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We extend the notion of the finitary incidence algebra FI(P,R) (see [3]) to the case when

P (4) is an arbitrary quasiordered set and R is an associative unital ring. For each pair (P,R)
we build the preadditive category C(P,R) with P = P/∼ as the set of objects. The isomorphism
theorem for the finitary algebras is proved in the following weakened form: if R and S are the
indecomposable rings, then FI(P,R) ∼= FI(Q,S) implies C(P,Q) ∼= C(Q,S). The results by
Voss (Illinois J. Math., 1980, 24, 624–638) and the isomorphism theorem for weak incidence
algebras (Int.J.Math. Math. Sci, 2004, 53, 2835–2845) are obtained as the consequences.

Н. С. Хрипченко. Финитарные алгебры инцидентности квазипорядков // Мат. Студiї. –
2010. – Т.34, №1. – C.30–37.

Понятие финитарной алгебры инцидентности FI(P,R) (см. [3]) обобщается на слу-
чай, когда P (4) произвольное квазиупорядоченное множество, а R ассоциативное коль-
цо с единицей. Каждой паре (P,R) ставится в соответствие предаддитивная категория
C(P,R) с множеством объектов P = P/∼. Доказывается ослабленный вариант теоре-
мы об изоморфизме для финитарных алгебр: если R и S — неразложимые кольца, то
FI(P,R) ∼= FI(Q,S) влечет C(P,Q) ∼= C(Q,S). Как следствия, получены результаты Вос-
са (Illinois J. Math., 1980, 24, 624–638) и теорема об изоморфизме для слабых алгебр
инцидентности (Int.J.Math. Math. Sci, 2004, 53, 2835–2845).

Introduction. Let P be a partially ordered set (poset), R an associative ring with identity.
Recall that an incidence algebra I(P,R) of the locally finite poset P over the ring R is the
set of the formal sums of the form

α =
∑

x≤y
α(x, y)[x, y], (1)

where α(x, y) ∈ R, [x, y] = {z ∈ P : x ≤ z ≤ y} is a segment of the partial order. If P
is not locally finite, then the multiplication (convolution) of any two sums is not defined in
general, and I(P,R) is nothing but the R-module. Therefore in [3] the notion of the finitary
incidence algebra FI(P,R) was defined. For an arbitrary poset this algebra consists of the
so-called finitary series — the sums of the form (1), such that for any [x, y] there exists only
a finite number of [u, v] ⊂ [x, y], u < v with α(u, v) 6= 0. The descriptions of the invertible
elements [3, Theorem 2] and the idempotents [3, Theorem 3] of FI(P,R) were obtained, as
a consequence the positive solution of the isomorphism problem for the finitary incidence
algebras over a fixed field F was given.

In this article we extend the notion of the finitary incidence algebra to the case when
P (4) is a quasiordered set. It is easy to see that the definition of the finitary series given
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for the partial order cannot be directly extended. Indeed, there exist the series of the form∑
x′,x′′∼x α(x′, x′′)[x′, x′′], where ∼ is the equivalence relation on P induced by the quasiorder.

All the segments [u, v], where u ≺ v, appear in such series with zero coefficients. Therefore,
the condition to be finitary does not impose the restriction on such series, and so their
convolution is not defined in the general case.

Let us do as follows: consider P = P/∼ with the induced order ≤. Let x denote the
equivalence class of an element x ∈ P . Bring the formal series

α̃ =
∑

x≤y
α̃xy[x, y] (2)

in correspondence with the sum α =
∑

x4y α(x, y)[x, y]. Here α̃xy is the matrix over R, the
rows and columns of which are indexed by the elements of the sets x and y, respectively, and
α̃xy(x

′, y′) = α(x′, y′) for the arbitrary x′ ∼ x, y′ ∼ y. This correspondence is one-to-one. If
P is locally finite, then all matrices, which appear in the sum, are finite. It is not hard to see
that α̃+β̃ corresponds to α+β, and the series

