that
lnMf (r) ≤ l(r), r → +∞ inequality (3) holds if and only if 4(l) ≤ 1 + α.

Let Ω = [0, 1] and P be the Lebesgue measure on R. We consider the Steinhaus probability
space (Ω,A, P ), where A is the σ-algebra of Lebesgue measurable subsets of Ω. Let (ξn(ω))
be some sequence of random variables defined on this space. Consider

f(z, ω) =
+∞∑
n=0

ξn(ω)anz
n. (4)

In [5] P. Erdös and A. Renyi proved, that if (ξn) = (εn) is a Rademacher sequence,
then for any function f for all δ > 0 and almost surely (a.s.) maximum modulus of random
function f(z, ω) satisfies the inequality

Mf (r, ω) ≤ µf (r) ln1/4 µf (r){ln lnµf (r)}1+δ, r ≤ 1, r /∈ Ef (δ, ω),
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where Ef (δ, ω) is a set of finite logarithmic measure.
A sequence (ξn(ω)) of real random variables is called ([6]) a multiplicative system (MS)

if M ξi1ξi1 . . . ξik = 0, for all i1 < i2 < . . . < ik and k ≥ 1, where M ξ is the expected value
of a random variable ξ.

Let Ξ0 be the class of complex sequences of random variables (ξn(ω)) such that both
sequences {Re ξn}, {Im ξn} ∈ MS and |ξn| = 1 for all n ≥ 0. In [7], [8] it is proved that the
statement of P. Erdös and A. Renyi is fulfilled for any sequence (ξn(ω)) ∈ Ξ0.

In [2] we find a condition on the functions νf (r), lnµf (r), lnMf (r) under which the
inequality

lim
r→+∞

lnMf (r, ω)− lnµf (r)

ln lnµf (r)
≤ α (5)

holds.

Theorem 3 ([2]). Let (ξn) ∈ Ξ0, α ∈ (0,+∞), h ∈ H. For any entire function f ∈ E such
that νf (r) ≤ h(r), r → +∞ inequality (5) holds a.s. if and only if 4(h) ≤ 2α.

Theorem 4 ([2]). Let (ξn) ∈ Ξ0, α ∈ (0,+∞), l ∈ L. For any entire function f ∈ E such
that lnMf (r) ≤ l(r), r → +∞ inequality (5) holds a.s. if and only if 4(l) ≤ 1 + 2α.

2. Wiman’s type inequalities without exceptional sets for entire functions of
several variables. In this paper we consider entire functions f : Cp → C, p ≥ 2, defined by
power series

f(z) = f(z1, . . . , zp) =
+∞∑
‖n‖=0

anz
n, (6)

where n = (n1, . . . , np) ∈ Zp+, zn = zn1
1 · · · z

np
p , ‖n‖ =

∑p
i=1 ni.

For r = (r1, . . . , rp) ∈ Rp
+ we set

r∨ = max{ri : i ∈ {1, . . . , p}}, r∧ = min{ri : i ∈ {1, . . . , p}},
Mf (r) = max{|f(z)| : |zi| ≤ ri, i ∈ {1, . . . , p}},

Mf (r) =
+∞∑
‖n‖=0

|an|rn, µf (r) = max{|an|rn : n ∈ Zp+}.

By T p we denote the class of entire functions of form (6), for which the entire function
fj(zj)

def
= f(z1, . . . , zj−1, zj, zj+1, . . . , zp) for each j ∈ {1, . . . , p} is a transcendental entire

function of the variable zj for at least one value of (z1, . . . , zj−1, zj+1, . . . , zp) ∈ Cp−1.
For every j ∈ {1, . . . , p} and (r1, . . . , rj−1, rj, rj+1, . . . , rp) ∈ Rp

+ we set

f+
j (rj) = Mf (r1, . . . , rj−1, rj, rj+1, . . . , rp),

Rp−1
j = Rp−1

+ \
⋃
k 6=j

{(r1, . . . , rj−1, rj+1, . . . , rp) ∈ Rp−1
+ : rk = 0}.

Proposition 1. If for some j ∈ {1, . . . , p} and (r1, . . . , rj−1, rj+1, . . . , rp) ∈ Rp−1
+ the entire

function f+
j (rj) is transcendental then for all (r1, . . . , rj−1, rj+1, . . . , rp) ∈ Rp−1

j , we obtain

ln t = o(lnµg(r1, . . . , rj−1, t, rj+1, . . . , rp)) (t→ +∞),

where µg(t) if the maximal term of multiple power series for g(r) = Mf (r).
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Proof. For any fixed (r1, . . . , rj−1, rj+1, . . . , rp) ∈ Rp−1
j we get

lnµg(r1, . . . , rj−1, t, rj+1, . . . , rp) ≥
∑
k 6=j

nk ln rk+

+ max{ln |an|+ nj ln t : n = (n1, . . . , nj, . . . np), nj ∈ Z+},

where ñ = (n1, . . . , nj−1, nj+1, . . . , np) ∈ Zp−1
+ is any collection such that

#{n = (n1, . . . , nj, . . . np) : an 6= 0} = +∞.

The existence of such a collection ñ follows from the assumption of Proposition 1. It is
known that if the function

gj(t) =
+∞∑
s=0

|a(n1,...,nj−1,s,nj+1,...np)|ts

is transcendental then ([2]) ln t = o(lnµgj(t)) (t→ +∞).

So, for all fixed (r1, . . . , rj−1, rj+1, . . . , rp) ∈ Rp−1
j and ñ we have

0 ≤ lim
t→+∞

ln t

lnµg(r1, . . . , rj−1, t, rj+1, . . . , rp)
≤ lim

t→+∞

ln t∑
k 6=j

nk ln rk + lnµgj(t)
= 0.

