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New description of the exceptional set in Borel's relation between the logarithms of the
maximum modulus and of the maximal term of the multiple Dirichlet series with upper bound
on the growth is obtained.

Ä. Þ. Çèêðà÷, Î. Á. Ñêàñêèâ. Îá îïèñàíèè èñêëþ÷èòåëüíîãî ìíîæåñòâà â ñîîòíîøåíèè

Áîðåëÿ äëÿ öåëûõ êðàòíûõ ðÿäîâ Äèðèõëå ñ îãðàíè÷åíèåì íà ðîñò ñâåðõó // Ìàò. Ñòóäi¨.
� 2009. � Ò.32, �2. � C.139�147.

Ïîëó÷åíî íîâîå îïèñàíèå èñêëþ÷èòåëüíîãî ìíîæåñòâà â ñîîòíîøåíèè Áîðåëÿ ìåæäó
ëîãàðèôìàìè ìàêñèìóìà ìîäóëÿ è ìàêñèìàëüíîãî ÷ëåíà öåëîãî êðàòíîãî ðÿäà Äèðèõëå
ñ îãðàíè÷åíèåì íà ñêîðîñòü ðîñòà ñâåðõó.

1. Íåïîêðàùóâàíiñòü îïèñó âèíÿòêîâî¨ ìíîæèíè. Äëÿ a = (a1, a2, . . . , ap) ∈ Cp i
b = (b1, b2, . . . , bp) ∈ Rp

+, p ∈ N, âæèâàòèìåìî òàêi ïîçíà÷åííÿ

〈a, b〉 = a1b1 + . . . apbp, |b| =
√
b2

1 + · · ·+ b2
p, ‖b‖ = b1 + . . .+ bp,

äå R+ = (0,+∞).
Íåõàé L � êëàñ äîäàòíèõ íåïåðåðâíèõ íà [0,+∞) ôóíêöié ψ(t) òàêèõ, ùî

ψ(t) → +∞ (t → +∞). ×åðåç L+ ïîçíà÷èìî ïiäêëàñ L, â ÿêèé âõîäÿòü çðîñòàþ÷i
ôóíêöi¨.

Íåõàé Λp = (λn)+∞
‖n‖=1 � ôiêñîâàíà ïîñëiäîâíiñòü òàêà, ùî λn = (λ

(1)
n1 , . . . , λ

(p)
np ) äëÿ

n = (n1, . . . , np) ∈ Zp
+ i 0 ≤ λ

(j)
k ↑ +∞ (k → +∞) äëÿ âñiõ 1 ≤ j ≤ p. Äëÿ Λp = (λn)

âèçíà÷èìî ëi÷èëüíó ôóíêöiþ n0(t) =
∑
‖λn‖≤t 1, t > 0.

×åðåç H(Λp) ïîçíà÷èìî êëàñ öiëèõ ðÿäiâ Äiðiõëå (àáñîëþòíî çáiæíèõ â Cp, p ≥ 1)

F (z) =
+∞∑
‖n‖=0

Fne
〈z,λn〉, z ∈ Cp, (1)

òàêèõ, ùî ]{n ∈ Zp
+ : Fn 6= 0} = +∞.

Äëÿ ôóíêöi¨ F ∈ H(Λp) òà x ∈ Rp
+ ââåäåìî ïîçíà÷åííÿ

M(x, F ) = sup{|F (x+ iy)| : y ∈ Rp
+}, M(x, F ) =

∑+∞
‖n‖=0 |Fn|e〈x,λn〉,

µ(x, F ) = max{|Fn|e〈x,λn〉 : n ∈ Zp
+}.
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Îñêiëüêè µ(x, F ) ≤ M(x, F ) ≤ M(x, F ) äëÿ êîæíîãî x ∈ Rp
+, òî íå çìåíøóþ÷è