∑
x≤y
(∑

x≤z≤y α̃xzβ̃zy
)
[x, y] corresponds to the

product αβ. The indicated correspondence says about the possibility to extend the notion
of the finitary incidence algebra. For this purpose we introduce the concept of a partially
ordered category (pocategory) and define the finitary incidence ring of such a category. Then
we formulate the definition of the finitary incidence algebra in the language of categories.
To this end we associate with each pair (P,R), where P is a quasiordered set and R is a ring
with identity, a pocategory C(P,R). The finitary incidence ring FI(C(P,R)) of this category
is called the finitary incidence algebra of the quasiordered set P over the ring R and denoted
by FI(P,R). We prove the weakened variant of the isomorphism theorem: if R and S are the
indecomposable rings, then the isomorphism FI(P,R) ∼= FI(Q,S) implies the isomorphism
of the categories C(P,R) and C(Q,S). As the consequences, we obtain the generalizations
of the results by Voss [5] proved for the locally finite sets. After that we discuss some
conditions, under which the isomorphism of the categories implies the isomorphism of P and
Q. As another consequence, we obtain the generalization of the isomorphism theorem for
weak incidence algebras [4].

1. Pocategories and their finitary incidence rings. Recall that a category C is pread-
ditive if for any x, y ∈ Ob C the set Mor(x, y) has a structure of abelian group under addition
and this structure agrees with the composition of the morphisms. Define a binary relation
≤ on the set of objects of the preadditive category C as follows:

x ≤ y ⇐⇒Mor(x, y) 6= 0xy

and call C partially ordered (pocategory) if ≤ is a partial order. Consider the set of formal
sums of the form

α =
∑

x≤y
αxy[x, y], (3)

where αxy ∈Mor(x, y), [x, y] is a segment of the partial order. The formal sum (3) is called a
finitary series if for any x, y ∈ Ob C, x < y there exists only a finite number of [u, v] ⊂ [x, y],
such that u < v and αuv 6= 0uv. The set of the finitary series is denoted by FI(C).

The addition of the finitary series is inherited from the addition of the morphisms. More-
over, 0xy[x, y] = 0 for all x, y ∈ P . The multiplication is given by the convolution:

αβ =
∑

x≤y

(∑
x≤z≤y

αxzβzy

)
[x, y],

where αxzβzy ∈Mor(x, y) is the composition of the morphisms.
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The proofs of the following three theorems slightly differ from the proofs of the Theo-
rem 1–3 from [3], but we produce them here for the account to be full.

Theorem 1. FI(C) is an associative ring with identity δ =
∑

x∈Ob C idx[x, x] (idx is the
identity morphism).

Proof. Obviously, it is sufficient to prove that if α, β ∈ FI(C), then αβ ∈ FI(C).
Suppose that γ = αβ 6∈ FI(C). This means that we can find such x, y ∈ Ob C, x ≤ y

that there exists an infinite number of subsegments [ui, vi] ⊂ [x, y] (i = 1, 2, . . .), for which
ui < vi and γuivi 6= 0uivi . At least one of these sets {ui}, {vi} must be infinite; for example,
let |{ui}| =∞.

It follows from γuivi 6= 0uivi that for each i there is wi ∈ [ui, vi], such that αuiwi
6= 0uiwi

,
βwivi 6= 0wivi . Since α ∈ FI(C) and [ui, wi] ⊂ [x, y], we have ui = wi for an infinite number of
indexes. But then βuivi 6= 0uivi for this set of indexes, which is impossible because ui < vi.

Call FI(C) a finitary incidence ring of the pocategory C. This notion is a generalization
of the notion of a finitary incidence algebra of a poset. Indeed, for a given ring R and a poset
P consider the pocategory C, such that Ob C = P , and Mor(x, y) is the additive group of
the ring R for the arbitrary x ≤ y (the composition of the morphisms is the product in R).
Then FI(C), obviously, coincides with the finitary algebra FI(P,R).

Theorem 2. A series α ∈ FI(C) is invertible iff αxx is an invertible element of the ring
Mor(x, x) for all x ∈ Ob C.