Proposition 2. For any entire function f ∈ T p we get

ln r∨ = o(lnµf (r)), ln r∨ = o(lnMf (r)) (r∧ → +∞). (7)

Proof. Using Cauchy’s inequality µf (r) ≤Mf (r), it is sufficient to prove the first relation.
Since the entire functions fj(zj) are transcendental for every j ∈ {1, . . . , p}, we obtain

0 ≤ lim
r∧→+∞

ln r∨

lnµf (r)
= lim

r∧→+∞

ln r∨

lnµg(r)
≤ lim

r∧→+∞

p∑
j=1

ln rj
lnµg(r)

≤

≤ lim
r∧→+∞

p∑
j=1

ln rj
lnµg(r1, . . . , rj−1, rj, rj+1, . . . , rp)

.

It remains to apply Proposition 1 p times.

If there exists j ∈ {1, . . . , p} such that the entire function f(z1, . . . , zj, . . . , zp) is a
polynomial in the variable zj for some fixed values of another variables, then Proposition 2
does not hold. Indeed, if we consider the function f(z) =

∑p−1
i=1 e

zi + zp we get

lim
r∧→+∞

ln r∨

lnMf (r)
= lim

r∧→+∞

ln r∨

ln(
∑p−1

i=1 e
ri + rp)

≥

≥ lim
r∧→+∞

ln rp

ln(
∑p−1

i=1 e
ri + rp)

≥ lim
n→+∞

ln r
(n)
p

ln(
∑p−1

i=1 e
r
(n)
i + r

(n)
p )

= 1,

where r(n)
j

def
= ln r

(n)
p → +∞ (n→ +∞), j ∈ {1, . . . , p− 1}.

So, the following more general statement holds.
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Proposition 3. Let J ⊂ {1, . . . , p} be such that J 6= {1, . . . , p} and #J = j ≥ 1. If
an entire function f is such that for all j ∈ J the function Pj(zj)

def
= f(1, . . . , 1, zj, 1, . . . , 1)

is a polynomial and for j /∈ J the entire function f(1, . . . , 1, zj, 1, . . . , 1) is transcendental,
then

lim
r∧→+∞

ln r∨

lnMf (r)
> 0,

i.e. relations (7) cannot hold.

Proof. Let ds = degPs (s ∈ J). Without loss of generality, we may assume that J =
{1, 2, . . . , j} and ds 6= 0 (1 ≤ s ≤ j). It is easy to see that for all r ∈ Rp

+ we have

Mf (r) ≤
+∞∑
‖n‖=0

|an|rn ≤ 2pµf (2r).

Applying the assumptions of Proposition 3 we obtain

µf (2r) ≤ 2d1+···djrd11 · · · r
dj
j µf (1, . . . , 1, 2rj+1, . . . , 2rp).

If we choose r ∈ Rp
+ such that

rd11 = · · · = r
dj
j = exp{Φ(t)‖d‖} (t ≥ 1),

where ‖d‖ =
∑j

s=1 ds,
rj+1 = · · · = rp = ϕ(ln t),

and ϕ is an inverse function to the function

Φ(u)
def
= lnµf (1, . . . , 1, 2rj+1, . . . , 2rp)

∣∣∣
rj+1=···=rp=u

,

then we get lnMf (r) ≤ C + j‖d‖Φ(t) + ln t.
From transcendence of the function f(1, . . . , 1, zj+1, . . . , zp) we obtain ln t = o(Φ(t)) (t→

+∞). Finally,

lim
r∧→+∞

ln r∨

lnMf (r)
≥ lim

r∧→+∞
r∈Γ

ln r∨

C + j‖d‖Φ(t) + ln t
≥ lim

t→+∞

Φ(t)‖d‖/ds0
C + j‖d‖Φ(t) + ln t

=
1

jds0
> 0,

where ds0 = min1≤k≤j dk ≥ 1, Γ = {r = (r1, . . . , rp) : rd11 = · · · = r
dj
j = exp{Φ(t)‖d‖}, rj+1 =

· · · = rp = ϕ(ln t) (t ≥ 1)} and ln r∨ = ‖d‖/ds0Φ(t) for r ∈ Γ.

For r = (r1, . . . , rp) ∈ Rp
+ we denote

Nf (r)
def
= N (r1, . . . , rp) = max{‖N‖ : N ∈ Zp+, |aN |rN = µf (r)}.

The multiindex N(r) = (N1(r), . . . , Np(r)) ∈ Zp+ we call the central multiindex of series (6)
at the point r = (r1, . . . , rp) ∈ Rp

+, if

1) |aN |rN = µf (r), N = N(r),

2)
p∑
i=1

Ni(r) = Nf (r).
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It is obvious that there can be several central multiindexes at each point r = (r1, . . . , rp)
∈ Rp

+. There is always a finite quantity of multiindexes and Nf (r) is their common “height”.
The following theorem give conditions on the function Nf (r) under which the following

inequality holds

lim
r∧→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ α. (8)

Theorem 5. Let α ∈ (0,+∞), h ∈ H. Then for any entire function f ∈ T p such that
Nf (r) ≤ ph(r∨), r∧ → +∞, inequality (8) holds if and only if

∆(h)
def
= lim

t→+∞

lnh(t)

ln ln t
≤ α

p
.