çàãàëüíîñòi, ïðè âèâ÷åííi ðiçíîìàíiòíèõ ñïiââiäíîøåíü ìiæ µ(x, F ) òà M(x, F ) çàìiñòü
êëàñó H(Λp) äîñèòü ðîçãëÿíóòè éîãî ïiäêëàñ H+(Λp), â ÿêèé âõîäÿòü öiëi ðÿäè Äiðiõëå
âèãëÿäó (1) ç Fn ≥ 0 (n ∈ Zp

+).
Äëÿ α > 1 i âèìiðíî¨ ìíîæèíè E ⊂ Rp

+ âèçíà÷èìî

τα(E) :=

∫
E

dx1 · · · dxp
|x|α−1

.

Â [1] îòðèìàíî òàêèé îïèñ âèíÿòêîâî¨ ìíîæèíè â ñïiââiäíîøåííi Áîðåëÿ äëÿ äîâiëü-
íîãî p ∈ N, p ≥ 2.
Òåîðåìà À. Íåõàé p ≥ 2. Äëÿ òîãî, ùîá ∀F ∈ Hp

+(Λ) ñïiââiäíîøåííÿ

lnM(x, F ) = (1 + o(1)) lnµ(x, F ) (2)

âèêîíóâàëîñÿ ïðè |x| → +∞ (x ∈ K\E), äåK äîâiëüíèé äiéñíèé êîíóñ â Rp
+ ç âåðøèíîþ

ó ïî÷àòêó êîîðäèíàò O òàêèé, ùî K \ {O} ⊂ Rp
+ i ìíîæèíà E ⊂ Rp

+ òàêà, ùî

τp(E ∩ Rp
+) < +∞, (3)

íåîáõiäíî i äîñèòü

+∞∫
lnn0(t)

t2
dt < +∞. (4)

Äëÿ p = 2 òâåðäæåííÿ, ïîäiáíå äî òåîðåìè À, äîâåäåíå â [3], à äëÿ äîâiëüíîãî p ≥ 2
çi ñëàáøèì îïèñîì âèíÿòêîâî¨ ìíîæèíè E â [2, 5, 6].

Îïèñ (3) âåëè÷èíè âèíÿòêîâî¨ ìíîæèíè E ó òåîðåìi À íå ìîæíà ïîêðàùèòè â íà-
ñòóïíîìó ñåíñi.

Òâåðäæåííÿ 1. Äëÿ êîæíî¨ ôóíêöi¨ h ∈ L+ iñíóþòü ïîñëiäîâíiñòü Λp = (λn)+∞
n=1, ÿêà

çàäîâîëüíÿ¹ óìîâó (4), ôóíêöiÿ F ∈ H+(Λp), ñòàëà d > 0 i âèìiðíà ìíîæèíà E ⊂ Rp
+

òàêi, ùî:

1. (∀ x ∈ E) : lnM(x, F ) ≥ (1 + d) lnµ(x, F );

2.

∫
E

h(|x|)dx1 . . . dxp
|x|p−1

= +∞.

Äîâåäåííÿ. Ó ñòàòòi [4] òâåðäæåííÿ 1 äîâåäåíî äëÿ p = 1. Âëàñíå, òàì äîâåäåíî,

ùî (∀h0 ∈ L+) (∃λ(1)
n :

∑+∞
n=0

1

nλ
(1)
n

< +∞) (∃f(t) =
∑+∞

n=0 ane
tλ

(1)
n , f ∈ H(Λ1)) (∃E0 ⊂

[0; +∞), E0 =
⊔+∞
k=1(rk, r

∗
k), rk < r∗k < rk+1(k ∈ N)) (∃d > 0) :

1. (∀t ∈ E0) : ln f(t) > (1 + d) lnµ(t, f);

2.
∫
E0∩[0;+∞)

h0(t)dt = +∞.

