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A spectral problem generated by the Sturm-Liouville equation on the edges of a regular
equilateral finite star-tree with the Dirichlet boundary conditions at the pendant vertices and
continuity and Kirchhoff’s conditions at the interior vertices is considered. The potential in the
Sturm-Liouville equations on the edges is the same on each edge and symmetric with respect to
the edge midpoint. The structure of the function whose set of zeros coincides with the spectrum
of such a problem (characteristic function) is described.

Н. А. Роженко. О характеристических функциях регулярных симметрических деревьев
// Мат. Студiї. – 2012. – Т.37, №1. – C.65–75.

Рассматривается спектральная задача, порожденная уравнением Штурма-Лиувилля
на ребрах регулярного симметрического конечного дерева с граничными условиями Ди-
рихле на висячих вершинах и с условиями непрерывности и Киркгоффа на внутренних
вершинах. Потенциал в уравнениях Штурма-Лиувилля одинаковый на всех ребрах и сим-
метричный относительно середины ребра. Описана структура функций, множество нулей
которых совпадает со спектром задачи (характеристических функций).

1. Introduction. Quantum graph usually means quasi-one-dimensional manifold with self-
adjoint differential operator on it (see [11]). Spectral and scattering problems of Sturm-
Liouville or Dirac equation on such structures attract wide interest during last years because
they provide relevant models of nanostructures, see [12], [13]. Usually Dirichlet or Neumann
conditions are imposed at the pendant vertices of a metric graph and continuity conditions
together with Kirchhoff-type conditions are stated at the interior vertices.

Among the variety of graphs important role is played by the so-called regular trees
([24]) (see Definition 1 below). The correspondence between the spectra for the discrete
(combinatorial) and continuous Laplacians for a large class of so-called equilateral graphs
(graphs the lengths of edges of which are equal) was given in [8], [4], [6]. It was proved there
that the spectrum of the continuous Laplacian on the graph with qj(x) ≡ 0, except of the
branch π2n2

l2
(l is length of an edge, n = 1, 2, ...), consists of values of z such that cos

√
z

belongs to the spectrum of the corresponding discrete Laplacian. The spectra of quantum
graphs with external potentials were studied also in many papers (see [7], [10], [3], [12], [24],
[25] and references therein). In [6] for qj(x) ≡ 0 and in [18] under the assumption of the
potential on the edges to be the same it was shown that for any such L2 potential and δ-type
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boundary conditions at the vertices, up to the Dirichlet spectra on the edges, the spectrum
of a quantum graph has the form η−1(σ(2∆)), where σ(2∆) is the spectrum of 2∆, ∆ is the
corresponding discrete Laplacian, and η is the discriminant (Lyapunov function) of the Hill
equation on an edge. In [9] it is shown that if the graph is not cyclically connected, then the
maximal multiplicity of an eigenvalue of the corresponding operator is µ + gT − pTin, where
µ is the cyclomatic number of the graph, and gT and pTin are the number of edges and the
number of interior vertices, respectively, for the tree obtained by contracting all the cycles
of the graph into vertices. If the graph is cyclically connected, then the maximal multiplicity
of an eigenvalue is µ+ 1.

We consider an equilateral oriented regular tree with the edges directed towards the root
with indegree (number of incoming into a vertex edges) equal n. We assume that the potential
on the edges is symmetric with respect to the midpoint of the edge and impose the Dirichlet
conditions at the pendant vertices of our tree. Our aim is to describe the structure of the
function whose set of zeros coincides with the spectrum of such a problem (characteristic
function) and to obtain the spectrum of such problem. In this paper we generalize results
for n = 2 from [21] to the case of an arbitrary positive integer n.

In Subsection 1.2 we describe the spectral problem on a regular equilateral star-tree Snm
with the combinatorial distance m from the root to a pendant vertex and in Subsection 1.3
we give an operator interpretation of it which immediately implies that the spectrum of our
problem is real.