Proof. Necessity. Let αβ = βα = δ. Then αxxβxx = βxxαxx = δxx = idx, hence αxx is
invertible.
Sufficiency. Suppose that αxx is invertible for all x ∈ Ob C. We prove that α is right
invertible, the left invertibility is proved similarly. Let [x, y] be a segment of the partial
order ≤. A series β, which is right inverse to α, exists if

∑
x≤z≤y αxzβzy = δxy. In the case

when x = y this means that βxx = α−1xx . And if x < y, then

βxy = −α−1xx
∑

x<z≤y
αxzβzy (4)

(note that the sum in the right side is defined since αxz is non-zero only for a finite number
of the elements z ∈ [x, y]). Prove that a solution of the equation (4) can be computed
recursively in a finite number of steps and belongs to FI(P,R).

Denote by Cα(x, y) a number of the subsegments [u, v] ⊆ [x, y], such that u < v and
αuv 6= 0uv. By the definition of the finitary series Cα(x, y) is finite. Build β by the induction
on Cα(x, y).

If Cα(x, y) = 0, then βxy = 0xy. If Cα(x, y) = 1 and x < z ≤ y, αxz 6= 0xz then

βxy = −α−1xxαxzβzy =

{
−α−1xxαxyβyy, if z = y,

0, if z < y (since Cα(z, y) = 0).

And if αxz = 0xz for all x < z ≤ y, then according to (4) βxy = 0xy.
Now suppose that βuv is defined for all u, v, such that Cα(u, v) < n. Let Cα(x, y) = n

and x < z ≤ y, αxz 6= 0xz (if such z doesn’t exist, then βxy = 0xy). Then Cα(z, y) ≤ n − 1,
and by the induction hypothesis βzy is defined. Thus every summand in the right side of (4)
is defined, and since the sum is finite, βxy is also defined.
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Prove that β is a finitary series. We use again the induction on Cα(x, y). If Cα(x, y) = 0,
then βuv = 0uv for all [u, v] ⊂ [x, y], u < v since Cα(u, v) = 0. If Cα(x, y) = 1 and
x ≤ u < v ≤ y, αuv 6= 0uv, then using the recurrence relation for β we can show that [u, v]
is the only non-trivial subsegment of [x, y], at which β may be non-zero. Now suppose that
each segment [x, y] with Cα(x, y) < n contains a finite number of [u, v], such that u < v and
β(u, v) 6= 0uv. Consider [x, y] with Cα(x, y) = n. Suppose that there is an infinite number
of the subsegments [ui, vi] ⊂ [x, y], ui < vi, such that βuivi 6= 0uivi . It follows from

βuivi = −α−1uiui
∑

ui<w≤vi αuiwβwvi
that for each i there is wi, ui < wi ≤ vi, such that αuiwi

6= 0uiwi
, βwivi 6= 0wivi . Since α is

a finitary series, the sets {ui}, {wi} are finite. But by the supposition [ui, vi] is infinite, there-
fore {vi} is infinite. Hence there are z = wi0 and an infinite number of vi, such that βzvi 6=
0zvi . But Cα(z, y) < n (since αuiz 6= 0uiz). This contradicts the induction hypothesis.

A series αD =
∑

x∈Ob C αxx[x, x] is called a diagonal of an element α ∈ FI(C). Accordingly
α is called diagonal if αD = α. It is easy to show that (αβ)D = αDβD; in particular, α2

D = αD
if α2 = α.

Theorem 3. Each idempotent α ∈ FI(C) is conjugate to its diagonal αD.

Proof. Let ρ = α− αD. It follows from α2 = α that

αDρ+ ραD = ρ− ρ2. (5)

Multiplying this equality by αD on the left we obtain

αDραD + αDρ
2 = 0. (6)

Set β = δ + (2αD − δ)ρ. Since βD = δD, β is invertible by the Theorem 2. By (6) we have
βα = (δ + 2αDρ− ρ)(αD + ρ) = αD − ραD + ρ− ρ2, αDβ = αD(δ + 2αDρ− ρ) = αD + αDρ.
From (5) we obtain βα = αDβ. Hence α = β−1αDβ.