Ðîçãëÿíåìî ðÿä Äiðiõëå

F (x1, . . . , xp) =
+∞∑
j=0

aje
‖x‖λ(1)

j .
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Çðîçóìiëî, ùî F ∈ H+(Λp), ïðè öüîìó ïîñëiäîâíiñòü Λp = (λn), äå λn = (λ
(1)
n1 , . . . , λ

(1)
np ),

n = (n1, . . . , np), çàäîâîëüíÿ¹ óìîâó (4). Òîäi äëÿ âñiõ rk ≤ ‖x‖ ≤ r∗k :

lnF (x1, . . . , xp) ≥ (1 + d) lnµ(‖x‖, f) = (1 + d) lnµ(x1, . . . , xp, F ).

Ïîçíà÷èìî E =
⋃+∞
k=1{(x1, . . . , xp) ∈ Rp

+ : rk ≤ ‖x‖ ≤ r∗k}, g(ϕ1, . . . , ϕp−1) := cosϕp−1 +
sinϕ1 . . . sinϕp−1 +

∑p−1
m=2 cosϕm−1

∏p−1
i=m sinϕi, A = max{g(ϕ1, . . . , ϕp−1) : ϕi ∈ [0, π

2
], i ∈

{1, . . . , p− 1}}. Òîäi A ∈ (0,+∞) i äëÿ ôóíêöi¨ h ∈ L+

∫
E

h(|x|)
|x|p−1

dx =
+∞∑
k=1

∫
rk≤‖x‖≤r∗k

h
(√

x2
1 + . . .+ x2

p

)
(x2

1 + . . .+ x2
p)

p−1
2

dx1 . . . dxp =

=
+∞∑
k=1

π
2∫

0

dϕ1

π
2∫

0

sinϕ2dϕ2 . . .

π
2∫

0

sinp−2 ϕp−1dϕp−1

r∗k
g(ϕ1,...,ϕp−1)∫

rk
g(ϕ1,...,ϕp−1)

h(ρ)dρ =

=
+∞∑
k=1

π
2∫

0

π
2∫

0

sinϕ2 . . .

π
2∫

0

sinp−2 ϕp−1

r∗k∫
rk

h

(
t

g(ϕ1, . . . , ϕp−1)

)
dt

dϕ1 . . . dϕp−1

g(ϕ1, . . . , ϕp−1)
≥

≥ 1

A

+∞∑
k=1

π
2∫

0

dϕ1

π
2∫

0

sinϕ2dϕ2 . . .

π
2∫

0

sinp−2 ϕp−1dϕp−1

r∗k∫
rk

h
( t
A

)
dt =

=
C

A

+∞∑
k=1

r∗k∫
rk

h(t/A)dt =
C

A

∫
E0

h(t/A)dt.

Çàëèøà¹òüñÿ âèáðàòè íà ïî÷àòêó äîâåäåííÿ h0(t) = h(t/A). Öå çàâåðøó¹ äîâåäåííÿ
òâåðäæåííÿ 1.

2. Êðàòíi ðÿäè Äiðiõëå ç îáìåæåííÿì íà çðîñòàííÿ çâåðõó. Íåõàé Φ ∈ L+.
Âèçíà÷èìî êëàñ

L1(Φ) =
{
ψ ∈ L : lim

t→+∞

1

t

∫ Φ(t)

0

du

ψ(u)
= 0
}
.

Ââåäåìî ïîçíà÷åííÿ

H(Λp,Φ) = {F ∈ H(Λp) : ln M(x, F ) = O(|x|Φ(|x|))(|x| → +∞)}.

