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B. V. Vynnyts'kyi, R. V. Khats', M. I. Yurkiv. On properties of averaging of the real-valued
functions connected with holomorphic functions of regular growth, Mat. Stud. 32 (2009), 86�89.

For a locally-integrable function ψ on the interval [1; +∞) we investigate the problem on
interdependence between the conditions ψ(t) = ∆tρ + o(tρ1) (E 63 t → +∞), ρ1 ∈ (0; ρ), and

r∫
1

ψ(t)
t dt = ∆

ρ rρ + o(rρ2) (r → +∞), ρ2 ∈ (0; ρ).

Á. Â. Âèííèöêèé, Ð. Â. Õàöü, Ì. È. Þðêèâ. Î ñâîéñòâàõ óñðåäíåíèé äåéñòâèòåëüíûõ
ôóíêöèé, ñâÿçàííûå ñ ãîëîìîðôíûìè ôóíêöèÿìè ðåãóëÿðíîãî ðîñòà // Ìàò. Ñòóäi¨. �
2009. � Ò.32, �1. � C.86�89.

Äëÿ ëîêàëüíî èíòåãðèðóåìîé íà ïðîìåæóòêå [1; +∞) ôóíêöèè ψ èññëåäóåòñÿ âîïðîñ
î âçàèìîñâÿçè ìåæäó óñëîâèÿìè ψ(t) = ∆tρ + o(tρ1) (E 63 t → +∞), ρ1 ∈ (0; ρ), è

r∫
1

ψ(t)
t dt = ∆

ρ rρ + o(rρ2) (r → +∞), ρ2 ∈ (0; ρ).

Íåõàé ∆ ∈ [0; +∞), ρ, ρ1 ∈ (0; +∞) i ôóíêöiÿ ψ : [1; +∞) → R ¹ ëîêàëüíî iíòåãðîâíîþ
íà [1; +∞). Òîäi ëåãêî ïîáà÷èòè, ùî ç óìîâè

ψ(t) = ∆tρ + o(tρ1) (t → +∞) (1)

âèïëèâà¹, ùî

Ψ(r) : =

r∫

1

ψ(t)

t
dt =

∆

ρ
rρ + o(rρ2) (r → +∞) (2)

ç ρ2 = ρ1. ßêùî ôóíêöiÿ ψ ¹ ìîíîòîííîþ, òî ([5, ñ. 143], [6, ëåìà 2.3, ñ. 6]) ç àñèìïòîòè-
÷íîãî ñïiââiäíîøåííÿ (2), ùî âèêîíó¹òüñÿ ç äåÿêèì ρ2 ∈ (0; ρ), âèïëèâà¹ ñïiââiäíîøåííÿ
(1) ç äåÿêèì ρ1 ∈ (0; ρ). Ó âèïàäêó æ ρ2 = ρ iç ñïiââiäíîøåííÿ (2) îòðèìó¹ìî (1) ç ρ1 = ρ
([1, ñ. 254], [2, ñ. 92]).

ßêùî ôóíêöiÿ ψ íå ¹ ìîíîòîííîþ, òî (1) íå îáîâ'ÿçêîâî âèïëèâà¹ ç (2). Ïðîòå ïðà-
âèëüíå òàêå òâåðäæåííÿ ([3, ñ. 194], [4, ñ. 46]).
Òåîðåìà A. Íåõàé ∆ ∈ [0; +∞), ρ ∈ (0; +∞) i ôóíêöiÿ ψ : [1; +∞) → R ¹ ëîêàëüíî
iíòåãðîâíîþ íà [1; +∞). ßêùî âèêîíó¹òüñÿ (2) ç ρ2 = ρ i ψ(t) ≤ ∆tρ + o(tρ) (t → +∞),
òî ψ(t) = ∆tρ + o(tρ) (E 63 t → +∞), äå E ⊂ [0; +∞) òàêà ìíîæèíà, ùî (òóò µ � ëiíiéíà
ìiðà Ëåáåãà íà R) µ(E ∩ [0; r]) = o(r) (r → +∞).

Âèíèêà¹ ïðèðîäíå çàïèòàííÿ ñòîñîâíî ìîæëèâîñòi îòðèìàííÿ àíàëîãó òåîðåìè À ó
âèïàäêó ñïiââiäíîøåíü (2) ç ρ2 ∈ (0; ρ) òà (1) ç ρ1 ∈ (0; ρ). Ïîòðåáà ó òàêîìó òâåðäæåííi
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âèíèêà¹ ïðè âèâ÷åííi ãîëîìîðôíèõ ó ïiâïëîùèíi ôóíêöié ïîêðàùåíîãî ðåãóëÿðíîãî
çðîñòàííÿ ([7, ñ. 304]). Äîâåäåíi íèæ÷å òåîðåìè 1 i 2 ïîêàçóþòü, ùî ïîòðiáíèõ àíàëîãiâ
íåìà.