In Section 2 we introduce the notion of a characteristic function, i.e. the function whose
set of zeros coincides with the spectrum of our spectral problem.

In Section 3, under our assumptions, we show that the characteristic function can be
given in the form φ(λ) = szm−1(λ, a)cxm(λ, a)P

(m)
N (c2(λ, a)) where s(λ, x) and c(λ, x) are

sine- and cosine-like solutions of the Sturm-Liouville equation on an edge, a is the length of
an edge, m is the combinatorial distance from the root to a pendant vertex, zm and xm are
integers, P (m)

N (z) is a certain polynomial. Solving the corresponding recurrent relations we
obtain an explicit formulae for zm, xm and P (m)

N (z).
In Section 4 we apply the results of Section 3 to describe the spectrum of our problem

and show that the spectrum is the union of the subsequences which are the zeros of the
functions s(λ, a), c(λ, a), (c(λ, a) − √zp) and (c(λ, a) +

√
zp) where zp are the zeros of the

polynomial P (m)
N (z).

1.1. Main notions and auxiliary results. Let v be the root of a tree. For any vertex v
its generation gen(v) is defined as the combinatorial distance from the root (the number of
edges in the path connecting v with v), in particular gen(v) = 0. For any edge e emanating
from v we define the generation as gen(e) = gen(v).

Definition 1. A rooted metric tree is called regular if all the vertices of the same generation
have equal indegrees and all the edges of the same generation are of the same length.

In this paper we deal with the following family of regular equilateral oriented trees which
we call symmetric star-trees Snm.

By Sn1 we denote a tree consisting of n edges joint at the root (star graph). We direct the
edges towards the root. By Snm we mean the tree obtained from Snm−1 by attaching n edges
to each of the pendant vertices of Snm−1. Each edge is directed towards the root. Thus, the
degree of the root is n and the degree of each other interior vertex is n + 1. The number
of edges in our tree is gm = n(nm−1)

n−1 . We enumerate the edges such that the distance to the
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root is non-increasing sequence of the edge indices. Our enumeration is arbitrary in other
respects.

The local coordinates on Snm identifies each directed edge ej of Snm with the interval [0, a]
and the coordinate x increases in the direction of the edge.

1.2. Spectral problem. Let the Sturm-Liouville equation

−y′′j + q(x)yj = λ2yj, x ∈ [0, a], j = 1, 2, ..., gm, (1)

be defined on each edge of our tree. We impose the Dirichlet boundary conditions

yj(0) = 0 (2)

at each pendant vertex. At each interior vertex vi which is not a root we impose the continuity
conditions

yj1(a) = yj2(a) = ... = yjn(a) = yj(0) (3)

and Kirchhoff’s condition

y′j1(a) + y′j2(a) + ...+ y′jn(a)− y′j(0) = 0. (4)

Here j is the number of the edges outgoing away from the interior vertex vi and j1, j2, ..., jn
are the numbers of the edges incoming into vi.

At the root we have

ygm(a) = ygm−1(a) = ... = ygm−n+1(a), (5)
y′gm(a) + y′gm−1(a) + ...+ y′gm−n+1(a) = 0. (6)

Except of quantum mechanics, this problem occurs also in the theory of small transversal
vibrations of nets of strings.

1.3. Differential operator. Let us equip each edge ej (j = 1, 2, ..., gm) with a real-valued
function q which belongs to L2(0, a). Now we introduce the operator L which we associate
with the tree Snm equipped with the function q. First we introduce the Sturm-Liouville
operation pj on each edge ej. Let the domain D(pj) of the differential operation pj be the set
of functions f continuous at ej (on [0, a]) which possess absolutely continuous derivatives f ′
and therefore f ′′ exists a.e. on [0, a]. For f ∈ D(pj) we define the operation pj by the equation

(pjf)(x) = −d
2f(x)

dx2
+ q(x)f(x) a.e. on [0, a] , j = 1, 2, ..., gm.

