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In this paper we discuss asymptotic properties of evolution system �uctuations with Markov
impulsive perturbations. Under the balance conditions, normalized �uctuation converges weak-
ly to the di�usion process with Wiener perturbations. To achieve this we construct a generator
for the limit process solving the singular perturbation problem for the original system and
taking into account the asymptotic normality of impulsive perturbation.

Ñ. À. Ñåìåíþê, ß. Ì. ×àáàíþê. Ôëóêòóàöèè ýâîëþöèîííîé ñèñòåìû ñ ìàðêîâñêèìè èì-

ïóëüñíûìè âîçìóùåíèÿìè // Ìàò. Ñòóäi¨. � 2009. � Ò.32, �2. � C.198�204.

Èññëåäîâàíû àñèìïòîòè÷åñêèå ñâîéñòâà ôëóêòóàöèé ýâîëþöèîííûõ ñèñòåì ñ ìàðêîâ-
ñêèìè èìïóëüñíûìè âîçìóùåíèÿìè. Ïðè âûïîëíåíèè óñëîâèé áàëàíñà óñòàíîâëåíà ñëàáàÿ
ñõîäèìîñòü íîðìèðîâàííîé ôëóêòóàöèè ê äèôôóçèîííîìó ïðîöåññó ñ âèíåðîâñêèìè âîç-
ìóùåíèÿìè. Äëÿ ðåøåíèÿ ïðîáëåìû ñèíãóëÿðíîãî âîçìóùåíèÿ äëÿ èñõîäíîé ñèñòåìû ñ
ó÷åòîì àñèìïòîòè÷åñêîé íîðìàëüíîñòè èìïóëüñíûõ âîçìóùåíèé ïîñòðîåí ãåíåðàòîð ïðå-
äåëüíîãî ïðîöåññà.

Introduction. A phase averaging algorithm for random evolutions is based on approximate
equality of initial and averaged evolutional systems ([1]). Thus there arises a problem of
studying such evolution �uctuations. In particular, in [2] the behavior of the di�usive evoluti-
onal system �uctuations with the Markov switching was investigated, where the function of
speed has a singular perturbative element with a small parameter. Fluctuations behavior is
very important during establishment of convergence speed of di�usive approximation of the
evolutional stochastic systems in the scheme of averaging and with di�usive perturbation in
the scheme of series ([3]), and also at establishment of asymptotic normality of stochastic
approximation procedure ([4]).

1. Problem statement and notations. Consider the evolution system

duε(t) = C(uε(t), x(t/ε4))dt+ εdηε(t), uε(t) ∈ R, (1)

where a Markov process x(t), t ≥ 0, in the standard phase space (X, X) is de�ned by the
generator

Qϕ(x) = q(x)
∫
X

P (x, dy) [ϕ(y)− ϕ(x)] , ϕ ∈ B(X),

here B(X) is the Banach space of real bounded functions with supremum-norm ‖ϕ‖ =
maxx∈X |ϕ(x)|. A uniformly ergodic embedded Markov chain xn = x(τn), n ≥ 0, with stati-
onary distribution ρ(B), B ∈ X , is de�ned by the stochastic kernel P (x,B), x ∈ X,B ∈ X .
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A stationary distribution π(B), B ∈ X , of the Markov process x(t), t ≥ 0, is de�ned by the
representation

π(dx)q(x) = qρ(dx), q =
∫
X

π(dx)q(x).