Ó âèïàäêó p = 1 ç ðåçóëüòàòó, äîâåäåíîãî â ñòàòòi [9] âèïëèâà¹, ùî ÿêùî Φ ∈ L+, F ∈
H(Λ1,Φ) i äëÿ j = 1 âèêîíó¹òüñÿ óìîâà

(∀η > 0) : lim
R→+∞

1

R

∑
λ
(j)
k ≤ηΦ(R)

1

kλ
(j)
k

= 0, (5)

òî ñïiââiäíîøåííÿ (2) ñïðàâäæó¹òüñÿ ïðè x→ +∞ (x ∈ [0,+∞)\E), E � äåÿêà ìíîæèíà
íóëüîâî¨ ëiíiéíî¨ ùiëüíîñòi

DE : = lim
R→+∞

1

R
meas(E ∩ [0, R]) = 0.
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Äëÿ R > 0 ïîçíà÷èìî Bp(R) = {x ∈ Rp
+ : |x| ≤ R}. Ó âèïàäêó p = 2 â ñòàòòi [8] ó

ïiäêëàñi

H0(Λ2) = {F ∈ H(Λ2) : (∃ρ > 0)[ln M(x, F ) = O(eρ|x|)(|x| → +∞)]}
äîâåäåíî òàêó òåîðåìó.

Òåîðåìà Â. Íåõàé F ∈ H0(Λ2). Ñïiââiäíîøåííÿ (2) âèêîíó¹òüñÿ ïðè |x| → +∞ (x ∈
K\E) äëÿ êîæíîãî êóòàK ç âåðøèíîþ ó ïî÷àòêó êîîðäèíàò O òàêîãî, ùîK\{O} ⊂ R2

+,

äå ìíîæèíà E òàêà, ùî ïðè p = 2

τp(E ∩Bp(R)) = o(Rp−1) (R→ +∞), (6)

òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà (5) ïðè j = 1 i j = 2.

Â [11] âèñëîâëþâàëàñÿ ãiïîòåçà, ùî îïèñ (6) âèíÿòêîâî¨ ìíîæèíè ó ñïiââiäíîøåííi
Áîðåëÿ ¹ ïðàâèëüíèì i íåïîêðàùóâàíèì ó êëàñi H(Λp,Φ) äëÿ äîâiëüíèõ p ≥ 1 i ôóí-
êöi¨ Φ ∈ L+. Íàñòóïíà òåîðåìà ìiñòèòü òâåðäæåííÿ ãiïîòåçè ó ÷àñòèíi, ùî ñòîñó¹òüñÿ
âñòàíîâëåííÿ âêàçàíîãî òàì îïèñó âèíÿòêîâî¨ ìíîæèíè.

Òåîðåìà 1. Íåõàé Φ ∈ L+ i F ∈ H(Λp,Φ). ßêùî âèêîíó¹òüñÿ óìîâà

(∀η > 0)(∀1 ≤ j ≤ p) : lim
R→+∞

1

R

∑
0<λ

(j)
k ≤ηΦ(R)

1

kλ
(j)
k

= 0, (7)

òî ñïiââiäíîøåííÿ (2) âèêîíó¹òüñÿ ïðè |x| → +∞ (x ∈ K\E) äëÿ êîæíîãî êîíóñà

K ⊂ Rp
+ ç âåðøèíîþ â ïî÷àòêó êîîðäèíàò O òàêîãî, ùî K\{O} ⊂ Rp

+, äå ìíîæèíà E
òàêà, ùî âèêîíó¹òüñÿ (6).

Äëÿ äîâåäåííÿ íàì áóäóòü ïîòðiáíi òàêi ëåìè.

Ëåìà 1 ([6]). Íåõàé g0(t) � äîäàòíà äèôåðåíöiéîâíà íåñïàäíà íà R ôóíêöiÿ, à ψ �

äîäàòíà íåïåðåðâíà íà R ôóíêöiÿ òàêà, ùî
+∞∫
−∞

dt
ψ(t)

= A < +∞, i E =
{
t ∈ R : g′0(t) ≥

ψ(g0(t))
}
. Òîäi

meas1(E ∩ [r, R]) ≤
g0(R)∫
g0(r)

dt

ψ(t)
, −∞ < r < R < +∞.