Proof. Sufficiency. We suppose that α ∈ (0,+∞) and ∆(h) ≤ α/p. Now we prove that for
the function f ∈ T p condition (8) holds. By the definition of the central multiindex n ∈ Zp+ we
have |an|(2r1)n1 . . . (2r2)np ≤ |aN(2r)|(2r1)N1(2r). . . (2rp)

Np(r) = |aN(2r)|rN1(r)
1 . . . r

Np(r)
p 2Nf (2r) ≤

µf (r)2
Nf (2r). Therefore the inequality

|an|rn ≤ µf (r)2
Nf (2r)−‖n‖ (9)

holds for all n ∈ Zp+. Now we can estimate the maximum modulus of the function f(z) from
above. So,

G0(f, r)
def
=

Nf (2r)−1∑
n1=0

. . .

Nf (2r)−1∑
np=0

|an|rn1
1 . . . rnpp ≤ N

p
f (2r)µf (r).

For each m ∈ {1, . . . , p}, j ∈ {1, . . . , Cm
p } and any set Aj ⊂ {1, . . . , p} of the power

#Aj = m, we set

V
(m)
j =

{
n ∈ Zp+ : ni ∈ [N p

f (2r),+∞), i ∈ Aj; ni ∈ [0,N p
f (2r)− 1], i ∈ {1, . . . , p}\Aj

}
,

where ∪jAj = {1, . . . , p}, and Aj1 6= Aj2 , if j1 6= j2. From inequality (9) we obtain that for
every m ∈ {1, . . . , p}

Gm(f, r)
def
=

Cmp∑
j=1

∑
n∈V (m)

j

|an|rn1
1 . . . rnpp ≤

≤
Cmp∑
j=1

∑
n∈V (m)

j

µf (r)2
Nf (2r)−‖n‖ = Cm

p µf (r)
∑

n∈V (m)
j

2Nf (2r)−‖n‖ =

= Cm
p µf (r)

+∞∑
n1=Nf (2r)

. . .
+∞∑

nm=Nf (2r)

Nf (2r)−1∑
nm+1=0

. . .

Nf (2r)−1∑
np=0

2Nf (2r)−‖n‖ =

= Cm
p µf (r)

+∞∑
n1=0

. . .

+∞∑
nm=0

Nf (2r)−1∑
nm+1=0

. . .

Nf (2r)−1∑
np=0

2−(m−1)Nf (2r)−‖n‖ ≤ Cm
p µf (r)2

−(m−1)Nf (2r)2p. (10)

Therefore, letting r∧ → +∞ we obtain

Mf (r) ≤ G0(f, r) +

p∑
m=1

Gm(f, r) ≤ N p
f (2r)µf (r) +

p∑
m=1

Cm
p µf (r)2

−(m−1)Nf (2r)2p ≤

≤ 2pN p
f (2r)µf (r), lnMf (r)− lnµf (r) ≤ p ln(2Nf (2r)) (r∧ → +∞). (11)
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Using Proposition 3 for the function f ∈ T p we have ln r∨ = o(lnµf (r)), r
∧ → +∞.

Therefore, ln r∨ ≤ lnµf (r), r
∧ ≥ t0, and

lim
r∧→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ lim

r∧→+∞

ln(2pN p
f (2r))

ln ln r∨
=

= p lim
r∧→+∞

lnNf (r)
ln ln r∨

≤ p lim
r∧→+∞

ln(ph(r∨))

ln ln r∨
= p lim

t→+∞

lnh(t)

ln ln t
≤ α.

Necessity. Here we assume that ∆(h) > α/p. Let us construct the function f ∈ T p such that
Nf (r) ≤ ph(r∨), r∧ → +∞, and inequality (8) does not hold.

Let β ∈ (α/p,∆(h)). Then

lim
r→+∞

h(r)

lnβ r
= +∞.

For such a function h(r) in [2] the transcendental entire function was constructed

g0(r) =
+∞∑
n=0

anz
n an ≥ 0, (12)

and the sequence of real numbers (cn) increasing to +∞ such that

νg0(r) ≤ h(r), r > c0, Mg0(cn) ≥ µg0(cn) lnβ µg0(cn), n ∈ N.

Consider the function g : Cp → C given by

g(z) = g(z1, . . . , zp) =

p∏
i=1

g0(zi). (13)

It is obvious, that g ∈ T p. Then

Mg(r) =

p∏
i=1

Mg0(ri), µg(r) =

p∏
i=1

µg0(ri), Ng(r) =

p∑
i=1

νg0(ri) ≤
p∑
i=1

h(ri) ≤ ph(r∨).

Therefore, at the sequence rj = (cj, . . . , cj) we get

Mg(rj) = Mp
g0

(cj) ≥ (µg0(cj) lnβ µg0(cj))
p = µg(rj) lnpβ p

√
µg(rj) =

(1

p

)βp
µg(rj) lnpβ µg(rj).

Since pβ > α and the sequence (cj) increases to +∞, we obtain

lim
r∧→+∞

lnMg(r)− lnµg(r)

ln lnµg(r)
≥ lim

j→+∞

lnMg(rj)− lnµg(rj)

ln lnµg(rj)
≥ pβ > α,

i.e. inequality (8) does not hold.

For the function h1(r) = h(r)/p we obtain the following statement.

Theorem 6. Let α ∈ (0,+∞), h1 ∈ H. For any entire function f ∈ T p such that Nf (r) ≤
h1(r∨), r∧ → +∞ inequality (8) holds if and only if ∆(h1) ≤ α/p.
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In the following theorem we find condition on a function lnµf (r) under which inequali-
ty (8) holds.

Theorem 7. Let α ∈ (0,+∞), l ∈ L. For any entire function f ∈ T p such that lnµf (r) ≤
l(r∨), r∧ → +∞, inequality (8) holds if and only if ∆(l) ≤ 1 + α/p.