Denote by R0 potential operator of the generator Q([1]): R0 = Π − (Π + Q)−1, where
Πϕ(x) =

∫
X
π(dy)ϕ(y) is the projector on the zeros subspace NQ = {ϕ : Qϕ = 0} of the

operator Q.
An impulsive perturbation process (IPP) ηε(t), t ≥ 0, is de�ned by the representation

ηε(t) =

t∫
0

ηε(ds;x(t/ε4)); (2)

where the family of independed increment processes ηε(t, x), t ≥ 0, x ∈ X, is de�ned by the
generators

Γε(x)ϕ(w) = ε−4

∫
R

[ϕ(w + ε2v)− ϕ(w)]Γ(dv;x), x ∈ X. (3)

Let also the following balance conditions take place:

Πb1(x) =

∫
X

π(dx)b1(x) = 0; b1(x) =

∫
R

vΓ(dv;x). (4)

2. Impulse process characteristics.

Theorem 1. Under the balance condition (4) the weak convergence takes place ηε(t) →
η0(t), ε→ 0. The limit process η0(t) is de�ned by the generator Γϕ(w) = 1

2
Bϕ′′(w), where

B = B1 +B2; B1 = 2Πb1(x)R0b1(x) = 2
∫
X

π(dx)b1(x)R0b1(x);

B2 = Πb2(x) =
∫
X

π(dx)b2(x); b2(x) =
∫
R

v2Γ(dv;x).

The limit process η0(t) can be written in the exact form η0(t) = σW (t), where σ2 = B
and W (t) is the Wiener process.

Lemma 1. In an asymptotic representation of the family of independent increment processes
ηε(t, x), t ≥ 0, x ∈ X, the generator on test functions ϕ(w) ∈ C3(R) has the form

Γε(x)ϕ(w) = ε−2Γ1(x)ϕ(w) + Γ2(x)ϕ(w) + γε(x)ϕ(w), (5)

where
Γ1(x)ϕ(w) = b1(x)ϕ′(w); Γ2(x)ϕ(w) = 1

2
b2(x)ϕ′′(w),

and the remainder term has the form ‖γε(x)ϕ(w)‖ → 0 while ε→ 0; ϕ(w) ∈ C3(R).

Proof. Let us transform the generator (3) using the Taylor decomposition of the function
ϕ(w):

Γε(x)ϕ(w) = ε−4
∫
R

[ϕ(w + ε2v)− ϕ(w)]Γ(dv;x) =

= ε−4
∫
R

[ϕ(w + ε2v)− ϕ(w)− ε2vϕ′(w)− 1
2
ε4v2ϕ′′(w)]Γ(dv;x)+

+ε−2b1(x)ϕ′(w) + 1
2
b2(x)ϕ′′(w) = ε−2b1(x)ϕ′(w) + 1

2
b2(x)ϕ′′(w) + γε(x)ϕ(w).

Taking into account that γε(x)ϕ(w) = O(ε2), ϕ(w) ∈ C3(R) we obtain representation (5).
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Lemma 2. A generator of the two-component Markov process ηε(t), x(t/ε4), t ≥ 0, has the
form

Γ̂ε(x)ϕ(w, x) = ε−4Qϕ(w, x) + ε−2Γ1(x)ϕ(w, x) + Γ2(x)ϕ(w, x) + γε(x)ϕ(w, x), (6)

where the operators Γ1(x),Γ2(x) are de�ned in Lemma 1, and the remainder term is such
that ‖γε(x)ϕ(w, x)‖ → 0 as ε→ 0, ϕ(w, ·) ∈ C3(R).

Proof. The proof is constructed using the generator de�nition of generator and the processes
ηε(t) and representation x(t/ε4) of generator.

The truncated generator has the form

Γε0(x)ϕ(w) = ε−4Qϕ(w, x) + ε−2Γ1(x)ϕ(w, x) + Γ2(x)ϕ(w, x). (7)

Lemma 3. Under the balance condition (4), the singular perturbation problem for the
truncated operator (7) on the test functions ϕε(w, x) = ϕ(w) + ε2ϕ2(w, x) + ε4ϕ0(w, x) has
the solution of the form

Γε0(x)ϕε(w, x) = Γϕ(w) + ε2θεη(x)ϕ(w), (8)

where the remainder term θεη(x)ϕ(w) is such that |θεη(x)ϕ(w)| ≤ C <∞, ϕ(w) ∈ C3(R).