Ëåìà 2 ([12]). Íåõàé E � íåîáìåæåíà ìíîæèíà íà R+, ϕ, ψ ∈ L+ � òàêi ôóíêöi¨, ùî

A1(R) =
1

ϕ(R)

R∫
dψ−1(t)

t
= o(1) (R→ +∞, R ∈ E),

à òàêîæ t = o(ψ(tϕ(t))) (t→ +∞), òîäi

A2(R) =
1

ϕ(R)

Rϕ(R)∫
dx

ψ(x)
= o(1) (R→ +∞, R ∈ E).

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi ïðèïóñòèìî, ùî ψ−1(1) = 0, à òàêîæ, ùî

A1(R) =
1

ϕ(R)

R∫
0

dψ−1(t)

t
, A2(R) =

1

ϕ(R)

Rϕ(R)∫
0

dx

ψ(x)
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Çàóâàæèìî ñïî÷àòêó, ùî

A3(R) =
1

ϕ(R)

R∫
1

ψ−1(t)

t2
dt = −ψ

−1(R)

Rϕ(R)
+

1

ϕ(R)

R∫
1

dψ−1(t)

t
≤ A1(R). (8)

Íåõàé 0 < ε < 1 � äîâiëüíå. Ðîçãëÿíåìî ìíîæèíè

E1 = {R ∈ E : ψ(Rϕ(R)) > R}, E2 = E\E1, E3 = {R ∈ E1 : ψ(εRϕ(R)) > R}.

Îñêiëüêè,

A2(R) =
1

ϕ(R)

Rϕ(R)∫
1

dx

ψ(x)
=

1

ϕ(R)

ψ(Rϕ(R))∫
1

dψ−1(t)

t
,

òî

A2(R) ≤ A1(R) (R ∈ E2). (9)

Äëÿ R ∈ E1\E3 ìà¹ìî

A2(R) =
R

ψ(Rϕ(R))
+

1

ϕ(R)

ψ(Rϕ(R))∫
1

ψ−1(t)

t2
dt ≤

≤ R

ψ(Rϕ(R))
+ A3(R) +

1

ϕ(R)

ψ(Rϕ(R))∫
ψ(εRϕ(R))

ψ−1(t)

t2
dt.

Àëå

1

ϕ(R)

ψRϕ(R))∫
ψ(εRϕ(R))

ψ−1(t)

t2
dt ≤ R

(
1

ψ(εRϕ(R))
− 1

ψ(Rϕ(R))

)
.

Òîìó

A2(R) ≤ A3(R) +
R

ψ(εRϕ(R))
(R ∈ E1\E3). (10)

ßêùî æ R ∈ E3, òî, îñêiëüêè
1

ϕ(R)

ψ(εRϕ(R))∫
R

ψ−1(t)

t2
dt ≤ εR

(
1

R
− 1

ψ(εRϕ(R))

)
, çíîâó

ìà¹ìî

A2(R) ≤ A3(R) +
R(1− ε)
ψ(εRϕ(R))

+ ε (R ∈ E3). (11)

Îá'¹äíóþ÷è íåðiâíîñòi (9)�(11), îòðèìó¹ìî A2(R) ≤ A3(R)+
R(1− ε)
ψ(εRϕ(R))

+ε (R ∈ E).

Çàëèøèëîñü çàóâàæèòè, ùî R = o(ψ(εRϕ(R))) (R → +∞) òà çàñòîñóâàòè (8). Çàâäÿêè

äîâiëüíîñòi ε > 0, ëåìó äîâåäåíî.
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Äîâåäåííÿ òåîðåìè 1. Íåõàé F ∈ H(Λp,Φ). Çàóâàæèìî ñïî÷àòêó, ùî ç îãëÿäó íà óìî-
âó (7), ó ïîäàëüøèõ ìiðêóâàííÿõ ìîæåìî íå çìåíøóþ÷è çàãàëüíîñòi ââàæàòè, ùî
ln M(x, F ) ≤ |x|Φ(|x|)(|x| ≥ c0). Çàçíà÷èìî, ùî n0(t) =

∑
‖λn‖<t 1 ≤ n1(t) · . . . · np(t), äå

nj(t) =
∑

λ
(j)
k <t

1 � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (λ
(j)
k )+∞

k=1 j-òèõ êîìïîíåíò âåêòîðíî¨

ïîñëiäîâíîñòi (λn). Íåõàé n∗j ∈ L+(j ∈ {1, . . . , p}) òàêi, ùî nj(t) ≤ n∗j(t) ≤ nj(t) + 1(j ∈
{1, . . . , p}).