Proof. Let h(r) = rl′(r), r > 2r0 and l(r0) = lnµf (r0, . . . , r0) > 0 for some r0 > 0. Then
from [2] we have ∆(l) = 1 + ∆(h). It remains to prove the equivalence of the conditions
1) Nf (r) ≤ r∨l′(r∨), r∧ → +∞,
2) lnµf (r) ≤ l(r∨), r∧ → +∞.

1)⇒ 2) From [10] we have for the function f(z, . . . , z)

lnµf (r, . . . , r) = lnµf (r0, . . . , r0) +

∫ r

r0

Nf (t, . . . , t)
t

dt ≤ l(r).

Since the function lnµf (r) is increasing with respect to each variable, lnµf (r) ≤ l(r∨),
r∧ → +∞.
2) ⇒ 1) If condition 1) holds, then we have lnµf (α1r, . . . , αpr) ≤ l(r), r → +∞ for all
αi ∈ [0, 1] and i ∈ {1, . . . , p}. So, the function f ∗(z) = f(α1z, . . . , αpz) satisfies

lnµf∗(r) = lnµf (α1r, . . . , αpr), νf∗(r) = Nf (α1r, . . . , αpr).

Finally, νf∗(r) ≤ rl′(r), r → +∞. Then for ∀αi ∈ [0, 1], i ∈{1, . . . , p} we get

Nf (α1r, . . . , αpr) ≤ rl′(r), r → +∞,

or Nf (r) ≤ r∨l′(r∨) = h(r∨), r∧ → +∞.

If for entire function f ∈ T p we have lnµf (r) ≤ l(r∨), r∧ → +∞, and ∆(l) < +∞, then
by theorem 7 we get lnMf (r) ∼ lnµf (r), r

∧ → +∞.
Theorem 8. Let α ∈ (0,+∞), l ∈ L. For any entire function f ∈ T p such that lnMf (r) ≤
l(r∨), r∧ → +∞, inequality (8) holds if and only if ∆(l) ≤ 1 + α/p.

3. Wiman’s type inequalities without exceptional sets for random entire functions
of several variables. Let Ξ be the class of the sequences of random variables (ξn) such that
(Re ξn), (Im ξn) ∈ MS and |ξn| = 1 (a.s.) for all n ∈ Zp+.

Now we consider the random function

f(z, ω) =
+∞∑
‖n‖=0

ξn(ω)anz
n1
1 . . . znpp , (14)

which is defined by the entire function

f(z) =
+∞∑
‖n‖=0

anz
n1
1 . . . znpp

and by sequence of random variables (ξn) ∈ Ξ.
By Mf (r, ω) we denote the maximum modulus of the entire random function f(z, ω)

of the form (14). The following theorems give conditions on the functions Nf (r), lnµf (r),
lnMf (r) such that the following inequality holds

lim
r∧→+∞

lnMf (r, ω)− lnµf (r)

ln lnµf (r)
≤ β, β > 0. (15)
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Theorem 9. Let β ∈ (0,+∞), h ∈ H and (ξn) ∈ Ξ. For any entire function f ∈ T p such
that Nf (r) ≤ h(r∨), r∧ → +∞, inequality (15) holds a.s. if and only if ∆(h) ≤ 2β/p.

Theorem 10. Let β ∈ (0,+∞), l ∈ H and (ξn) ∈ Ξ. For any entire function f ∈ T p such
that lnµf (r) ≤ l(r∨), r∧ → +∞, inequality (15) holds a.s. if and only if ∆(l) ≤ 1 + 2β/p.

Theorem 11. Let β ∈ (0,+∞), l ∈ H and (ξn) ∈ Ξ. For any entire function f ∈ T p such
that lnMf (r) ≤ l(r∨), r∧ → +∞, inequality (15) holds a.s. if and only if ∆(l) ≤ 1 + 2β/p.

To prove these theorems we need the following lemmas.

Lemma 1 ([8]). If X = (Xn(t)) is MS and uniformly bounded by number 1, then for all
bi ∈ R, i ∈ {1, . . . , p} and α > 0

M exp

(
α

∣∣∣∣∣
m∑
n=0

bnXn

∣∣∣∣∣
)
≤ 2 exp(α2S2

m),

where Sm = (
∑m

n=0 |bn|2)1/2.

Lemma 2 (Modified Cauchy inequality). Let f(z) analytic function in the polydisc
G = {z ∈ Cp : |zi| ≤ ri, i ∈ {1, . . . , p}}. If |Re f(z)| ≤M for all z ∈ G, then

|an| ≤
√

2M/rn1
1 . . . rnpp , (16)

where an are Taylor’s coefficients of the function f and n = (n1, . . . , np).

Proof. In the case p = 1 modified Cauchy inequality we find in [11]. When p = 2 we can find
this inequality in [12, 13].

So, for entire function of one variable of the form f(z) =
∑∞

n=0 anz
n analytic in {z :

|z| ≤ r}, r > 0 such that u = |Re f(z)| ≤ B we obtain ([11])

|an|rn ≤
√

2
√
B2 − (Re a0)2 ≤

√
2B. (17)

Let p = 2 and f(z) =
∑∞

n+m=0 anmz
n
1 z

m
2 analytic in {z ∈ C2 : |z1| ≤ r1, |z2| ≤ r2} and

B = sup{|Re f(z1, z2)| : |z1| ≤ r1, |z2| ≤ r2}. Then

f(z1, z2) =
∞∑
m=0

ϕm(z1)zm2 , (18)

where ϕm(z1) =
∑∞

n=0 anmz
n
1 is convergent power series. Let us fix z1 and denote M(z1) =

sup|z2|≤r2 |Re f(z1, z2)|. From modified Cauchy inequality (17) for the series (18) with B =

M(z1) we have |ψm(z1)|rm2 ≤
√

2M(z1). Therefore from Cauchy inequality we get

|anm|rn1 rm2 ≤ rm2 sup
|z1|≤r1

|ψm(z1)| ≤
√

2 ·B.