The limit generator Γ is de�ned by the formula

ΓΠ = ΠΓ2(x)Π + ΠΓ1(x)R0Γ1(x)Π. (9)

Proof. Let us collect the similar terms with respect to ε in order to prove equality (8)

Γε0(x)ϕε(w, x) = ε−4Qϕ(w) + ε−2[Qϕ2(w, x) + Γ1(x)ϕ(w)] + [Qϕ0(w, x) + Γ1(x)ϕ2(w, x)+

+Γ2(x)ϕ(w)] + ε2[Γ1(x)ϕ0(w, x) + Γ2(x)ϕ2(w, x)] + ε4Γ2(x)ϕ0(w, x).

Since ϕ(w) does not depend on x, we see that Qϕ(w) = 0,⇔ ϕ(w) ∈ NQ. The following
equation can be solved under the balance condition: (4) Qϕ2(w, x) + Γ1(x)ϕ(w) = 0. That
is why

ϕ2(w, x) = R0Γ1(x)ϕ(w). (10)

Using (10) we can bring the equation

Qϕ0(w, x) + Γ1(x)ϕ2(w, x) + Γ2(x)ϕ(w) = Γϕ(w)

to the form

Qϕ0(w, x) + Γ1(x)R0Γ1(x)ϕ(w) + Γ2(x)ϕ(w) = Γϕ(w).

We can obtain the limit process Γ in the form (9) using the solution condition of the last
equation. Then

ϕ0(w, x) = R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ]ϕ(w), (11)

and taking into account that R0Γ = 0, we obtain ϕ0(w, x) = R0[Γ1(x)R0Γ1(x) + Γ2(x)]ϕ(w).
Using (10) and (11) we can bring all other terms to the form

ε2[Γ1(x)ϕ0(w, x) + Γ2(x)ϕ2(w, x)] + ε4Γ2(x)ϕ0(w, x) = ε2[Γ1(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)]+

+Γ2(x)R0Γ1(x)]ϕ(w) + ε4Γ2(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)]ϕ(w) = ε2θεη(x)ϕ(w).

We can prove that θεη is bounded on the functions ϕ(w) ∈ C3(R) using the form of operators
Γ1(x), Γ2(x) and R0.
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Proof. The proof uses Lemma 3 and Theorem 2.1 in [6].

3. Fluctuation of evolution system. It can be shown that the solution of the evolution
system (1) converges to the equilibrium point u0 = 0 of the average system ([6])

dû(t)

dt
= Ĉ(û(t)), Ĉ(u) =

∫
X

π(dx)C(u, x). (12)

Such an equilibrium point exists under the balance condition

ΠC(0, x) =

∫
X

π(dx)C(0, x) = 0. (13)

Let us consider normed �uctuations of the initial system:

vε(t) = ε−1 [uε(t)− εηε(t)] . (14)

Theorem 2. Under the balance conditions (4), (13) and convergence conditions of the
initial system (1), weak convergence takes place (vε(t), ηε(t))→ (ζ(t), σW (t)), t > 0, ε→ 0.
The limit process (ζ(t), σW (t)) is de�ned by the generator Lϕ(v, w) = c(v + w)ϕ′v(v, w) +
1
2
Bϕ′′w(v, w), where

c =
∫
X

π(dx)C ′(0, x);

and also σ2 = B; W (t) denotes the Wiener process.

The limit process ζ(t) satis�es the stochastic di�erential equation

dζ(t) = c [ζ(t) + σW (t)] dt. (15)

Lemma 4. Normed �uctuation (14) satis�es the di�erential equation

dvε(t) = Cε(εz, x(t/ε4))dt, (16)

where Cε(v, x) = ε−1C(v, x), z = v + w, v = vε(t), w = ηε(t).

Proof. To obtain (16) we need to di�erentiate (14) using (1).