Îñêiëüêè, 1
n
≥ ln(1 + 1

k
) = ln(k + 1)− ln k, òî

∑
0<λ

(j)
k ≤ηΦ(t)

1

kλ
(j)
k

≥
∑

0<λ
(j)
k ≤ηΦ(t)

ln(k + 1)− ln(k)

λ
(j)
k

=

ηΦ(t)∫
0

d lnnj(u)

u

Îòæå,

(∀j ∈ {1, . . . , p})(∀η > 0) : lim
t→+∞

1

t

ηΦ(t)∫
0

d lnnj(u)

u
= lim

t→+∞

1

t

ηΦ(t)∫
0

d lnn∗j(u)

u
= 0. (12)

×åðåç ϕ ïîçíà÷èìî îáåðíåíó ôóíêöiþ äî ôóíêöi¨ Φ. Òîäi ç (12) äëÿ n∗j(t) :=
∏p

j=1 n
∗
j(t)

îòðèìó¹ìî

(∀b > 0) : lim
t→+∞

1

ϕ(bt)

t∫
0

d lnn∗0(u)

u
= lim

t→+∞

1

ϕ(bt)

p∑
j=1

t∫
0

d lnn∗j(u)

u
= 0.

Ç äîâåäåííÿ òåîðåìè 6 ç [7] âèïëèâà¹, ùî ìîæíà âèáðàòè òàêó ôóíêöiþ c(t) ↑ +∞ (t→
+∞), ùî

(∀b > 0) : lim
t→+∞

1

ϕ(bt)

t∫
0

d(c(u) lnn∗0(u))

u
= 0. (13)

Íåõàé ψ−1(t) = c(t) lnn∗0(t), òîäi lnn0(t) ≤ lnn∗0(t) = o(ψ−1(t))(t→ +∞) i

(∀b > 0) : lim
t→+∞

1

ϕ(bt)

t∫
0

dψ−1(u)

u
= 0. (14)

Ç óìîâè (13) âèáîðó c(t) âèïëèâà¹, ùî

(∀b > 0) : lim
t→+∞

c(t) lnn∗0(t)

tϕ(bt)
= lim

t→+∞

ψ−1(t)

tϕ(bt)
= 0.

Íåõàé òåïåð b = 1. Çà ëåìîþ 2 ç (14) îòðèìó¹ìî

lim
t→+∞

1

ϕ(t)

tϕ(t)∫
dx

ψ(x)
= 0. (15)

Äëÿ ôiêñîâàíîãî x0 ðîçãëÿíåìî ôóíêöiþ g(t) = ln M(tx0), t > 0. Â [1] äîâåäåíî, ùî
iñíó¹ x∗ : = inf{inf{xj : x = (x1, . . . , xj, . . . , xp), |x| = 1, x ∈ K} : 1 ≤ j ≤ p}, x∗ > 0 òàêå,
ùî äëÿ |σ| = 1, σ ∈ K, t > 0 ïðàâèëüíà íåðiâíiñòü

M(x, F ) ≤ 2µ(x, F )n0

(2g′(t)

x∗

)
. (16)
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Ïîçíà÷èìî E(x0) =
{
x = tx0 : t > 0, 2

x∗
g′(t) > ψ(g(t))

}
äëÿ ôiêñîâàíîãî x0 ∈ K i

E =
⋃

|x0|=1, x0∈Rp+

E(x0).