We will prove modified Cauchy inequality for analytic function of p complex variables.
We denote M(z1, . . . , zp−1) = sup{|Re f(z)| : |zp| ≤ rp}. If we apply inequality (17) to the
function

ϕ(zp) = f(z) = f(z1, . . . , zp) =
+∞∑
j=0

ψj(z1, . . . , zp−1)zjp,
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where

ψj(z1, . . . , zp−1) =
+∞∑
‖m′j‖=j

am′jz
m1
1 · · · z

mp−1

p−1 , m′j = (m1, . . . ,mp−1, j),

then we obtain |ψj(z1, . . . , zp−1)|rjp ≤
√

2M(z1, . . . , zp−1). Therefore

rjp sup
{
|ψj(z1, . . . , zp−1)| : |z1| ≤ r1, . . . , |zp−1| ≤ rp−1

}
≤
√

2B.

It remains to apply classical Cauchy inequality

sup{|ψj(z1, . . . , zp−1)| : |z1| ≤ r1, . . . , |zp−1| ≤ rp−1} ≥ |am′j |r
m1
1 . . . r

mp−1

p−1 .

Lemma 3. If p ≥ 2 and

q(ψ) =
N∑
‖n‖=0

bn cos(n1ψ1 + . . .+ npψp + ϕn), ψ = (ψ1, . . . , ψp),

where {ϕn} ⊂ R, {bn : 0 ≤ ‖n‖ ≤ N} ⊂ R and N ≥ p, then there exists a hypercube
K ⊂ [0, 2π]p with a side of length (2N)−p−1 such that for all ψ0 ∈ K we have

|q(ψ0)| > max{|q(ψ)| : ψ ∈ [0, 2π]p}/2.

Proof. Let p ≥ 2 and

g(z) =
N∑
‖n‖=0

bne
iϕnzn1

1 . . . znpp .

It is clear, that Re g(eiψ1 , . . . , eiψp) = q(ψ1, . . . , ψp). By modified Cauchy’s inequality we
obtain |bn| ≤

√
2 max{|Re g(z)| : |z1| = |z2| = . . . = |zp| = 1} ≤ 2 max{|q(ψ)| : ψ ∈ [0, 2π]p}.

Therefore for all i ∈ {1, . . . , p} we get

max

{∣∣∣∣∣∂q(ψ)

∂ψi

∣∣∣∣∣ : ψ ∈ [0, 2π]p

}
= max

{∣∣∣∣∣
N∑

ni=1

N−ni∑
‖n‖−ni=0

nibn sin

(
ϕn +

p∑
j=1

niψi

)∣∣∣∣∣ : ψ ∈ [0, 2π]p

}
≤

≤
N∑

ni=1

N−ni∑
‖n‖−ni=0

ni|bn| ≤ 2 max{|q(ψ)| : ψ ∈ [0, 2π]p} ·
N∑

ni=1

(
ni

N−ni∑
‖n‖−ni=0

1

)
. (19)

Now we estimate the last sum. Since the equation
∑N

j=1 xj − xi = k has Ck
N−1 distinct

roots,

N∑
ni=1

(
ni

N−ni∑
‖n‖−ni=0

1

)
=

N∑
ni=1

(
ni

N−ni∑
k=0

Ck
p−1

)
=

N∑
ni=1

(
ni

N−ni∑
k=0

Ck
p+k−2

)
=

=
N∑

ni=1

(
ni

N−ni∑
k=0

(k + 1)(k + 2) . . . (k + p− 2)

(p− 2)!

)
=
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=
1

(p− 2)!

N∑
ni=1

(
ni

N−ni∑
k=0

(k + 1)(k + 2) . . . (k + p− 2)

)
≤

≤ 1

(p− 2)!

N∑
ni=1

(
ni

N−ni∑
k=0

(N + p− 2)p−2

)
=

(N + p− 2)p−2

(p− 2)!

N∑
ni=1

(
ni

N−ni∑
k=0

1

)
=

=
(N + p− 2)p−2

(p− 2)!

N∑
ni=1

ni(N − ni + 1) =
(N + p− 2)p−2

(p− 2)!

(
(N + 1)

N∑
ni=1

ni −
N∑

ni=1

n2
i

)
=

=
(N + p− 2)p−2

(p− 2)!

(
(N + 1)

N(N + 1)

2
− N(N + 1)(2N + 1)

6

)
=

=
(N + p− 2)p−2

(p− 2)!
· N(N + 1)

6
(3N + 3− 2N − 1) =

=
(N + p− 2)p−2N(N + 1)(N + 2)

6(p− 2)!
≤ (N + p)p+1

2p
≤ (2N)p+1

2p

for N ≥ p. So, for all i ∈ {1, . . . , p} and N ≥ p we get

max

{∣∣∣∣∂q(ψ)

∂ψi

∣∣∣∣ : ψ ∈ [0, 2π]p
}
≤ (2N)p+1

p
max{|q(ψ)| : ψ ∈ [0, 2π]p}. (20)

Let ψ∗ = (ψ∗1, . . . ψ
∗
p) ∈ [0, 2π]p be a point such that max{|q(ψ)| : ψ ∈ [0, 2π]p} = |q(ψ∗)|.