Let us consider vector-functions F (x) = (f1(x), f2(x), ..., fgm(x)) whose components are defi-
ned on [0, a]. The set of vector-functions F such that fj ∈ L2(0, a), j = 1, 2, ..., gm we denote
by H. Defining multiplication by constant and addition in the usual way we equip H with
the inner product

(F,B)H =

gm∑
j=1

∫ a

0

fj(x)bj(x)dx,

where B = (b1(x), b2(x), ..., bgm(x)) ∈ H. Thus, H is a Hilbert space. It is easy to see that
this space is separable.

Let D(P ) be the set of vector-functions Y (x) = (y1(x), y2(x), ..., ygm(x)), where yj ∈
D(pj) (j = 1, 2, ..., gm). For Y ∈ D(P ) we define the operation P by the equation

P (Y ) = ((p1y1)(x), (p2y2)(x), ..., (pgmygm)(x)).
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Let J be the set of numbers of the edges incident with pendant vertices, K be the set of
numbers of interior vertices, W+

i = {j} is the number of the edges outgoing away from the
vertex vi and W−

i = {j1, j2, ..., jn} the set of numbers of edges incoming into the vertex vi
(i = 1, 2, ..., p), p = gm + 1.

Now we are ready to construct the operator L. Its domain D is the set of vector-functions
F = F (x) = (f1(x), f2(x), ..., fgm(x)) such that:

1) F ∈ (H ∩D(P ));

2) P (F ) ∈ H;

3) if vi is a pendant vertex and W+
i = {j} (W−

i = ∅) then fj(0) = 0;

4) (continuity condition) for each i ∈ K, j1, j2, ..., jn ∈ W−
i and j ∈ W+

i :

fj1(a) = fj2(a) = ... = fjn(a) = fj(0);

5) (Kirchhoff condition) for each i ∈ K, j1, j2, ..., jn ∈ W−
i and j ∈ W+

i :
dfj1(x)

dx

∣∣∣∣
x=a

+
dfj2(x)

dx

∣∣∣∣
x=a

+ ...+
dfjn(x)

dx

∣∣∣∣
x=a

=
dfj(x)

dx

∣∣∣∣
x=0

. (7)

By L we denote the operator acting in H according to LF = P (F ) with the domain D.
It is easy to see that L is a selfadjoint operator in H (see, i.e. [13], [2], [5]). Since all the

edges are of finite length and the real function q ∈ L2(0, a), the spectrum of L is discrete,
i.e. consists of normal (isolated Fredholm) eigenvalues which accumulate only at infinity.

It should be mentioned that more general than (7) selfadjoint matching conditions were
considered in [22].

1.4. Auxiliary results. In the sequel we assume that the potential is symmetric with
respect to the midpoint of an edge:

Assumption. q(x)
a.e.
= q(a− x).

Consider the solution s(λ, x) of the equation

−y′′ + q(x)y = λ2y (8)

which satisfies the conditions s(λ, 0) = s′(λ, 0)− 1 = 0 and the solution c(λ, x) of (8) which
satisfies c(λ, 0)− 1 = c′(λ, 0) = 0.

Due to our Assumption the following proposition is true.

Proposition 1. s′(λ, a) ≡ c(λ, a).

Proof. It is known (see [17]) that c(λ, a) is an even entire exponential type function of λ
which can be presented as

c(λ, a) = cosλa+
K

λ
sinλa+

ψ1(λ)

λ
, (9)

where K = 1
2

∫ a
0
q(x)dx, ψ1 ∈ La and La is the class of entire functions of exponential type

≤ a which belong to L2(−∞,∞) for real values of its argument.
Similar representation is true (see [17]) for s′(λ, a):

s′(λ, a) = cosλa+
K

λ
sinλa+

ψ2(λ)

λ
, (10)
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where ψ2 ∈ La.
The set of zeros of c(λ, a) is nothing but the spectrum of the problem

−y′′ + q(x)y = λ2y, y′(0) = y(a) = 0. (11)

The set of zeros of s′(λ, a) is the spectrum of the problem

−y′′ + q(x)y = λ2y, y(0) = y′(a) = 0. (12)

Due to the Assumption, the spectra of problems (11) and (12) coincide. This means that
the sets of zeros of c(λ, a) and s′(λ, a) coincide and due to (9) and (10) we conclude that
c(λ, a) ≡ s′(λ, a).