Îñêiëüêè ([1]), g′(t) → +∞ (t = |x| → +∞, x = tx0, x ∈ K) ðiâíîìiðíî ïî x0 ∈
K, |x0| = 1, òî ç (16) îòðèìà¹ìî ïðè t = |x| → +∞ (x ∈ K \ E, x = tx0)

ln M(x, F ) ≤ ln 2 + lnµ(x, F ) + lnn0

( 2

x∗
g′(t)

)
= lnµ(x, F ) + o

(
ψ−1

( 2

x∗
g′(t)

))
≤

≤ lnµ(x, F ) + o(ψ−1(ψ(ln M(x, F )))) = lnµ(x, F ) + o(ln M(x, F )).

Çâiäñè, íåãàéíî îòðèìó¹ìî, ùî (2) âèêîíó¹òüñÿ ïðè |x| → +∞ (x ∈ K \ E).
Íåõàé S1 = {x ∈ K : |x| = 1}. Ïðîâåäåìî îöiíêó âèíÿòêîâî¨ ìíîæèíè E

τp(E ∩Bp(R)) =

∫
S1

( ∫
E(x0)∩[0,R]

dt

)
ds ≤ 2

x∗

∫
S1

( ∫
E(x0)∩[0,R]

g′(t)

ψ(g(t))
dt

)
ds ≤

≤ 2

x∗

∫
S1

( g(R)∫
g(0)

du

ψ(u)

)
ds ≤ 2

x∗

(√π
2

)p−2 Γ(p−1
2

) . . .Γ(1)

Γ(p
2
) . . .Γ(3

2
)

RΦ(R)∫
0

du

ψ(u)
= C

RΦ(R)∫
0

du

ψ(u)
.

Îòæå, ç (15) îòðèìó¹ìî

lim
R→+∞

1

R
τp(E ∩Bp(R)) ≤ C lim

R→+∞

1

R

RΦ(R)∫
0

du

ψ(u)
= C lim

R→+∞

1

ϕ(R)

Rϕ(R)∫
du

ψ(u)
= 0,

òîáòî âèêîíó¹òüñÿ (6). Òåîðåìó 1 äîâåäåíî.

Íàñòóïíà òåîðåìà âêàçó¹ íà íåîáõiäíiñòü óìîâè (7).

Òåîðåìà 2. Äëÿ êîæíî¨ ïîñëiäîâíîñòi Λp = (λn) òàêî¨, ùî iñíóþòü η > 0, j (1 ≤ j ≤ p) :

lim
R→+∞

1

R

∑
0<λ

(j)
k ≤ηΦ(R)

1

kλ
(j)
k

> 0, lim
k→+∞

ln k

λ
(j)
k

( ∑
0<λ

(j)
l ≤λ

(j)
k

1

lλ
(j)
l

)
= 0, (17)

iñíóþòü ôóíêöiÿ F ∈ Hp(Λ,Φ), ñòàëà h > 0, ìíîæèíà E ⊂ Rp
+ òàêi, ùî

lim
R→+∞

τp(E ∩Bp(R))

R
> 0

i äëÿ êîæíîãî x ∈ E âèêîíó¹òüñÿ

lnM(x, F ) ≥ (1 + h) lnµ(x, F ). (18)

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæàòèìåìî, ùî óìîâè (17) âèêîíóþòüñÿ ïðè
j = 1. Òîäi ïåðøà óìîâà ç (17) åêâiâàëåíòíà äî óìîâè

(∃η > 0) : lim
T→+∞

1

ϕ(Tη)

∑
0<λ

(1)
k ≤T

1

kλ
(1)
k

> 0.

