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ON EQUIVALENCE FOR SUBSPACES OF ONE WEIGHTED HARDY
SPACE

V. Dilnyi. On equivalence for subspaces of one weighted Hardy space, Mat. Stud. 33 (2010),
T71-77.

Equivalence is established of subspaces of one exponential-weighted space Hardy in half-
plane and of classes of entire functions belonging to L? on all half-lines with the exception of
a semi-strip.

B. H. dnasuetii. 06 5%6u6aAeHMHOCTIU NOONPOCTAPAHCTG 00HO20 6€C06020 TPOCTPAHCMEL X ap-
du // Mar. Crynii. — 2010. — T.33, Ne1. — C.71-77.

YcraHoBI€HA IKBABAJIEHTHOCTh MEXKIY ITOAMPOCTPAHCTBAMH OJITHOI'O €KCIIOHEHIIHATHHO-Be-
COBOTO TTPOCTPAHCTBA Xapay B MOJIYILIOCKOCTH W KJIACCAMY TIEIBIX (DYHKIUH, MPUHAIIEXKATIIN-
Mu L? Ha BCeX MOIyNPAMBIX, KOTOPBIE He IIePEeCeKaloT MOJIYIOI0CY.

Let the Hardy space HP(C,),1 < p < +oo, be the class of analytic in
C; = {#: Rez > 0} functions f for which

+oo
sup /If(93+iy)|pdy < +o0.
z>0

The following Paley-Wiener theorem [7] plays the fundamental role in the Hardy space
theory.

Theorem P.-W. The function

G(z) = z\/lﬁ / g(w)e*dw

belongs to H*(C, ) if and only if g € L?*(—00;0).
Let H?(C,),1 < p < 4+00,0 > 0, be the class of analytic in C, functions f for which

+o0
sup /|f(rew)|pep"rlsmwd7’ < +00.
0

lol<F

In the case 0 = 0 A. Sedletskii proved [10] that the space H2(C.) is equal to the Hardy
space HP(C,). Also let the Wiener space be the class of entire functions f of exponential
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type < o for which f € L*(R). The Wiener space is a subset (see [4]) of H2(C,). The space
HP(C,) was studied in [13], [14]. In this papers it is shown that the functions f € H?(C,)
have almost everywhere (a.e.) on dC, the angular boundary values which will be denoted
by f and f(iy)e W € LP(—o0; +00). Further, let EP[D,] and EP[D,],1 < p < +o00,0 > 0,
be the spaces of analytic functions respectively in the domains D, = {z: Imz| < 0, Rez < 0}
and D* = C\D,, for which

1/p

sup /|f(z)|p|dz| < foo,
v

where supremum is taken over all segments ~ that lay respectively in D, and D?. The spaces
EP[D,] and E?[D,| were studied in [12]. In this article it has been shown that the functions
f in these spaces have a. e. on 0D, the angular boundary values which will be denoted by
f(2) and f € LP[OD,]. It is obvious that f € E?[D,] if and only if f belongs to the Hardy
spaces H? in the half-planes C,, {z: Imz > ¢} and {z: Imz < —o}. The following result
was proved by B. Vynnytskyi (=Vinnitskii=Vinnitsky) (see [12]).

Theorem V. The function

1
2T

G(z) = / g(w)edw, (1)

0Ds

belongs to H2(C, ) if and only if g € E?|D,] and the dual formula

1 e —zw
g(w) = E/o G(z)e "dux, Rew >0 (2)

is valid.

The purpose of this paper is to prove two theorems about H2(C,) and some spaces of
entire functions.

Theorem 1. The function G defined by (1) belongs to H2(C,),o > 0, and
In |G(z)|

if and only if g € E*[D,] and g is an entire function.
Theorem 2. The function G defined by (1) belongs to H*(C,),o > 0, and

(Je1 € R) : G(z) exp (2?021112 - 012> € H*(C,) (4)

if and only if g € E*[D,], g is an entire function and
(3c € R) : g(w)exp (—ce 2 ) € E*[D,]. (5)

We remark that formula (4) is received in [11] as a condition of completeness of a functi-
onal system in H2(C,).
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Proof of Theorem 1. Necessity. Let g € E2[D,] be an entire function. Then g is an analytic
function in each closed rectangle My, k < 0, where My = {z: z € D,,Re z > k}. By the
Cauchy formula we obtain

/ g(w)e*™dw =0,k < 0,
oMy,

then by Theorem V
1

2T

G(z) = / g(w)e*dw. (6)
D\ My,
From the last formula we obtain

1 1
|G ()| = \/_2_7r / lg(w)]e™|dwl :\/—2_7T(]1+12+13), z2=x+1iy, w=u+iv,

Do\ M),

for x > 0. Then, by the Schwarz inequality,

i k k 1/2
h= [lstu—ioledns | [low—ioPau- [e] s
0 1/2
e?xk exk
< —io)*du - < Com—
= /'g(u io)fdu- 5| Sazm
analogously
/ e:ck
Further

[

I, = / lg(k 4 iv)|e™dv < H[lax ] {lg(k +iv)|} emk/dv < J(k)e®,
ve|—0o,0

where J(k) = 2o max {|g(t +iv)|: v € [-o;0],t € [k;0]},k < 0. If sup,o{J(k)} < +oo,
then the function g belongs to the Hardy spaces in the both domains D, and D?. Then g =0
and by (1) G = 0, hence the theorem is proved. On the other hand from the nonincreasity
of J we have limy__, J(k) = +o00. Let J; be defined on the intervals of decreasing of
J as Jy = J. Then the inverse function J; of the function —.J increases on (—o0;0) and

lim Ji(s) = —oo. Since k in (6) is an arbitrary negative number, we can choose k = J;(—x),
then I, < J(J1(—x))e1(=2) = zem1=7) Hence |G (z)| < cyze™ =% 2 > 1, and we obtain
In|G
lim InjG ()l = lim Ji(—x) = —o0.
Tr——+00 €T Tr——+00

Sufficiency. Let G € H2(C,). Then from Theorem V the function g defined by (2) belongs to
E2?[D,]. From formula (3) we obtain that the integral in the right-hand side of (2) converges
uniformly on any compact subset of C., hence g is an entire function.