Using Lagrange’s theorem, from (20) we obtain

|q(ψ)− q(ψ∗)| ≤ |q(ψ1, ψ2, . . . , ψp)− q(ψ∗1, ψ2, . . . , ψp)|+
+|q(ψ∗1, ψ2, . . . , ψp)− q(ψ∗1, ψ∗2, . . . , ψp)|+ . . .+ |q(ψ∗1, ψ∗2, . . . , ψp)− q(ψ∗1, ψ∗2, . . . , ψ∗p)| ≤

≤
p∑
j=1

|ψ∗j − ψj|max

{∣∣∣∣∂q(ψ)

∂ψj

∣∣∣∣ : ψ ∈ [0, 2π]p
}
≤

≤ (2N)p+1

p
max{|q(ψ)| : ψ ∈ [0, 2π]p}

p∑
j=1

|ψ∗j − ψj|.

Then for ψ0 ∈ K =
∏p

i=1[ψ∗i − 1
2(2N)p+1 , ψ

∗
i + 1

2(2N)p+1 ] we obtain

|q(ψ∗)| − |q(ψ0)| ≤ |q(ψ∗)− q(ψ0)| ≤

≤ (2N)p+1

p
p

1

2(2N)p+1
max{|q(ψ)| : ψ ∈ [0, 2π]p} ≤ 1

2
|q(ψ∗)|

and |q(ψ0)| ≥ 1
2
|q(ψ∗)| = 1

2
max{|q(ψ)| : ψ ∈ [0, 2π]p}.

Lemma 4. Let X = (Xn(t)) be MS uniformly bound by number 1. Then for all β > 0
there exists a constant Aβp > 0, which depends on p and β, such that for all N ≥ N1(p) =
max{p, 4π} and {cn : ‖n‖ ≤ N} ⊂ C we have

P

{
t : max

{∣∣∣∣∣
N∑
‖n‖=0

cnXn(t)ein1ψ1 . . . einpψp

∣∣∣∣∣ : ψ ∈ [0, 2π]p

}
≥ AβpSN ln

1
2 N

}
≤ N−β,

where S2
N =

∑N
‖n‖=0 |cn|2, p ≥ 2.
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Proof. Let

q(ψ, t) = Re

(
N∑
‖n‖=0

cnXn(t)ein1ψ1 . . . einpψp

)
, ψ = (ψ1, . . . , ψp).

Using lemma 3 with bn = |cn| and ϕn = arg cn in the case when cn 6= 0, we obtain that for
N ≥ p and t ∈ [0, 1] there exists a hypercube K(t) with a side of length (2N)−p−1 such that
for all ψ0 ∈ K(t) we have max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≤ 2|q(ψ0, t)|. So, for all α > 0 we get

exp(αmax{|q(ψ, t)| : ψ ∈ [0, 2π]p}) ≤ ((2N)p+1)p
∫
· · ·
∫

K(t)

exp(2α|q(ψ, t)|)dψ1 . . . dψp ≤

≤ 2pNp2+p

∫
· · ·
∫

[0,2π]p

exp(2α|q(ψ, t)|)dψ1 . . . dψp.

Applying Markov’s inequality P{t : η(t) ≥ a} ≤ M η
a

to the random variable

η = exp(2αmax{q(ψ, t) : ψ ∈ [0, 2π]p}),

where a = e2αλ, λ > 0, we get

P{t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} =

= P{t : exp(2αmax{|q(ψ, t)| : ψ ∈ [0, 2π]p}) ≥ e2αλ} ≤
≤ e−2αλ

M(exp(2αmax{|q(ψ, t)| : ψ ∈ [0, 2π]p})) ≤

≤ 2pNp2+pe−2αλ
M

(∫
· · ·
∫

[0,2π]p

exp(2α|q(ψ, t)|dψ1 . . . dψp

)
.

Applying the Fubini theorem and Lemma 1 to the previous integral, we get

P{t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} ≤

≤ 2pNp2+pe−2αλ
M

(∫
· · ·
∫

[0,2π]p

(exp(2α|q(ψ, t)|))dψ1 . . . dψp

)
≤

≤ 2pNp2+pe−2αλ

∫
· · ·
∫

[0,2π]p

exp

(
4α2

N∑
‖n‖=0

|bn|2 cos2(nψ1 + . . .+ npψp + arg bn)

)
dψ1 . . . dψp ≤

≤ (4π)pNp2+p exp

{
4α2

N∑
‖n‖=0

|bn|2 − 2αλ

}
.

When α = λ/(4S2
N), we obtain for N ≥ max{p, 4π}

P{t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} ≤ Np2+2p exp

{
− λ2

4S2
N

}
. (21)

Since

q1(ψ, t) = Im

(
N∑
‖n‖=0

bnXn(t)einψ1 . . . einpψp

)
= Re

(
−

N∑
‖n‖=0

ibnXn(t)einψ1 . . . einpψp

)
,
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from the above we get

P{t : max{|q1(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} ≤ Np2+2p exp

{
− λ2

4S2
N

}
. (22)

We can see that

{t : max{|q(ψ, t) + iq1(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} ⊂
⊂ {t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p}+ max{|q1(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ} ⊂

⊂
{
t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ

2

}⋃{
t : max{|q1(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ

2

}
.

From inequalities (21) and (22) we have

P

{
t : max

{∣∣∣∣∣
N∑
‖n‖=0

cnXn(t)einψ1 . . . einpψp

∣∣∣∣∣ : ψ ∈ [0, 2π]p

}
≥ λ

}
≤

≤ P{t : max{|q(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ/2}+ P{t : max{|q1(ψ, t)| : ψ ∈ [0, 2π]p} ≥ λ/2} ≤

≤ 2Np2+2p exp
{
− λ2

16S2
N

}
≤ N (p+1)2 exp

{
− λ2

16S2
N

}
.