Òåïåð çàñòîñó¹ìî òåîðåìó 2 ç [9]. Çà öi¹þ òåîðåìîþ iñíóþòü ñòàëà d > 0, öiëèé ðÿä

Äiðiõëå f1(x1) =
+∞∑
k=1

f
(1)
k ex1λ

(1)
k òàêèé, ùî |f (1)

k | ≤ e−λ
(1)
k ϕ(ηλ

(1)
k ), òà ìíîæèíà E(1) ⊂ (0,+∞)

òàêà, ùî DE ≥ C > 0, äëÿ ÿêèõ âèêîíó¹òüñÿ

ln f1(x1) > (1 + d) lnµ(x1, f1), x1 ∈ E(1). (19)
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Îñêiëüêè

lnµ(x1, f1) ≤ max{−λ(1)
k ϕ(ηλ

(1)
k ) + x1λ

(1)
k , n > 0} ≤ max{−tϕ(ηt) + x1t, t > 0} =

= max{−tΦ−1(ηt) + x1t, t > 0} = max
{
− 1

η
Φ(u)u+

x1

η
Φ(u), u > 0

}
=

= max
{x1 − u

η
Φ(u), 0 < u ≤ x1

}
≤ 1

η

∫ x1

0

Φ(t)dt ≤ x1

η
Φ(x1),

òî îòðèìà¹ìî

lnµ(x1, f1) ≤ x1

η
Φ(x1), x1 ≥ 0. (20)

Íå ñêëàäíî òåïåð âèáðàòè ôóíêöi¨ fj ∈ H(Λ
(j)
1 ),Λ

(j)
1 = (λ

(j)
k )+∞

k=0, j ∈ {2, . . . , p}, òàêi, ùî

lnµ(t, fj) ≤ lnµ(t, f1)(t ≥ 0), j ∈ {2, . . . , p}.

Îñêiëüêè lnµ(t, fj) ≤ t
η
Φ(t)(t ≥ 0), j ∈ {1, . . . , p} òî fj ∈ H(Λ

(j)
1 ,Φ), j ∈ {1, . . . , p}.

Íåõàé òåïåð

F (x1, x2, . . . , xp) =

p∏
j=1

fj(xj).

Äëÿ x ∈ E : =
{
x = (x1, . . . , xp) : x1 ∈ E(1), x1 ≥ max

{
x2, x3, . . . , xp

}}
çà íåðiâíiñòþ (19)

òà íåðiâíiñòþ Êîøi, ìè îòðèìó¹ìî

lnF (x) =

p∑
j=1

ln fj(xj) ≥ (1 + d) lnµ(x1, f1) +

p∑
j=2

lnµ(xj, fj) ≥

≥
(

1 +
d

p

) p∑
j=1

lnµ(xj, fj) = (1 + h) lnµ(x, F ), h =
d

p
.

Îñêiëüêè, çà íåðiâíiñòþ (20)

lnµ(x, F ) ≤
p∑
i=1

lnµ(xi, fi) ≤ p lnµ(x1, f1) ≤ p

η
x1Φ(x1) ≤ p

η
|x|Φ(|x|),

òî F ∈ H(Λp,Φ). Çàëèøà¹òüñÿ çàóâàæèòè, ùî

τp(E ∩Bp(R)) =

∫
E∩Bp(R)

dx1 . . . dxp
|x|p−1

≥
∫

E(1)∩[0, R√
p

]

dx1

x1∫
0

dx2 · · ·
x1∫

0

dxp
|x|p−1

≥

≥
∫

E(1)∩[0, R√
p

]

xp−1
1

|x|p−1
dx1 ≥ p−(p−1)/2

∫
E(1)∩[0, R√

p
]

xp−1
1

xp−1
1

dx1 = p−(p−1)/2 meas
(
E(1) ∩ [0, R/

√
p]
)
.

Îòæå, ïðè p ≥ 2

lim
R→+∞

τp(E ∩Bp(R))

R
≥ p−p/2 lim

R→+∞

meas(E(1) ∩ [0, R√
p
])(

R/
√
p
) = p−p/2DE ≥ Cp−p/2 > 0.

Òåîðåìó 2 äîâåäåíî.
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