Theorem 1 is proved. Il
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For the proof of Theorem 2 we need some auxiliary results.
Lemma 1. If f is an analytic function in D,, has a.e. on 0D, the angular boundary values,

f € LP[0D,],1 < p < +o0, and

sup /|f(u—|—z'v)|pdv < 00,

u€(—00;0)

then f € E?[D,].

Proof. Function f has the angular boundary values a. e. on OMy, k < 0 from inside My,
f € LP[OMy]. Hence [8, 7.1 and 6.4] by the Cauchy integral formula we obtain

1 ft)
= —dt, M,,.
flw) = 2mi t—w we
oMy,
From the estimate
kf(k—i‘ls / k—i‘ZS)’ ds p /|fk’—|—l8 |d8<
s R
o 1/p
Cy . Cs
< k Pd <
S T— /\f( +is)[Pds ST —
by tending £ to —oco we obtain
1 ft)
= — dt D,.
f(w) 271 / t— we
oD,
It means (see [12]) that f € EP[D,].
The lemma is proved. Il

The following result can be considered as an analogue to the Phragmen-Lindelof theorem
for the half-strip.

Lemma 2. If f is an analytic function in D,, has a.e. on 0D, the angular boundary values,

f e LPOD,],1 <p< +oo, and

(Ve >0): sup / | f(u+1v)|P exp <—€6_% cos ;T—U> dv p < 400,
o

u€(—00;0)

then f € EP[D,].
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Proof. Let f.(w) = f(w)exp (—ee~ 2= ). Then | f-(u+iv)[? = | f(u+iv)[P exp (—ee~ 2= cos 32).
Hence by the condition of the lemma f. € EP[D,]. From this we obtain (see [12])

1/p

w3 [1nturiopart <8 [ if@plael b <
u€(—00;0) i NS
1/p
/ | f(w)|P|dw| < g < +00.
By the Fatou lemma
|f u+w)Pdv <lim [ |f(u+ iv)|Pdv,
e—0
then from Lemma 1 we have f € EP[D,].
The lemma is proved. Il

Proof of Theorem 2. Necessity. Let g € E?[D,] be an entire function. Then representation
(1) is valid. Suppose that ¢ > 0 in (5) (in the other case g = 0 as in the proof of Theorem
1), then gi(w): = g(w)exp (—ce 27 ) € E*[D,]. Hence by (6) for k < 0 we obtain

|G(z)] = \/%_W / g1(w) exp (ce_%) e dw| <

(Da\Mk>

1

U U
< [ lnwlexp (o cos 3T ) ldu =
2 20

0(Do\M})

k

1 A ]
= —_27T / ‘91(16 - ZO')| eumdu + / ‘gl(k + Z’(})‘ exp (Cefﬁ CcOS %) ekxd’l}—}—

+/|gl(u+i0)|e"$du <

1/2

/ lg1(u — io)|* du + exp (ce’%) e /20 x

| /\

1/2 0 1/2

‘ kx
x /\gl(k+iv)\2dv 4+ /|gl(u+i0)|2du
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The latter is a consequence of the Schwarz inequality. If k£ = —2?" Inz, then

c 20 20
|G(x)| < \/—% exp (—?xlnx> + cge® exp (—7xlnx) <

20
< cge® exp (——xlnx) yr > 1.
T

“exp (—22z1Inz) . Obviously ¢ € L?(9C,) and for all € > 0 we have

Let ¢(z): e~
:+00) and by Theorem V we obtain G € HZ(C, ), hence for all v € (1;2]

— G(»
P(x)e = € L*(0;

(Ve > 0): sup /W) re'? } exp (—ere?) dr p < 4o0.
lel<3

From a Phragmen-Lindeldf type theorem for half-plane |5, [15] we obtain ¢ € H*(C, ). This
means

G(z)e” exp <2—Uzlnz) € H*(C,),
m

and formula (4) is valid.
Vice versa, let G € H2(C,) and (4) is valid. Then by Theorem V equality (2) is valid for all
w € C;. Let G1(2) = G(2) exp (2zInz — cz) € H*(C,) for some ¢ > 0. Then after change

of the line of integration from {x: z > 0} to {t exp <—%: t> 0)} we obtain

“+o0

1 (w—c)m 20 (w—c) (w—c)m
w)| = — G (te_ 20 >6X ——tlnte_%) e 2 dt| <
o)l == [ G (-2
0
_ (w— C)ﬂ') _ (w=o)m
e

+
1 /‘G th /
- — 1 20 20 .
V2
0
_(u—o)m 1 40' _ (u—o)m VT
<cpole Tz exp|=In|—e 2 cos— | |-
2 ™ 20
40 _(uw-ox T 1/2
-exp(exp|In| —e 20 cos— | —1 .
T 20

The latter estimate follows from [2, p.326]. Then we have

Zum 120 _@-or UT
|g(w)| S Clle g eXp —_——e 20 cOoS — .
e m 20

The function go(w) = g(w)exp (—clge’%), where ¢1p = Z—Ze%, satisfies the conditions of
Lemma 2 because go € L? (0D,). Then g, € E*[D,], hence condition (5) is valid for ¢ = ¢1s.
Theorem 2 is proved. [
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