Corollary 1. If λk is a zero of s(λ, a), then

c(λk, a) = s′(λk, a) = (−1)k. (13)

Proof. From the Lagrange identity

c(λ, a)s′(λ, a)− s(λ, a)c′(λ, a) = 1

in view of Proposition 1 we obtain

c′(λ, a)s(λ, a) = c2(λ, a)− 1. (14)

This implies c2(λk, a) = 1. Taking into account interlacing of the zeros of c(λ, a) with the
zeros of s(λ, a) we arrive at (13).

2. Characteristic functions for graphs. The characteristic function of the graph is
an entire function whose set of zeros coincides with the spectrum of the corresponding
operator L. It is known that it can be expressed via functions s(λ, a), s′(λ, a), c(λ, a) and
c′(λ, a). To show it for our star-tree Snm we introduce the following set of 2gm-dimensional
vector-functions ψj(λ, x) = col{0, 0, ...0, s(λ, x), 0, ..., 0}, where s(λ, x) stands on the j-th
position (j = 1, 2, ..., gm) and ψj+gm(λ, x) = col{0, 0, ...0, c(λ, x), 0, ..., 0}, where c(λ, x) stands
on the (j + gm)-th position. As in [22], we denote by Lj (j = 1, 2, ..., 2gm) the linear functi-
onals generated by the boundary and matching conditions (2)–(6). Then we obtain the matrix
Φ(λ)

def
= ‖Lj(ψk(λ, x))‖2gmj,k . We define the Neumann characteristic function by setting

φN(λ)
def
= det(Φ(λ)).

We choose an interior vertex vi and replace Kirchhoff’s condition (4) at this vertex with

yi(0) = 0.

Then we obtain a new matrix Φ̃(λ, vi)
def
= ‖L̃j(ψk(λ, x))‖2gmj,k . We introduce the Dirichlet

characteristic function with respect to vi:

φD(λ, vi)
def
= det(Φ̃(λ, vi)).

We will use the following result from [14] (it should be mentioned that a similar result
was obtained earlier in [26] and for star graphs in [19], [20]): any chosen interior vertex vi can
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be considered as a separating vertex which divides the tree T into two subtrees T1 and T2.
Denote by φIN(λ) the Neumann characteristic function of T1 and by φID(λ, vi) the Dirichlet
characteristic function of T1 with respect to vi (i.e. with the Dirichlet boundary conditions
at vi), by φIIN (λ) and φIID (λ, vi) the Neumann characteristic function and Dirichlet characteri-
stic functions with respect to vi for T2. Then the Neumann characteristic function φN(λ) of T
and the Dirichlet characteristic function φD(λ, vi) of T with respect to vi can be obtained
from

φN(λ) = φIN(λ)φIID (λ, vi) + φIIN (λ)φID(λ, vi), (15)
φD(λ, vi) = φID(λ, vi)φ

II
D (λ, vi). (16)

3. Characteristic functions for symmetric star-trees. For the star-tree Snm we denote by
φ
(m)
N (λ) the corresponding Neumann characteristic function and by φ(m)

D (λ) the corresponding
Dirichlet characteristic function with respect to the root. Being interested in the Neumann
characteristic functions we consider for the sake of convenience in parallel the Dirichlet
characteristic functions (with Dirichlet boundary conditions at the root v, i.e. at the central
vertex). Direct calculations show that