2. The isomorphism problem. In this section we define the notion of a finitary incidence
algebra for quasiorders in the language of categories and consider the isomorphism problem
for such algebras.

Let R be a fixed ring with identity, P (4) an arbitrary quasiordered set. Denote by ∼
the natural equivalence relation on P , such that x ∼ y whenever x 4 y and y 4 x. Let
MX×Y (R) denote an abelian group of infinite matrices over R, the rows and columns of
which are indexed by the elements of the sets X and Y , respectively, and each row of which
has a finite number of non-zero elements. Such matrices are called row-finite; it is easy to
see that the product of any two row-finite matrices is again a row-finite matrix. Bring the
pocategory C(P,R) in correspondence with the pair (P,R) in the following way

1. Ob C(P,R) = P = P/∼ with the induced order ≤.

2. For any two equivalence classes x, y ∈ P , x ≤ y define Mor(x, y) = Mx×y(R) (and
Mor(x, y) = 0xy whenever x � y). The composition αxzβzy is the matrix product.

Denote the finitary incidence ring of the obtained category by FI(P,R). Obviously, FI(P,R)
is an algebra over R called a finitary incidence algebra of a quasiordered set P over a ring R.

As in the classic case, the elements of FI(P,R) can be represented as the functions on
the set of the segments of P , namely, α(x, y) means an element of the matrix αxy, which is
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situated on the intersection of the row x and the column y. Moreover, the convolution of the
functions corresponds to the product of the series. If P is locally finite, then the indicated
correspondence defines an isomorphism FI(P,R) ∼= I(P,R).

For short we write αx, instead of αxx[x, x], and call this series a projection of α onto the
equivalence class x. Obviously, αx = δxαδx, (αβ)x = αxβx.

Recall that an idempotent α 6= 0 is primitive if it cannot be represented as a sum of any
two non-zero orthogonal idempotents.

We need the idempotents of the special form δx defined for an arbitrary element x ∈ P
as follows:

δx(u, v) =

{
1, if u = v = x,

0, otherwise.
(7)

If the ring R is indecomposable, then δx is primitive. Note that the idempotents δx and
δy are conjugates iff x ∼ y.

The following theorem is the main result of our article.

Theorem 4. Let P and Q be arbitrary quasiordered sets, R and S indecomposable rings
with identity. Suppose that FI(P,R) ∼= FI(Q,S) as rings. Then C(P,R) ∼= C(Q,S).

Proof. First define a bijection between P = Ob C(P,R) and Q = Ob C(Q,S). Let Φ: FI(P,
R) → FI(Q,S) be an isomorphism. Consider the equivalence class x ∈ P and choose an
arbitrary element x′ ∈ x. The image Φ(δPx′) is a primitive idempotent, and by Theorem 3
it is conjugate to the idempotent Φ(δPx′)D (to avoid the confusion we write the upper index,
corresponding to the set, which finitary incidence algebra our series belongs to). Since the last
one is also primitive, there is y ∈ Q, such that Φ(δPx′)D coincides with Φ(δPx′)y. According
to the remark before the theorem y does not depend on the choice of the representative
x′ ∈ x. Hence Φ induces the mapping ϕ : P → Q, such that Φ(δPx′) is conjugate to Φ(δPx′)ϕ(x).
Similarly we can define ψ : Q→ P . Show that they are mutually inverse. Suppose ϕ(x) 6= v.
Then for each x′ ∈ x: δQv Φ(δPx′)ϕ(x) = 0, i. e. δQv βΦ(δPx′)β

−1 = 0 for some invertible element β.
Hence Φ−1(δQv )Φ−1(β)δPx′ = 0. This means that (Φ−1(δQv )Φ−1(β))x = 0, and thus ψ(v) 6= x.
The fact that ψ(v) 6= x implies ϕ(x) 6= v is proved similarly. So ψ = ϕ−1.

