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For a group G, we introduce and study the packing and covering spectra Pack(G) and
Cov(@) as the sets of all possible packing and covering numbers of subsets of G. We show that
|S| € Cov(G) for every finite subgroup S of G, and k € Cov(G) for every infinite group G and
every cardinal x such that 1 < x < |G| and |[G]<x| < |G|. We calculate or evaluate the packing
and covering numbers of subsets of certain combinatorial size. The paper contains also six open
problems.

1. B. IIporacoB. ¥Ynaxosku u nokpuimus: HeKOmMOPbie PE3YALMAMDL U OMKPOIMbLE NPOOAEMDL
// Mar. Cryaii. — 2010. — T.33, Ne2. — C.115-119.

Hast rpynmel G MBI BBOJUM U U3ydaeM CHeKTp yrakoBkn Pack(G) m cnekTp TOKPBITHIA
Cov(G) KaK MHOXKECTBa BCEX BO3MOMKHBIX UHCeJ YIIAKOBKU U UUCEJ TIOKPBITHI [OJIMHOKECTB
B G. MbI mokaseiBaeM, 4to |S| € Cov(G) st kaxkioit KonewHoit moarpymnsl S B G, u Kk €
Cov(G) ms xkax/10it 6eckoHeIHOM rpynnbl G U KaxK0ro KapAuHaia £ Takoro, 91o 1 < k < |G|
1 |[G]<k| < |G|. MBI BbIMHC/IsIEM NN OIEHUBAEM YHCJIA YIIAKOBKU WJIM YHCJIA TOKPLITHI MOJI-
MHOYKECTB OIIPEEJIEHHOr0 KOMOGHHATOPHOrO pasMepa. CTaTbs COLEPXKUT TAKIKe IIIeCTh OTKPBI-
TBIX MIPOOJIEM.

Given a subset A of a group G, the packing number pack(A) and the covering number
cov(A) are defined as

pack(A) = sup{|S|: S C A, {sA: s € A} is disjoint },
cov(A) = min{|S|: S C A,G = SA}.

We introduce the packing spectrum Pack(G) and the covering spectrum Cov(G):

Pack(G) = {pack(A): A C G},
Cov(G) = {cov(A): A C G}.

For every infinite Abelian group G, the set Pack(G) was described by N. Lyaskovska [7].
By this description, k € Pack(G) for every infinite cardinal k, 1 < k < |G| and k ¢ {2, 3}.
For the packings of a group by translation of its subset see papers [1-3] or the survey [9].

The paper consists of three sections. In the first section, for a subgroup S of G, we
study the packing and covering numbers of S-transversals, and show that |S| € Pack(G)
and |S| € Cov(G) for every finite subgroup S of G. In the second section, we prove that

2000 Mathematics Subject Classification: 05D05, 06E15, 20A05, 20F99.

(©1. V. Protasov, 2010



116 I. V. PROTASOV

k € Cov(G) for every infinite group G and every cardinal x such that 1 < k < |G| and
[[Gl<x| < |G|, where |[G]<x| = {X C G:|X| < k}. In the third section, we calculate or
evaluate the packing and covering numbers of subsets of certain combinatorial size. We put
also six open questions uniformly distributed between the sections.

1. Packing and covering numbers of transversals. Let S be a subgroup of a group G.
It is easy to see that pack(S) = cov(S) = |G: S| so |G: S| € Pack(G) and |G: S| € Cov(G).
In this section we consider the question whether |S| € Pack(G) and |S| € Cov(G).

For a subgroup S of a group G, by left(right) S-transversal, we mean a system of
representatives of the family of all left(right) cosets of G by S.

Proposition 1. Let S be a subgroup of a group GG, L and R be left and right transversals.
Then
pack(L) < |S|, cov(L) > |S|, pack(R)>|[S|, cov(R)<|S]|.

Proof. Since |gL N S| = 1 for every g € G, we have pack(L) < |5], cov(L) > |S|. Since
the family {sR: s € S} is disjoint and G = |J{sR: s € S}, we have pack(R) > |5,
cov(R) < |S]. O

The following theorem shows that pack(L) and cov(L) (pack(R) and cov(R)) could take
the opposite values.