φ
(1)
N (λ) = sn−1(λ, a)c(λ, a), φ

(1)
D (λ) = sn(λ, a). (17)

Using (15), (16) and (14) we derive from (17):

φ
(2)
N (λ) = 2n−1sn

2−1(λ, a)cn−1(λ, a)(2c2(λ, a)− 1), φ
(2)
D (λ) = 2nsn

2

(λ, a)cn(λ, a). (18)

It is clear that

φ
(3)
N (λ) = 2n(n−1)sn

3−1(λ, a)cn(n−1)+1(λ, a)(4c2(λ, a)− 3)(4c2(λ, a)− 1)n−1,

φ
(3)
D (λ)

def
= φ

(1)
D (λ,v) = 2n(n−1)sn

3
(λ, a)cn(n−1)(λ, a)(4c2(λ, a)− 1)n;

(19)

φ
(4)
N (λ) = 2n

2(n−1)sn
4−1(λ, a)c(n−1)(n

2+1)(λ, a)(4c2(λ, a)− 1)n(n−1)×
×(8c2(λ, a)− 4)n−1(c2(λ, a)(4c2(λ, a)− 3) + (c2(λ, a)− 1)(4c2(λ, a)− 1)),

φ
(4)
D (λ)

def
= φ

(4)
D (λ,v) = 2n

2(n−1)sn
4
(λ, a)cn

2(n−1)+n(λ, a)×
×(4c2(λ, a)− 1)n(n−1)(8c2(λ, a)− 4)n.

(20)

Theorem 1. 1) For each positive integer m one has

φ
(m)
N (λ) = szm−1(λ, a)cxm(λ, a)P

(m)
N (c2(λ, a)), (21)

where
zm = nm, (22)

xm =

{
nm+1
n+1

, if m is odd,
nm−1
n+1

, if m is even

and P (m)
N (z) is a polynomial of degree nm+1−1

n−1 − zm − xm.
2) For each positive integer m one has

φ
(m)
D (λ) = szm(λ, a)cym(λ, a)P

(m)
D (c2(λ, a)), (23)

where

ym =

{
nm−n
n+1

, if m is odd,
nm+n
n+1

, if m is even

and P (n)
D (z) is a polynomial of degree nm+1−n

n−1 − zm − ym.
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Proof. A root is a separating vertex which divides Snm into n identical subgraphs. Therefore,
formulae (15) and (16) give us

φ
(m)
N (λ) = nψ

(m)
N (λ)(ψ

(m)
D (λ))n−1, (24)

φ
(m)
D (λ) = (ψ

(m)
D (λ))n. (25)

Here ψ(m)
N (λ) is the characteristic function of any identical subgraph of Snm with the Neumann

condition at the root whereas ψ(m)
D (λ) is the characteristic function of the same subgraph

with the Dirichlet condition at the root. Again using (15) and (16) we obtain

ψ
(m)
N (λ) = c(λ, a)φ

(m−1)
N (λ) + c′(λ, a)φ

(m−1)
D (λ), (26)

ψ
(m)
D (λ) = s(λ, a)φ

(m−1)
N (λ) + s′(λ, a)φ

(m−1)
D (λ). (27)

Representations (21) and (23) with some natural degrees xn, yn and zn follow by induction
if we substitute (26) and (27) into (24) and (25) and make use of (14).

Let us prove (22). Using (26) and (27) we obtain from (24) zm = zm−1n and from (17):
z1 = n, i.e. zm = nm. It is easy to check that the degree of s(λ, a) in (21) is zm− 1 = nm− 1.

