Maremaruuni Crymii. T.34, Nel Matematychni Studii. V.34, No.1

VK 519.21
U. T. KHIMKA, YA. M. CHABANYUK

STOCHASTIC OPTIMIZATION PROCEDURE CONVERGENCE WITH
MARKOV SWITCHING IN THE AVERAGING SCHEME

U. T. Himka, Ya. M. Chabanyuk. Stochastic optimization procedure convergence with Markov
switching in the averaging scheme, Mat. Stud. 34 (2010), 101-105.

We established sufficient conditions for the convergence of the multi-dimensional conti-
nuous stochastic optimization procedure in the case of direct dependence of the regression
function on the environment, which described by Markov switching. Additional conditions on
Lyapunov function of the averaged pure gradient system have been aquired in the assumption
of exponential stability for the averaged evolutionary system according to the Markov process
stationary distribution.

V. T. Xumka, . M. Habantok. Crodumocmsv cmoracmuyeckot npoyedypovl ONMuUMU3aUuL ¢
MAPKOBCKUMU Nepeamoverusmu 6 creme ycpeonenus // Mar. Crynil. — 2010. — T.34, Nel. —
C.101-105.

YcTaHOBJIEHBI JIOCTATOYHBIE YCJIOBUS CXOJMMOCTU MHOTOMEDHON HEIPEPBIBHON MPOIIE Iy PhI
CTOXACTHIECKONM ONTUMHUBAINK B CJIydae HEIOCPEJICTBEHHON 3aBUCUMOCTHA (DYHKIIUNUA PErPECCUn
OT BJIMSAHUS BHEITHEN CPeIbl, KOTOPAasl OIUCHIBAETCS MAPKOBCKUMU IepeKIrodeHnsMu. 11pu exc-
IIOHEHIINAJIbHOI yCTONYMBOCTHU YCPEJHEHHOH 110 CTAIlMOHapHOMY PacCIIPe/IeJIeHUI0 MaPKOBCKOI'O
IIPOIECCA IBOIONMOHHON CUCTEMBI TIOJTYIE€HO JIOTIOJTHUTE/ILHBIE YCA0BUs HA (DYyHKINIO JIamyHo-
Ba YCPETHEHHON YHCTO I'PaJIMEHTHON CUCTEMBIL.

Introduction. The investigations of Robbins and Monroe are dedicated to stochastic appro-
ximation procedure for solving the regression equation. Kiefer and Wolfowitz [1| have pro-
posed the stochastic approximation procedure to find the maximum point of the regression
function when the explicit form of the function is previously unknown in assuming that
extremum point is unique. In [2] have been proved the convergence of procedures in conti-
nuous and discrete cases by imposing conditions on the regression function and by using the
properties of functions such as Lyapunov functions.

In this article it has been investigated the continuous stochastic optimization procedure
of the maximum point uy € R? search of the regression function C(u,z) which directly
depends on the external environment with Markov switching [3]. The convergence of the
proposed procedure has been proved by using the coupled Markov process generator and its
asymptotic representation of perturbed Lyapunov function.

1. Problem definition and designation. Let C(u,z),u € R, — a regression function,
which reaches a maximum in the point ug, vy € R%. The second component z of the regression
function characteristic describes the influence of external factors that are described by evenly
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ergodic Markov processes xz(t),t > 0, in the dimensional phase states space (X, X). The
Markov process generator is defined by the relation:

Qul) = 4(z) / P, dy) [o(y) — o)),

X

on the characteristic Banach space B(X) of real bounded limited continuous functions
o(z),z € X, with the norm

i)l = sup ()]

where P(x, B),z € X, B € X — the stochastic kernel [4], ¢(z) = g7 (2), g(z) = EO,, ©, —
the sojourn time of Markov process in state x.

The stationary distribution 7(B), B € X of Markov process x(t),t > 0 is determined by
the relations

r(de)q(x) = qp(dz), q = / r(dz)q(x),

X

where p(dz) — stationary distribution of the embedded Markov chain xz(n),n > 0. For the
generator () of the Markov process z(t),t > 0, the potential is determined by the relation
Ry =11 — (I1+ Q) ', where Ilp(z) = [, m(dx)p(z) is the projection on the zeros subspace
of the operator Q: Ng = {¢: Q¢ = 0} [3].