Theorem 1. Let G be a free group in the alphabet A, |A| > 1, B be a nonempty subset
of A, B # A, S be a subgroup of G generated by B. Then there exist the left and right
S-transversals L and R such that

pack(L) =1, cov(L)=|G|, pack(R)=|G|, cov(R)=2.

Proof. We denote by R’ the set of all (reduced) group words in A with the first letter from
(A\ B)*!, and put R = R'U{@}, where @ is the empty word. Clearly, R is an S-transversal.
We choose a € A\ B, b € B. Then G = RUaR, thus cov(R) = 2. Let X be a subgroup of
G generated by the subset bAb™!. Then X N RR™! = {&} because either first or last letter
of every non-empty word from RR™! belongs to (A \ B)*!, but the first and the last letters
of every word from X are in {b,b7'}. It follows that the family {zR: x € X} is disjoint,
therefore pack(R) > |X| = |G|.

We put L = R~! and note that L is a left S-transversal. Denote by G the set of all group
words whose last letter is b. Since the last letter of every non-empty word from L belongs to
(A\ B)*!, necessary condition for gl,l € L, to have last letter b is that g can be presented
as ¢ = ¢’bl~!, which can be done in finite number of ways, precisely not more than length
of g. Thus, gL N G} is finite for every g € G. Hence, cov(L) > |Gy| = |G|. Let g1, g2 be
distinct elements from G. We choose a non-empty word g € L such that the first letter of ¢
differs from the last letters of ;' and g, '. Then g;'g € L, g5'g € L so g;L N goL # & and
pack(L) = 1. O

Theorem 2. Let S be a subgroup of a group G. If S is either normal or finite then |S| €
Pack(G) and |S| € Cov(G).

Proof. In view of Proposition 1, it suffices to point out a joint left and right S-transversal. If
S is normal then every left S-transversal is also a right S-transversal. By [8, Theorem 7.4.4],
for every finite subgroup S, there is a joint S-transversal. O]
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Problem 1. Is it true that [Ry, G] C Pack(G) for every infinite group G7

Problem 2. Let G be an infinite group. Does Pack(G) contain all but finitely many finite
cardinals?

By [7], for Abelian groups, the answers to both questions are positive.
The covering variants of these questions will be considered in next section.

2. Covering spectrum.

Theorem 3. Let G be an infinite group, x be a cardinal such that 1 < k < |G| and
|[G]<x| < |G|. Then k € Cov(G).

Proof. For k = 1, the statement is trivial so let k > 1. We put v = |[G]-,| and enumerate
the set [G]<, = {Xa: a < v}. We fix a subset S of G such that S = k end e € S where e is
the identity of G. Since v < |G|, we can choose inductively the elements {g,: @ < Kk} of G
such that the family {SX,g.: o < v} is disjoint. We put

A=G\ | Xago,
a<v

and show that cov(A) = k.

Let us suppose that cov(A) < k, therefore G = Y A for some Y € [G].,. Then there exists
a < v such that Y = X !. Since g, € Y X,9gq4, We see that g, ¢ Y A. Hence, cov(A) > k.

On the other hand, we fix @ < v and take an arbitrary element x € X,,. Since |S| > | X, |,
we have Szg, \ Xaga € A and zg, € S7'A. Since e € S™!, we obtain A C S~ A. Tt follows
that G = S™'A and cov(A) < k. O

Theorem 4. For every infinite Abelian group G, we have
Cov(G) = [1,|G]].

Proof. We take an arbitrary cardinal x € [1,|G|]. If & is finite, we apply Theorem 3. If & is
infinite, we choose a subgroup S of G of cardinality , and apply Theorem 2. n

Problem 3. Is it true that Cov(G) = [1, |G|] for every infinite group G?

Let S be a subset of an amenable group G with finite cov(S), p be a Banach measure
on G. Then p(S) > m, thus pack(S) < cov(S). By Theorem 3, the packing spectrum of
any infinite group contains all finite cardinals.