Let λ = AβpSN(lnN)1/2, Aβp = 4
√

(p+ 1)2 + β. So,{
t : max

{∣∣∣∣∣
N∑
‖n‖=0

cnXn(t)einψ1 . . . einpψp

∣∣∣∣∣ : ψ ∈ [0, 2π]p

}
≥ AβpSN(lnN)1/2

}
≤

≤ N (p+1)2 exp
{
− 1

16
A2
β,p lnN

}
= exp

{
(p+ 1)2 lnN − ((p+ 1)2 + β) lnN

}
= N−β.

Proof of theorem 9. Necessity. Let ∆(h) > γ > 2β/p. We will construct the function f ∈ T p
such that Nf (r) ≤ h(r∨), r∧ → +∞, and for all ω inequality (15) does not hold.

Indeed, for the function g(z), constructed in the proof of the necessity of Theorem 5, as
noted in [2], for all ω we have

Mg(cn, . . . , cn, ω) ≥ Sg(cn, . . . , cn, ω) = Sg(cn, . . . , cn) = Spg0(cn) ≥

≥ (µg0(cn) lnγ/2 µg0(cn))p = µg(cn, . . . , cn) ln
γp
2 p

√
µf (cn, . . . , cn) =

=
(1

p

) γp
2
µf (cn, . . . , cn) ln

γp
2 µf (cn, . . . , cn).

Therefore,

lim
r∧→+∞

lnMf (r, ω)− lnµf (r)

ln lnµf (r)
≥ lim

n→+∞

lnMf (cn, . . . , cn, ω)− lnµf (cn, . . . , cn)

ln lnµf (cn, . . . , cn)
≥ γp

2
> β.

Sufficiency. Suppose that f ∈ T p,∆(h) ≤ 2β/p and {ξn} ∈ Ξ. So, we will prove that almost
surely for the function f(z, ω) inequality (15) holds. Then

lim
r∧→+∞

lnNf (2r)
ln ln r∨

≤ 2β

p
.
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Since for the function f ∈ T p the relation ln r∨ = o(lnµf (r)), r
∧ → +∞ holds, there

exists a continuous decreasing in each variable function d(r) = d(r1, . . . , rp)→ 0, r∧ → +∞
such that

pNf (2r) ≤ {lnµf (r)}2β/p+d(r), r∧ → +∞.

Suppose that r
(0)
i ≥ 1, i ∈ {1, . . . , p} are real numbers such that lnµf (r0) =

lnµf (r
(0)
1 , . . . , r

(0)
p ) = q, where q = [2p/2β] + 1. Now we define the sequence (rk) such that

lim
n→+∞

min
1≤i≤p

r(i)
n = +∞ and lnµf (rk) = q + k, k ≥ 0.

Also we denote Gk = {r ∈ Rp
+ : q + k ≤ lnµf (r) ≤ q + k + 1}, N(rk) = {lnµf (rk)}2β/p+d(rk).

So, we consider the sequence of events (Ak) such that for all k ≥ 0 we get

Ak =

{
ω : max

ϕ∈[0,2π]p

∣∣∣∣∣
[N(rk)]∑
‖n‖=0

(
|an|
(
r

(k)
1

)n
. . .
(
r(k)
p

)np
ξn(ω)

p∏
j=1

einjϕj

)∣∣∣∣∣≥
≥ C ln1/2N

(
[N(rk)]∑
‖n‖=0

|an|2
(
r

(k)
1

)2n1

. . .
(
r(k)
p

)2np

)1/2}
,

where C is a constant C(β1) from Lemma 4 when β1 = p/β. By this lemma we have
+∞∑
k=0

P (Ak) ≤
+∞∑
k=0

[N(rk)]
−p/β ≤

+∞∑
k=0

{lnµf (rk)}−2
(

1+d(rk) p
β

)
≤

+∞∑
k=0

(q + k)−2
(

1+d(rk) p
β

)
< +∞.

Now using the Borel-Kantelly lemma, the infinite quantity of the events Ak may occur
with probability zero. So, almost surely for k ≥ k0(ω) we get

If (rk, ω) = max
ϕ∈[0,2π]p

∣∣∣∣∣
[N(rk)]∑
‖n‖=0

(
|an|
(
r

(k)
1

)n1

. . .
(
r(k)
p

)np
ξn(ω)

p∏
j=1

einjϕj

)∣∣∣∣∣<
< C ln1/2N(rk)

(
[N(rk)]∑
‖n‖=0

|an|2
(
r

(k)
1

)2n1

. . .
(
r(k)
p

)2np

)1/2

.

Using (10) we can estimate from above the maximum modulus of random analytic func-
tion f(z, ω) on the sequence (rk). So, for k ≥ k0(ω) and almost all ω we obtain

Mf (rk, ω) ≤ max

{
pNf (2rk)∑
‖n‖=0

anz
n1
1 . . . znpp : |zi| = r

(k)
i , i ∈ {1, . . . , p}

}
+

+
∑

n/∈[0,pNf (2rk)]p

|an|
(
r

(k)
1

)n1

. . .
(
r(k)
p

)np
≤

≤ If (rk, ω) +
∑

n/∈[0,Nf (2rk)]p

2Nf (2rk)−‖n‖ ≤ C ln1/2N(rk)

(
[N(rk)]∑
‖n‖=0

|an|2
(
r

(k)
1

)2n1

. . .
(
r(k)
p

)2np

)1/2

+

+

p∑
m=1

Cm
p µf (rk)2

−(m−1)Nf (2rk)2p ≤ C1 ln1/2N(rk)(N(rk))
p/2µf (rk)+

+2p2pµf (rk) ≤ µf (rk)(lnµf (rk))
β+pd(rk)/2 ln lnµf (rk),
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as k → +∞.
Therefore for r ∈ Gk and k ≥ k0(ω) almost surely

Mf (r, ω) ≤Mf (rk+1, ω) ≤ eµf (rk){1 + lnµf (rk)}β+pd(rk+1)/2 ln{1 + lnµf (rk)} ≤
≤ eµf (r){1 + lnµf (r)}β+pd(r)/2 ln{1 + lnµf (r)}.