The continuous stochastic optimization procedure of the regression functions C'(u, x) is
set in ergodic Markov environment by the stochastic differential equation:

dus (t) = a(t) VO (us (1), 2(t/e))dt, (1)

uz+7x) _ C(u;>x)
20(t)

where V,C(u, z) = {C(

e; =(0,...,1,0,...,0)
For the average regression function

v :m}, u* = u; £ b(t)es, i = 1,4,

C(u) = /ﬂ(dx)C’(u,a:)

X

consider the gradient evolutionary system

du 0C (u)

% — grad C(u),grad C(u) - { au’t 7Z' — 17 d} (2>

2. The convergence of the stochastic optimization procedure.

Theorem 1. Let the Lyapunov function V(u),u € R® for the averaged system (2) satisfy
the conditions

C1: (the exponential stability of the evolution system (2)) C'(u)V'(u) < —coV (u), co > 0;
C2: |V'(u)| <e1(1+V(w)),e1 > 0;
C3: |V,C (u, 2)Ro[VoC(u, 2)V' (w))| < ea(1+ V(w)), o > 0, C(u,z) := C(u,z) — C(u).
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The regression function C(u,z) according to evolution u satisfies the global Lipschitz
condition

C4: |VC(u) — C'(u)| < esb(t),c5 > 0.

The functions a(t),b(t),t > 0 satisfy the convergence conditions of the stochastic optimiza-
tion procedure:

+o00 +oo
C5: [ a(t)dt = oo, [ a(t)b(t)dt < oo, a(t) >0, b(t) > 0.

0 0

Then for each initial value u®(0) € R® the stochastic optimization procedure (1) at
arbitrary ¢ < €y, €y — sufficiently small, coincides with probability 1 with the maximum
point ug.

Theorem 2. Let the Lyapunov function V(u),u € R¢ for the averaged system (2) satisfy
the conditions

C1: (the exponential stability of the evolution system (2)) C'(u)V'(u) < —coV (u), ¢y > 0;

C2: |[V'(u)| < en(14+V(u)),c1 > 0;

C3: |VoC(u, ) Ro[VC(u, )V (W)]| < e(1 4+ V(u)), 2 > 0 ,C(u, z) := C(u,z) — C(u).
The regression function C(u,z) according to evolution u satisfies the global Lipschitz
condition

C4: |V,C(u) — C'(u)] < e3b?(t), c3 > 0.

The functions a(t),b(t),t > 0 satisfy the conditions of the convergence of the stochastic
optimization procedure

C5: [ alt)dt = oo, [ a(t)p2(t)dt < ooa(t) > 0, b(t) > 0.

Then for each initial value u®(0) € RY the stochastic optimization procedure (1) at
arbitrary ¢ < €y, €9 — sufficiently small, coincides with probability 1 with the maximum
point ug.

Firstly, for proving Theorem 1, we construct the stochastic optimization procedure ge-
nerator and exact its asymptotic representation.

3. The properties of the procedure generator.
Lemma 1. The coupled Markov process generator
us(t),z; = z(t/e),t >0 (3)
on the Banach space B(R?, X) real-valued functions ¢(u,r) € C*°(R?, X) a presented
Lip(u,2) = = Qp(u, 2) + al(t) Vs Clu)ip(u, ),

where V,C(u)p(u, z) = VO (u, )¢l (u, x).



104 U. T. KHIMKA, YA. M. CHABANYUK

Proof. Let exact the conditional expectation of test functions p(u,z) € C*°(R? X)
Blp(u(t +A), 2 0) [u5(t) = uw, 27 = 2] = Bupp(u(t + A), 27,0) =

t+A
= Eu.0(u —{—/t a(s)VyC(u(s), (s/e))ds, x)I(© > e *A)+

t+A
+E, 2p(u —{—/t a(s)VyC(us(s),x(s/€))ds, 24, a) (O < et A) + o(A).