Let us find xm and ym. Substituting (26) and (27) into (24) and using (21) and (23) we
obtain

xm = min{nxm−1 + 1, ym−1 + (n− 1)xm−1, 2ym−1 + (n− 2)xm−1 + 1, ...
..., (n− 1)ym−1 + xm−1 + (n− 2), nym−1 + (n− 1)}. (28)

Substituting (26) and (27) into (25) and using (21) and (23) we obtain

ym = min{nxm−1, (n− 1)xm−1 + ym−1 + 1, (n− 2)xm−1 + 2ym−1 + 2, ...
..., xm−1 + (n− 1)ym−1 + (n− 1), nym−1 + n}. (29)

To solve recurrent relations (28), (29) with the initial conditions x1 = 1, y1 = 0 which follow
from (17) we notice that xm 6= ym for each m. To prove it let us suppose that xm = ym
some m. Then we consider the following two cases.

1. xm−1 < ym−1, then (28) and (29) imply xm = nxm−1 + 1 and ym = nxm−1. Therefore,
xm > ym, a contradiction.

2. xm−1 > ym−1, then from (28) and (29) we have xm = nym−1+(n−1) < nym−1+n = ym,
a contradiction.

Thus, we conclude that xm 6= ym for each m. Let xm > ym, i.e xm ≥ ym + 1, for some
natural m. Then (28) implies xm+1 = nym + (n− 1) and (29) implies ym+1 = nym + n and,
therefore, xm+1 = ym+1 − 1. On the other hand, if ym > xm, i.e. ym ≥ xm + 1 then (28)
implies xm+1 = nxm + 1 and (29) implies ym+1 = nxm and, therefore ym+1 = xm+1 − 1.
Taking into account that x1 = 1 and y1 = 0 we conclude that x2m < y2m and x2m−1 > y2m−1.

Let us consider the two cases.
1. m is even. Then xm+1 = nxm + 1 and ym+1 = xm+1 − 1 and, therefore, (29) implies

ym+1 = nxm = n2ym−1 + n(n − 1) what gives us ym+1 − n2ym−1 − n(n − 1) = 0. The
solution of this recurrent relation satisfying the initial conditions y2 = n (see (18)) and
y4 = n3 − n2 + n (see (20)) is ym+1 = (n − 1)(n + n3 + ... + nm−1). Consequently, xm+1 =
(n− 1)(n+ n3 + ...+ nm−1) + 1, i.e.

xm+1 =
nm+1 + 1

n+ 1
, ym+1 =

nm+1 − n
n+ 1

.
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2. m is odd. Then xm > ym, xm+1 = nym + n − 1 and ym+1 = nym + n. In this case
ym = nxm−1 and consequently, xm+1 = n2xm−1 + n− 1. Solving the last recurrent relations
with the initial conditions x1 = 1 (see (17)) and x3 = n2−n+ 1 (see (19)) we obtain xm+1 =
(n−1)(1+n2+n4+ ...+nm−1) and, consequently, ym+1 = (n−1)(1+n2+n4+ ...+nm−1)+1,
i.e.

xm+1 =
nm+1 − 1

n+ 1
, ym+1 =

nm+1 + n

n+ 1
.

Let us consider the structure of the polynomials involved in (21) and (23).

Theorem 2. For m ≥ 4 the polynomials P (m)
N (z) and P (m)

D (z) are of the form

P
(m)
N (z) = Anm(z)Bn−1

m (z)Cm(z), (30)

P
(m)
D (z) = Anm(z)Bn

m(z), (31)

where Am(z), Bm(z), Cm(z) are polynomials of z which satisfy the following recurrent
relations

Am+1(z) = Anm(z)Bn−1
m (z), (32)

Bm+1(z) = Cm(z) + z2Bm(z), (33)
Cm+1(z) = Cm(z) + (z2 − 1)Bm(z), (34)

with the initial conditions

A4(z) = (4z2 − 1)n−1, A5 = (4z2 − 1)n(n−1)(8z2 − 4)n−1, (35)
B4(z) = 8z2 − 4, B5(z) = 16z4 − 12z2 + 1, (36)

C4(z) = 8z4 − 8z2 + 1, C5(z) = 16z4 − 20z2 + 5. (37)

Proof. Substituting (26) and (27) into (24) and (25) and using (21), (23) and (14) we obtain
P

(m)
N and P (m)

D of the forms (30) and (31) where Am, Bm and Cm fulfil (32)–(34).
The initial conditions (35)–(37) follow from (19)–(20).