Since f ∈ T p, exists r0 > 0 such that Rp
+\[0, r0]p ⊂

⋃+∞
k=0 Gk. Then for almost all ω

relation (15) holds.

4. Maximummodulus of entire function of finite logarithmic order and arguments
of coefficients of multiple power series. We consider a function f ∈ T p of finite logari-
thmic order, i.e.

ρ(f) = lim
r∧→+∞

ln lnMf (r)

ln ln r∨
< +∞.

In this chapter we will give an answer to the following question: under what conditions
on the function Mf (r) the inequality

lim
r∧→+∞

lnMf (r)− lnMf (r)

ln lnMf (r)
≤ η (23)

holds? An answer to this question is given in Theorem 12.

Theorem 12. Let η ∈ (0,+∞), l ∈ L. For any entire function f ∈ T p such that lnMf (r) ≤
l(r∨), r∧ → +∞, inequality (23) holds if and only if 4(l) ≤ 1 + 2η/p.

Proof. Sufficiency. If h(t) = tl′(t), t → +∞, then Nf (r) ≤ h(r∨), r∧ → +∞, and 4(h) ≤
2η/p. Now using inequality (10) and Cauchy-Bunyakovsky’s inequality we get

Mf (r) ≤
Nf (2r)−1∑
n1=0

. . .

Nf (2r)−1∑
np=0

|an|rn1
1 . . . rnpp +

∑
n/∈[0,Nf (2rk))p

|an|rn1
1 . . . rnpp ≤

≤ N p/2
f (2r)Sf (r) + 2p2pµf (r) ≤ 2N p/2

f (2r)Mf (r).

Since f ∈ T p, one has ln r∨ = o(lnMf (r)), r
∧ → +∞. We note that 4(h) ≤ 2η/p, i.e.

lnNf (r) ≤ 2η ln ln r∨/p as r∧ → +∞. Then

lnMf (r)− lnMf (r) ≤
p

2
lnNf (2r) + 1 ≤ η ln ln r∨ + 1 < η ln lnMf (r).

Necessity. We assume that 4(l) > 1 + 2η/p. Now we prove that there exists a function
f ∈ T p such that inequality (23) does not hold. Let 4(l) = 1 + 2γ/p, γ > η, ε = (γ − η)/3.
Then there exists a function f ∈ T p such that, on the one hand, (see Theorem 11) by

Mf (r) ≤ µf (r) lnγ+ε µf (r), r
∧ → +∞

and, on the other hand, (see Theorem 8) there exists a sequence (rk) = (r
(k)
1 , . . . , r

(k)
p ) such

that r(k)
i ↗ +∞, k → +∞, i ∈ {1, . . . , p} and

Mf (rk) ≥Mf (rk) ≥ µf (rk) ln2γ−ε µf (rk), r
∧ → +∞.

Without loss of generality, we may assume that 4(l) < +∞. As follows from Theorem 8 by
this condition we have lnMf (r) ∼ lnµf (r), r

∧ → +∞ and

2Mf (rk) ≥ 2Mf (rk) lnγ−2ε µf (rk) ≥Mf (rk) lnγ−2εMf (rk) = Mf (rk) lnη+εMf (rk),

i.e. inequality (23) does not hold.
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If for entire function f ∈ T p we have lnMf (r) ≤ l(r∨), r∧ → +∞, and ∆(l) < +∞, then
by theorem 12 we get lnMf (r) ∼ lnMf (r), r

∧ → +∞.

Theorem 13. Let η ∈ (0,+∞), l ∈ L. For any entire function f ∈ T p such that lnMf (r) ≤
l(r∨), r∧ → +∞, inequality (23) holds if and only if 4(l) ≤ 1 + 2η/p.
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6. Jakubowski J. , Kwapień S. On multiplicative systems of functions// Bull. L’Acad. Pol. Sci. – 1979. –

V.27. – P. 689–694.
7. Filevych P.V. Estimates of Wiman-Valiron type for random entire functions// Dokl. NAN Ukraine. –

1997. – V.12. – P. 141–148. (in Ukrainian)
8. Filevych P.V. Correlation between the maximum modulus and maximal term of randon entire functions//

Mat. Stud. – 1997. – V.7, №2. – P. 157–166. (in Ukrainian)
9. Sheremeta M.M. On correlation between maximal term and maximum modulus of entire Dirichlet series//

Mat. zametki. – 1992. – V.51, №5. – P. 141–148. (in Russian)
10. Hayman W.K. The local growth of power series: a survey of the Wiman-Valyron method// Canad. Math.

Bull. – 1974. – V.17, №3. – P. 317–358.
11. Leontiev A.F. Entire functions. Series of exponents. – M.: Nauka, 1983. (in Russian)
12. Strelitz Sh.I. Asymptotic properties of analytic solutions of the differential equations. – Vilnius: Mintis.,

1972. (in Russian)
13. Bavrin I.I. Estimates and entire functions// Uch. zap. Mosc. obl. ped. inst. – 1959. – V.77. – P. 53–78.

(in Russian)

Ivan Franko National University of L’viv,
matstud@franko.lviv.ua,
kurylyak88@gmail.com

Received 5.07.2011
Revised 7.05.2012