Consider the idempotent δPx ∈ FI(P,R) (the projection of the identity δ onto the class x)
and prove that

Φ(δPx )D = δQϕ(x). (8)

First suppose that there are v′, v′′ ∈ v 6= ϕ(x), such that δQv′Φ(δPx )δQv′′ 6= 0. Then we have

Φ−1(δQv′)δ
P
x Φ−1(δQv′′) 6= 0. But Φ−1(δQv′) and Φ−1(δQv′′) are conjugates to Φ−1(δQv′)ϕ−1(v) and

Φ−1(δQv′′)ϕ−1(v), respectively. This means that there are the invertible elements β and γ,

such that Φ−1(δQv′)ϕ−1(v)β
−1δPx γΦ−1(δQv′′)ϕ−1(v) differs from 0. The last statement contradicts

the fact that ϕ−1(v) 6= x. Thus Φ(δPx )D coincides with its projection onto ϕ(x). Similarly,
Φ−1(δQϕ(x))D = Φ−1(δQϕ(x))x. Therefore Φ−1(δQϕ(x)) is conjugate to δPx Φ−1(δQϕ(x))δ

P
x . Conse-

quently δQϕ(x) is conjugate to Φ(δPx )δQϕ(x)Φ(δPx ). Since Φ(δPx ) is an idempotent and the diagonal

of δPx is stable under conjugation, we obtain that Φ(δPx )D = δQϕ(x).

Now define ϕx,y : Mor(x, y) → Mor(ϕ(x), ϕ(y)). For each class x ∈ P fix an invertible

element β ∈ FI(Q,S), such that Φ(δPx ) = βδQϕ(x)β
−1. Identify the morphism αxy with the

series α = αxy[x, y]. Then α = δPx αδ
P
y . Therefore Φ(α) = Φ(δPx )Φ(α)Φ(δPy ). According
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to (8) and Theorem 3 we have the equality β−11 Φ(α)β2 = δQϕ(x)β
−1
1 Φ(α)β2δ

Q
ϕ(y), where β1, β2

are the invertible elements, corresponding to x and y. Thus ϕx,y(α) = β−11 Φ(α)β2 defines
the required mapping (here the morphism is also identified with the series). Since β1 and β2
are invertible and the multiplication is distributive, it is an isomorphism of abelian groups.
Obviously, ϕx,x(δ

P
x ) = δQϕ(x). Prove that ϕx,y preserves the composition. Take α′ = α′yz[y, z].

Then ϕy,z(α
′) = β−12 Φ(α′)β3 for fixed β3. Thus

ϕx,y(α)ϕy,z(α
′) = β−11 Φ(α)Φ(α′)β3 = β−11 Φ(αα′)β3 = ϕx,z(αα

′).

The isomorphism of the categories C(P,R) and C(Q,S) implies, in particular, that the
posets P and Q are isomorphic. As for the equivalence classes, we can assert that Mx×x(R) ∼=
Mϕ(x)×ϕ(x)(S) as rings. In the case when the initial sets P and Q are partially ordered, these
conditions guarantee the positive solution of the isomorphism problem (i. e. P ∼= Q and
R ∼= S). This is not the case for quasiorders, and the problem is reduced to the question
when the isomorphism of the above matrix rings implies |x| = |ϕ(x)|. We formulate these
notes in the following two corollaries, which are the generalizations of the results by Voss [5].

Corollary 1. Let R and S be indecomposable rings with identity, P and Q arbitrary posets.
Then an isomorphism FI(P,R) ∼= FI(Q,S) implies P ∼= Q and R ∼= S.

Corollary 2. Let R and S be indecomposable rings with identity, such that for any sets X
and Y an isomorphism MX×X(R) ∼= MY×Y (S) implies |X| = |Y |; P and Q the quasiordered
sets. Then FI(P,R) ∼= FI(Q,S) =⇒ P ∼= Q.