Remark 1. The normed �uctuation vε(t) produces associated determinated evolutions
Vw,x(t): dVw,x(t) = Cε(ε(Vw,x(t) + w), x)dt with the semigroup generators

Cε,V (w, x)ϕ(v) = ε−1C(w, x)ϕ′(v). (17)

Lemma 5. A generator of the three component Markov process

vε(t), ηε(t), x(t/ε4) = xεt , t ≥ 0 (18)

has the form

Lεϕ(v, w, x) =
[
ε−4Q+ Γε(x) + Cε(εz, x)

]
ϕ(v, w, x), (19)
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Proof. Let us denote x(t/ε4) = xt, v
ε(t) = vt, η

ε(t) = wt and then calculate the conditional
mathematical expectation:

E[ϕ(vε(t+ ∆), ηε(t+ ∆), x((t+ ∆)/ε4))− ϕ(vε(t), ηε(t), x(t/ε4))|vε(t) = v, ηε(t) = w,

x(t/ε4) = x] = E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, w, x)] = E[ϕ(vt+∆, wt+∆, xt+∆)−
−ϕ(v, wt+∆, xt+∆)] + E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)].

Then we can use the de�nition of the generator of Markov process (18)

Lεϕ(v, w, x) = lim
∆→0

1

∆
E[ϕ(vε(t+ ∆), ηε(t+ ∆), x((t+ ∆)/ε4))− ϕ(vε(t), ηε(t), x(t/ε4))|

vε(t) = v, ηε(t) = w, x(t/ε4) = x] = lim
∆→0

1

∆
E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, w, x))] =

= lim
∆→0

1

∆
E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, wt+∆, xt+∆)]+

+ lim
∆→0

1

∆
E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)]. (20)

Since

lim
∆→0

1

∆
E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, wt+∆, xt+∆)] = Cε,V (εz, x)ϕ(v, w, x),

lim
∆→0

1

∆
E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)] = ε−4Qϕ(v, w, x) + Γε(x)ϕ(v, w, x),

from (20) we obtain (19).

Lemma 6. An asymptotic decomposition of the generator Lε on the test functions
ϕ(v, w, ·) ∈ C2,3(R×R) has the following form:

Lεϕ(v, w, x) =
[
ε−4Q+ ε−2Γ1(x) + ε−1C(x)+ C1(x) + Γ2(x) + θεL(x)]ϕ(v, w, x), (21)

where

C(x)ϕ(v, w, x) = C(0, x)ϕ′v(v, w, x); C1(x)ϕ(v, w, x) = zC ′(0, x)ϕ′v(v, w, x), z = v + w,
(22)

and the remainder term is such that ‖θεD(x)ϕ(v, w, x)‖ → 0 while ε → 0, ϕ(v, w, ·) ∈
C2,3(R×R).

Proof. We obtain (21) after Taylor decomposition of the function C(u, x) on the �rst variable
for the generator (17).

The truncated operator has the form

Lε0 = ε−4Q+ ε−2Γ1(x) + ε−1C(x) + C1(x) + Γ2(x). (23)

Let us solve the singular perturbation problem for the generator (23) on the test functions

ϕε(v, w, x) = ϕ(v, w) + ε2ϕ2(v, w, x) + ε3ϕ1(v, w, x) + ε4ϕ0(v, w, x).
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Lemma 7. Under the conditions of the theorem, the singular perturbation problem for the
truncated operator (23) has the solution in the form

Lε0ϕ
ε(v, w, x) = Lϕ(v, w) + εθε0(x)ϕ(v, w), (24)

where the remaining term θε0(x) is such that |θε0(x)ϕ(w)| ≤ C <∞, ϕ(w) ∈ C3(R).