Corollary 2. The explicit forms of the polynomials Am, Bm and Cm for m ≥ 6 are:

Bm(z) = F (z)(αm−41 (z)− αm−42 (z))−G(z)(αm−51 (z)− αm−52 (z)), (38)
Cm(z) = F (z)(αm−41 (z)− αm−42 (z))− (F (z) +G(z))(αm−51 (z)− αm−52 (z))+ (39)

+G(z)(αn−61 (z)− αn−62 (z)),

Am(z) = An
m−4

4 (z)
m−1∏
k=4

B
nm−k−1(n−1)
k (z), (40)

where

F (z) =
B5(z)

α1(z)− α2(z)
, G(z) =

B4(z)

α1(z)− α2(z)
,

α1(z) =
1 + z2 +

√
z4 + 2z2 − 3

2
, α2(z) =

1 + z2 −
√
z4 + 2z2 − 3

2
.
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Proof. From (33) and (34) we obtain

Cm+1(z) = Bm+1(z)−Bm(z) (41)
Bm+1(z)− (1 + z2)Bm(z) +Bm−1(z) = 0. (42)

Solving recurrence relations (42) with initial conditions (36) we obtain (38). Using (38) and
(41) we arrive at (39). Using (32) we obtain (40).

4. Description of the spectrum. Let us describe the spectrum of the operator L on Snm
with a real potential q(x) ∈ L2(0, a) such that q(a− x)

a.e.
= q(x).

The spectrum of L is the union of the set of zeros of s(λ, a), the set of zeros of c(λ, a)
with account of multiplicities, the set of zeros of Am(c2(λ, a)), zeros of Bm(c2(λ, a)) and zeros
of Cm(c2(λ, a)). The following theorem is a consequence of (21) and (30).

Theorem 3. λ0 belongs to the spectrum of L if and only if one of the following conditions
is true:

1) s(λ0, a) = 0;

2) c(λ0, a) = 0;

3) c2(λ0, a) = zp, where zp (p ∈ {1, 2, ..., p0(m)}, p0(m) = nm+1−1
2(n−1) −

1
2
(zm + xm)) is a zero

of Am(z) or of Bm(z) or of Cm(z).

Corollary 3. The zeros zp of Am(z), of Bm(z) and of Cm(z) are all real and 0 < zp < 1.

Proof. Our proof is indirect. First of all let us notice that Bm(0) 6= 0, Cm(0) 6= 0 and
Am(0) 6= 0. Consider problem (1)–(6) with q(x) ≡ 0. In this case s(λ, a) = sinλa

λ
, c(λ, a) =

cosλa. Since the operator L is self-adjoint, the spectrum of L is contained in the real line.
On the other hand, in this case according to Theorem 1 if λ0 is an eigenvalue and sinλ0a

λ0
6= 0

and cosλ0a 6= 0 then cos2 λ0a = zp, where zp is a zero of Am(z) or Bm(z) or Cm(z). Since
0 < cos2 λ0a < 1, the proof is completed.

Theorem 4. The spectrum of L on Snm with a real q(x) ∈ L2(0, a) such that q(a−x)
a.e.
= q(x)

can be represented as the union of subsequences (branches)

{λ(1)k }
∞
−∞, k 6=0 ∪ {λ

(2)
k }

∞
−∞, k 6=0

p0(m)
∪
j=1
{λ(j,+)

k }∞−∞, k 6=0

p0(m)
∪
j=1
{λ(j,−)k }∞−∞, k 6=0

(λ
(j)
−k = −λ(j)k ) which satisfy the following conditions.
1. The eigenvalues {λ(1)k }∞−∞, k 6=0 each of multiplicity zm − 1 behave asymptotically as

λ
(1)
k =

πk

a
− K

πk
+
β
(1)
k

k
, λ

(1)
−k = −λ(1)k , k = 1, 2, ...,

with {β(1)
k }∞−∞, k 6=0 ∈ l2.