In particular, the isomorphism problem is solved positively for the quasiorders with finite
equivalence classes (the so-called class finite quasiorders) and indecomposable commutative
rings (see [2, Corollary 5.13]). If we reject the commutativity, then one can give an example
of the indecomposable ring R, such that M2×2(R) ∼= M3×3(R) (see [1]). But the condition of
indecomposability can be significantly weakened if we assume that R = S and FI(P,R) ∼=
FI(Q,R) as algebras. Namely, it is sufficient to require the existence of at least one primitive
idempotent e in R, such that eRe is commutative. Indeed, in this case FI(P, eRe) =
eFI(P,R)e ∼= eFI(Q,R)e = FI(Q, eRe). Note that the ring eRe is indecomposable since
e is its identity. Therefore C(P, eRe) ∼= C(Q, eRe), which in the case of the finite classes
implies P ∼= Q.

3. The isomorphism problem: appendix. In [4] for a class finite quasiordered set P
was introduced the notion of a weak incidence algebra I∗(P,R). It consists of the functions
α ∈ I(P,R), for which the set of pairs x ≺ y with α(x, y) 6= 0 is finite. Obviously, I∗(P,R)
coincides with I(P,R) only in the case when P has finite number of nontrivial segments. In
the general case I∗(P,R) is a subalgebra of FI(P,R). Indeed, an element α ∈ I∗(P,R) can
be identified with the finitary series (2), which has a finite number of non-zero coefficients
α̃xy corresponding to x < y. In [4] a positive solution of the isomorphism problem for weak
incidence algebras of class finite quasiorders over indecomposable commutative rings with
identity was obtained. In this section we introduce the notion of a weak incidence ring of a
pocategory. In particular, we obtain a generalization of I∗(P,R) to the case of an arbitrary
quasiordered set P . We also prove that in the case of indecomposable rings the isomorphism
problem for weak incidence algebras can be reduced to the isomorphism problem for finitary
incidence algebras.
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Let C be a pocategory. Denote by I∗(C) the set of formal sums of the form (3), such that
the set of x < y with αxy 6= 0xy is finite. I∗(C) is a subring of FI(C), which is called a weak
incidence ring of a pocategory C. Let us obtain some properties of I∗(C).

Lemma 1. Let α ∈ I∗(C), and there exist α−1 ∈ FI(C). Then α−1 ∈ I∗(C).

Proof. Suppose that there is an infinite number of [xi, yi], such that xi < yi and
(α−1)xiyi 6= 0xiyi . From the equalities α−1α = αα−1 = δ we have

(α−1)xiyi = −α−1xixi
∑

xi<z≤yi
αxiz(α

−1)zyi , (9)

(α−1)xiyi = −α−1yiyi
∑

xi≤z<yi
(α−1)xizαzyi . (10)

It follows from (9) that for each i there is such zi that αxizi 6= 0xizi . But the number of
such segments is finite, therefore |{xi}| <∞. Similarly, |{yi}| <∞ by (10). A contradiction;
hence α−1 ∈ I∗(C).

Lemma 2. α ∈ I∗(C) is idempotent if it is conjugate to αD in I∗(C).

Proof. According to the proof of Theorem 3 α is conjugate to αD by β = δ + (2αD − δ)ρ,
where ρ = α− αD. Since αD ∈ I∗(C), β ∈ I∗(C). By the previous lemma β−1 ∈ I∗(C).

Let P be an arbitrary quasiordered set, R an associative ring with the identity. Then
I∗(C(P,R)) is a subalgebra of FI(P,R). Denote it by I∗(P,R) and call a weak incidence
algebra of a quasiordered set P over a ring R. If all classes of P are finite, then this algebra
is isomorphic to the weak algebra considered in [4]. In the remainder of this section we study
the isomorphism problem for such algebras.

Lemma 3. Let Φ be an automorphism of FI(P,R), such that Φ|I∗(P,R) = idI∗(P,R). Then
Φ = idFI(P,R).

Proof. Take an arbitrary α ∈ FI(P,R). Write the obvious equality:

δxαδy = α(x, y)δxy, (11)

where δx is defined by (7), δxy(u, v) =

{
1, if u = x, v = y,

0, otherwise.