Problem 4. Is a group G amenable provided that pack(S) < cov(S) for every subset S of
G with finite pack(S)?

Remark 1. Let G be a countable amenable group. By [5, Theorems 5.2 and 5.3|, there
exists a subset of S of G such that p(S) > 3 and p(KS) < 1 for some Banach measure £ on
G and any finite subset K of G. Then pack(S) = 1 but cov(S) = N,.

3. Packings, coverings and combinatorial size. By the combinatorial size of a subset
A of a group G we mean (see [9] or [11, Chapter 9]) some (mainly, cardinal) characteristic
which reflects the arrangement of A in G.

Let G be an infinite group with the identity e, x be an infinite cardinal, k < |G|. We say
that a subset A of G is
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e r-large if there exists F' € [G]<, such that G = F'4;

e r-smallif L\ A is k-large for every k-large subset L;

o k-thick if, for every F' € [G]y, there exists a € A such that Fa C A;
o r-thinif |gAN A| < k for every g € G, g # ¢;

In the case kK = Ny, we omit k and write, say, thin instead of Ny-thin.

Clearly, A is k-large if and only if cov(A) < k.

It is easy to see that a subset A of G is k-small if and only if G \ F'A is k-large for every
F € [G]<x. Thus, a subgroup A is k-small if and only if k < |G: A|.

If k is regular then every x-thin subset is k-small but (in contrast to x-small subsets)
cov(A) = cf|G| for every k-thin subset A of a group G.

Theorem 5. Let G be an infinite group, k be a cardinal such that k < |G|, A be a k-thin
subset of G. If k < |G| then cov(A) = |G|. If k = |G| then cov(A) > cf|G].

Proof. Let k < |G| but there exists a subset S of G such that G = SA and |S| < |G|. On
one hand, |A| = |G|. On the other hand, we take an arbitrary element g € G\ S. Since
gA =U{gANsA: s € S} and |[s'gA N A| < k, we see that |A| < max{|S],x} < |G|, hence
we get a contradiction.

Let k = |G| but there exists a subset S of G such that |S| < ¢f|G| and G = SA.
Then |A| = |G|. We take an arbitrary element g € G \ S. Since gA = U{gAN sA: s € S},
|lgAN sA| < k and |S| < c¢f|G|, we have |A| < |G]. O

For a natural number k, it is more convenient to say that a subset A of G is k-thin if
lgAN A| < k for every g € G, g # e.

A subset A of a group G is called self-linked if pack(A) = 1, equivalently, gA N A # &
for every g € G (or G = AA™1).

Problem 5. Has every infinite group G a 2-thin self-linked subset? Under some additional
assumptions on G (in particular, if G is Abelian), this is so [4], [6].

Can R be partitioned in X, thin subsets? By [10], Yes under C'H, and No under ~C'H.

Problem 6. Can R be partitioned in ¥y subsets such that each subset of the partition is
k-thin for some k? Does there exist k € N such that R can be partitioned in Ny k-thin

subsets? Can R be partitioned in Ry subsets linearly independent over Q (each such subset
is 1-thin)?

It follows from corresponding definition, that every s-thick subset A of a group G is
self-linked, i.e. pack(A) = 1.

Theorem 6. For every infinite group G of regular cardinality k, there exists a k-thick subset
A such that cov(A) = k.

Proof. Let {go: @ < Kk} be a numeration of G, gy be the identity of G, G, = {g,: v < a}.
Then we choose inductively elements {z,: @ < k} and {y,: o < Kk} such that

Yo ¢ U{GaGWQW: v < K}
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for every a < k. We put

A= U GaTq.

a<k

Let F' be a subset of G such that |F| < k. Then F' C G, for some a < k so Fz, C A

and A is x-thick.

Let us assume that cov(A) < x and choose a subset F, |F| < k such that G = FA. We

pick a < k such that F' C G,. By the choice of y,, yo ¢ F'A and we get a contradiction.

10.
11.

[]
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