The limit generator L is de�ned by the equality

LΠ = ΠC1(x)Π + ΠΓ0(x)Π + ΠΓ1(x)R0Γ1(x)Π. (25)

Proof. Let us collect the similar terms with respect to ε in order to prove equality (24):

Lε0ϕ
ε(v, w, x) = ε−4Qϕ(v, w) + ε−2[Qϕ2(v, w, x) + Γ1(x)ϕ(v, w)]+

+ε−1[Qϕ1(v, w, x) + C(x)ϕ(v, w)] + [Qϕ0(v, w, x) + Γ1(x)ϕ2(v, w, x)+

+(C1(x) + Γ2(x))ϕ(v, w)] + ε[Γ1(x)ϕ1(v, w, x) + C(x)ϕ2(v, w, x)]+

+ε2[Γ1(x)ϕ0(v, w, x) + C(x)ϕ1(v, w, x) + (C1(x) + Γ2(x))ϕ2(v, w, x)]

+ε3[C(x)ϕ0(v, w, x) + (C1(x) + Γ2(x))ϕ1(v, w, x)] + ε4[(C1(x) + Γ2(x))ϕ0(v, w, x)].

Since ϕ(u,w) does not depend on x, we obtain Qϕ(v, w) = 0,⇔ ϕ(v, w) ∈ NQ. The following
equation can be solved under the balance condition (4): Qϕ2(v, w, x) + Γ1(x)ϕ(v, w) = 0.
That is why

ϕ2(v, w, x) = R0Γ1(x)ϕ(v, w). (26)

The following equation can be solved under the balance condition (13)

Qϕ1(v, w, x) + C(x)ϕ(v, w) = 0.

Thus
ϕ1(v, w, x) = R0C(x)ϕ(v, w). (27)

Using (26) and (27) we can bring the equation

Qϕ0(v, w, x) + Γ1(x)ϕ2(v, w, x) + (C1(x) + Γ2(x))ϕ(v, w) = Lϕ(v, w),

to the form

Qϕ0(v, w, x) + [C1(x) + Γ2(x) + Γ1(x)R0Γ1(x)]ϕ(v, w) = Lϕ(v, w).

We can obtain the limit process L in the form (25) using the solution condition of the last
equation. Then

ϕ0(v, w, x) = R0[C1(x) + Γ2(x) + Γ1(x)R0Γ1(x)− L]ϕ(v, w) (28)

and taking into account that R0L = 0, we obtain

ϕ0(v, w, x) = R0[C1(x) + Γ2(x) + Γ1(x)R0Γ1(x)]ϕ(v, w) = L̃ϕ(v, w).

Using (26)�(28), we can bring all the other terms to the form:

ε[Γ1(x)R0C(x) + C(x)R0Γ1(x)]ϕ(v, w)+

ε2[Γ1(x)L̃+ C(x)R0C(x) + (C1(x) + Γ2(x))R0Γ1(x)]ϕ(v, w)

ε3[C(x)L̃+ (C1(x) + Γ2(x))R0C(x)]ϕ(v, w) + ε4[(C1(x) + Γ2(x))L̃]ϕ(v, w) = εθε0(x)ϕ(v, w).

We can show that the operator θε0(x) on the functions ϕ(v, w) ∈ C3(R) is bounded using the
form of the operators Γ1(x), Γ2(x), C(x), C1(x) and R0.
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Proof of Theorem. Let us calculate the right part of (25) using (22). In this case, we obtain

Lϕ(v, w) = [ΠC1(x) + ΠΓ2(x) + ΠΓ1(x)R0Γ1(x)]ϕ(v, w) =

∫
X

π(dx)(v + w)C ′(0, x)

ϕ′v(v, w) +
1

2

∫
X

π(dx)b2(x)ϕ′′w(v, w) +

∫
X

π(dx)b1(x)R0b1(x)ϕ′′w(v, w).

And in the �nal result we obtain Lϕ(v, w) = c(v + w)ϕ′v(v, w) + 1
2
Bϕ′′w(v, w). To complete

the proof use Theorem 2.1 in [6].

4. Conclusions. Fluctuations similar to [2] of the evolution system with Markov asymptoti-
cally normal perturbations are described by the solution of the evolution equation (15), where
the perturbation is de�ned by the Wiener process with de�ned dispersion. Fluctuations of
the evolution system decays with growth of time under the stability conditions of the average
system (12) and additional condition c < 0.
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