Apply Φ to the both sides of (11). As δx, δy, δxy ∈ I∗(P,R), we obtain δxΦ(α)δy = α(x, y)δxy,
which is equivalent to Φ(α)(x, y) = α(x, y). Since x and y are the arbitrary elements,
Φ(α) = α.

Theorem 5. Let P and Q be the arbitrary quasiordered sets, R and S indecomposable
rings with identity. Then

I∗(P,R) ∼= I∗(Q,S) =⇒ FI(P,R) ∼= FI(Q,S).

Proof. Let Φ: I∗(P,R) → I∗(Q,S) be an isomorphism, α ∈ I∗(P,R). For the arbitrary
u, v ∈ Q, u 4 v consider δuΦ(α)δv. Let ε′ = Φ−1(δu), ε

′′ = Φ−1(δv). According to Lemma 2
ε′ and ε′′ are conjugates to ε′D and ε′′D, respectively. Since δu and δv are primitive, there
are x, y ∈ P , such that ε′D = ε′x, ε

′′
D = ε′′y (as above we write for short εx, instead of

εxx[x, x]). Thus δuΦ(α)δv = Φ(βε′xβ
−1αγε′′yγ

−1) = Φ(βε′xβ
−1α[x,y]γε

′′
yγ
−1) = δuΦ(α[x,y])δv,
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which is equivalent to Φ(α)(u, v) = Φ(α[x,y])(u, v). Here and below α[x,y] is the part of the
series α, which corresponds to the subsegments of [x, y] (it is easy to see that ε′xβ

−1αγε′′y
depends only on the values of α at such subsegments). Note that [x, y] 6= ∅ (i. e. x 4 y)
since otherwise we can take α = Φ−1(δuv) and obtain δuv = 0.

Now let α ∈ FI(P,R), [u, v] ⊂ Q. Define
Φ(α)(u, v) = Φ(α[x,y])(u, v),

where [x, y] ⊂ P corresponds to [u, v] as indicated above. In the right part of the equality
we can write Φ(α[x,y]) since α[x,y] ∈ I∗(P,R) for each [x, y]. Show that Φ(α) is a finitary
series. Indeed, for each [u′, v′] ⊂ [u, v]: Φ(α)(u′, v′) = Φ(α[x′,y′])(u

′, v′) for the corresponding
[x′, y′] ⊂ P . But [x′, y′] ⊂ [x, y] since, as shown above, u 4 v implies x 4 y. Therefore,
α[x′,y′] = (α[x,y])[x′,y′]. Hence Φ(α[x′,y′])(u

′, v′) = Φ(α[x,y])(u
′, v′). So

Φ(α)(u′, v′) = Φ(α[x,y])(u
′, v′). (12)

Thus Φ(α)[u,v] = Φ(α[x,y])[u,v]. Since Φ(α[x,y]) ∈ I∗(Q,S), it is in particular finitary. So the
values of Φ(α) inside an arbitrary segment coincide with the values of some finitary series
inside this segment. Therefore, Φ(α) is finitary.

Prove that Φ is a homomorphism. Indeed, it is not hard to see that (αβ)[x,y] = α[x,y]β[x,y].
Hence Φ(αβ)(u, v) = (Φ(α[x,y])Φ(β[x,y]))(u, v). By (12) and the definition of the convolution
we obtain (Φ(α[x,y])Φ(β[x,y]))(u, v) = (Φ(α)Φ(β))(u, v).

Thus we succeeded in building Φ, the extension of Φ. Φ−1 is built similarly. Obviously,
(Φ−1 ◦ Φ)|I∗(P,R) = idI∗(P,R), (Φ ◦ Φ−1)|I∗(Q,S) = idI∗(Q,S). By Lemma 3 Φ−1 ◦ Φ = idFI(P,R).

Similarly, Φ ◦ Φ−1 = idFI(Q,S). Hence Φ is an isomorphism.

Corollary 3. Let P and Q be the arbitrary quasiordered sets, R and S indecomposable
rings with identity. Suppose that I∗(P,R) ∼= I∗(Q,S). Then C(P,R) ∼= C(Q,S).

This result is a generalization of [4, Theorem 3.10].
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