The distribution function of the sojourn time ©, in the state x has the exponential
distribution, i.e. there are representations

1

10, > e 'A) == 1@2 =1 _ c1y(2)A + o(A),
and 1(0, < e TA) =1 — ¢ @A = =~ 1g(2)A + o(A), where q(z) — intensity [4].
According to the Taylor formula, for the test function o(u,z) € C?°(R%, X) we get
A
plut [ al)TC(s), ols/))ds,x) = o)+
t+A :
+o,, (u, x)/ a(s)VyC(us(s), x(s/€))ds = o(u, ) + Vi,C(u, 2) g, (u, x)a(t)A + o(A).
t

Thus,

Eyolp(u,x) + a(t)VyC(u, 2)¢l, (u, 1) A][1 — e q(2) A + o(A) ]+
By lp(u, a5, 0) + a(t)VyC (u, 2) @), (u, 7, ) Al[e ™ g(2) A + o(A)] =
= ¢(u, ) + a(t)VoC(u, ©) iy, (u, ) A — e q(x) By pp(u, 1) A
—e'q(z)(a(t) EuxVeC(u, )@, (u, ) A?) + o(A) + e 'q(@) By po(u, 75 A) A + 0(A) =

= o(u, 7) + a(t) VoC(u, ), (u, ) A + e g() A / Pz, dy)lp(u,y) — p(u, 2)] + o(A). (4)

From (4) we obtain the Markov process (3)

] 1 i }
Ltgp(uv ZL’) = ilinm ZEu,x(SO(u (t + A)v xt—&—A) - SO(UW [E)) =

= 'Qo(u, ) + a(t)ViC(u, 2)¢., (u, ).

Let the perturbed Lyapunov function have the form
VE(u,z) = V(u) +ea(t)Vi(u, v), (5)
where V(u) € C3(R?) — the Lyapunov function of the averaged system (2).

Lemma 2. Let the generator L is on the perturbed Lyapunov function V¢(u, z), then
LiVE(u,z) = a(t)LV (u) + ca®(t)O(z)V (u),
where the marginal generator is LV (u) = V,C(u)V'(u), and the remainder

Ou(2)V (1) = V,C (u, 2) Ro[VoC'(u, )V ()]
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Proof. The generator L; on the perturbed Lyapunov function (5) is represented as
LiVe(u,z) = [e7'Q + a(t)V, C(2)] [V (u) + ca(t)Vi(u, z)] = (6)
= 'QV(u) + a(t)QVi(u, x) + a(t)V, C(z)V (u) + ca®(t)V, C(x)Vi(u, z).
Considering the solvability conditions QV (u) = 0 of the singular perturbation problem (6),
we get
a(DQVi(,2) + a())V,C @)V () = aft) [QVi(u.2) + Yy C()V (w)] = alt) LV ()
where the boundary operator L is represented as LV (u) = V,C(u)V'(u).
Thus, for the perturbed Lyapunov function V; we get [4] V1 = RoV,C(u, 2)V'(u). Con-
sequently,
ea*(t)V,C(2)Vi(u, z) = ea*(t)V,C(x) [Rovbé(:v)‘/(u)] =
= £a®(t)VyC(u, 2) Ro [V C (u, 2) V' (u)]

So, the remainder has the form O;(z)V (u) = V,C(u, z)Rg [ng'(u, SL’)V’(U)],.
Thus, LV (u,z) = a(t)LV (u) + ea®(t)O(z)V (u). O

4. Proof of the theorems. From the theorem condition C1 we get the estimation
ViC(u)V'(u) < —coV(u) — [C'(u) — VuC(uw)]V'(u),
and from the conditions C2-C5 we get the estimates of the remainder ©;(x)V (u) as
[©:(2)V (u)] < e(1+V(u)).
Then
LVe(u,2) < —a(t)eoV(u) + (ea®(t)es — csa(t)b(t))(1 + V(u)). (7)

From (7) and the theorem about the convergence of Nevelson-Khasminsky stochastic
approximation procedure (|2], ¢.100) we receive the statement of Theorem 1.

The proof of Theorem 2 is realized according to the proof scheme of Theorem 1 taking
into account conditions C'4 and C'5 of Theorem 2.
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