2. The eigenvalues {λ(2)k }∞−∞, k 6=0 each of multiplicity xm behave asymptotically as

λ
(2)
k =

π(k − 1/2)

a
+
K

πk
+
β
(2)
k

k
, λ

(2)
−k = −λ(2)k , k = 1, 2, ..., (43)

with {β(2)
k }∞−∞, k 6=0 ∈ l2.



74 N. A. ROZHENKO

3. The eigenvalues of {λ(1)k }∞−∞, k 6=0 are interlaced with the eigenvalues of {λ(2)k }∞−∞, k 6=0:

...λ
(1)
−k < λ

(2)
−k < ... < λ

(1)
−1 < λ

(2)
−1 < 0 < λ

(2)
1 < λ

(1)
1 ... < λ

(2)
k < λ

(1)
k < ... (k > 0)

4. The eigenvalues of the other branches behave asymptotically as

λ
(j,+)
k,+ =

π(2k − 1)

a
− 1

a
arccos(−√zj) +

K

2π(2k − 1)
+

β
(j,+)
k

2k − 1
, λ

(j,+)
−k,+ = −λ(j,+)

k,+ , k > 0, (44)

λ
(j,+)
k,− =

π(2k − 1)

a
+

1

a
arccos(−√zj) +

K

4πk
+
β
(j,+)
k

2k
, λ

(j,+)
−k,− = −λ(j,+)

k,− , k > 0, (45)

λ
(j,+)
k = λ

(j,+)
k,± , (46)

λ
(j,−)
k,+ =

π(2k − 1)

a
− 1

a
arccos

√
zj +

K

2π(2k − 1)
+

β
(j,+)
k

2k − 1
, λ

(j,+)
−k,+ = −λ(j,+)

k,+ , k > 0, (47)

λ
(j,−)
k,− =

π(2k − 1)

a
+

1

a
arccos

√
zj +

K

4πk
+
β
(j,+)
k

2k
, λ

(j,+)
−k,− = −λ(j,+)

k,− , k > 0, (48)

λ
(j,−)
k = λ

(j,−)
k,± , (49)

where zj are the zeros of the polynomial P (m)
N (z) and {β(j,±)

k }∞−∞, k 6=0 ∈ l2.

Proof. The eigenvalues of L are nothing but the zeros of φ(m)
N (λ). According to (21) the set

of zeros of φ(m)
N (λ) is composed by

1) the set of zeros of s(λ, a) each of multiplicity zm − 1;

2) the set of zeros of c(λ, a) each of multiplicity xm;

3) the set of zeros of (c(λ, a)−√zp) (for each p = 1, 2, ..., p0(m));

4) the set of zeros (c(λ, a) +
√
zp) (for each p = 1, 2, ..., p0(m)).

For the set {λ(1)k }∞−∞, k 6=0 of zeros of s(λ, a) and the set {λ(2)k }∞−∞, k 6=0 of zeros of c(λ, a) the
statements 1–3 are known from [17]. Using representations (9), (43) and standard methods
involving Rouché’s theorem (see [17]) we obtain (44)–(49).

Conditions 1–4 are necessary for a union of sequences of real numbers

{λ(1)k }
∞
−∞, k 6=0

⋃
{λ(2)k }

∞
−∞, k 6=0

p0(m)⋃
j=1

{λ(j,+)
k }∞−∞, k 6=0

p0(m)⋃
j=1

{λ(j,−)k }∞−∞, k 6=0

to be the spectrum of L on Snm with a real q(x) ∈ L2(0, a) such that q(a− x)
a.e.
= q(x).
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