Âiäîìî ([4, ñ. 32]), ùî
+∞∫

−∞

|ln |f(t)||
(1 + |t|)1+γ dt < +∞

äëÿ êîæíîãî γ > max{1; ρ} i äëÿ êîæíî¨ ôóíêöi¨ f , ãîëîìîðôíî¨ ó âåðõíié ïiâïëîùèíi,
ñêií÷åííîãî ïîðÿäêó ρ, äå f(t), t ∈ R, � êóòîâi ãðàíè÷íi çíà÷åííÿ ôóíêöi¨ f .

Òåîðåìà 1. Äëÿ áóäü-ÿêèõ ∆ ∈ [0; +∞) i ρ ∈ (0; +∞) iñíó¹ òàêà ôóíêöiÿ ψ : [1; +∞) →
R, ëîêàëüíî iíòåãðîâíà íà [1; +∞), ùî äëÿ êîæíîãî ρ1 ∈ (0; ρ) âèêîíó¹òüñÿ

ψ(t) ≤ ∆tρ + o(tρ1), t → +∞, (3)

äëÿ äåÿêîãî ρ2 ∈ (0; ρ) âèêîíó¹òüñÿ (2),

ψ(t) ≤ ∆tρ − tρ, t ∈ E, (4)

äëÿ äåÿêî¨ ìíîæèíè E ⊂ [1; +∞) íåñêií÷åííî¨ ìiðè i

+∞∫

1

|ψ(t)|
t1+γ

dt < +∞ (5)

äëÿ êîæíîãî γ > ρ.

Äîâåäåííÿ. Ìîæåìî ââàæàòè, ùî ∆ = 0, áî â ïðîòèëåæíîìó âèïàäêó ðîçãëÿíåìî ôóí-
êöiþ ψ̃(t) = ψ(t) − ∆tρ. Íåõàé β ∈ (max{1/ρ; 1}; +∞), µk = kβ, tk = µk + kβ−2,
E =

⋃
k∈N[µk; tk) i ψ(t) =

{ −tρ, t ∈ E,
0, t /∈ E.

Òîäi äëÿ êîæíîãî ρ1 ∈ (0; ρ) âèêîíó¹òüñÿ

(3), µ(E) =
∑∞

k=1 (tk − µk) =
∑∞

k=1 kβ−2 = +∞, äëÿ öi¹¨ ìíîæèíè E âèêîíó¹òüñÿ (4) i,
î÷åâèäíî, (5) òàêîæ âèêîíó¹òüñÿ. Äàëi, ÿêùî r ∈ [tn−1; µn), òî

Ψ(r) =

∫ r

1

ψ(t)

t
dt =

n−1∑

k=1

∫ tk

µk

ψ(t)

t
dt =−

n−1∑

k=1

∫ tk

µk

tρ−1 dt =− 1

ρ

n−1∑

k=1

(tρk − µρ
k) =

= −1

ρ

n−1∑

k=1

((kβ + kβ−2)ρ − kβρ) = −1

ρ

n−1∑

k=1

kβρ((1 + k−2)ρ − 1) = −(1 + o(1))
n−1∑

k=1

kβρ−2 =

= −(1 + o(1))
nβρ−1

βρ− 1
= −(1 + o(1))

µ
ρ−1/β
n

βρ− 1
= −(1 + o(1))

rρ−1/β

βρ− 1
, r → +∞,

áî
n−1∑

k=1

kα = (1 + o(1))
1

α + 1
nα+1, n →∞, α > −1.

Íåõàé r ∈ [µn; tn). Òîäi
|rρ − µρ

n| ≤ µρ
n+1 − µρ

n = βρ(1 + o(1))µ
ρ−1/β
n ≤ βρ(1 + o(1))rρ−1/β,

ÿêùî r → +∞, i
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Ψ(r) = −
n−1∑

k=1

∫ tk

µk

tρ−1 dt−
∫ r

µn

tρ−1dt = −1

ρ

n−1∑

k=1

(tρk − µρ
k)−

1

ρ
(rρ − µρ

n) =

= −(1 + o(1))
nβρ−1

βρ− 1
− 1

ρ
(rρ − µρ

n), r → +∞.

Îòæå, òàêà ôóíêöiÿ ψ çàäîâîëüíÿ¹ òàêîæ óìîâó (2).

Òåîðåìà 2. Äëÿ áóäü-ÿêèõ ∆ ∈ [0; +∞) i ρ ∈ (0; +∞) iñíó¹ òàêà ôóíêöiÿ ψ : [1; +∞) →
R, ëîêàëüíî iíòåãðîâíà íà [1; +∞), ùî äëÿ êîæíîãî ρ1 ∈ (0; ρ) âèêîíó¹òüñÿ (3), äëÿ
æîäíîãî ρ2 ∈ (0; ρ) íå âèêîíó¹òüñÿ (2), äëÿ êîæíîãî γ > ρ âèêîíó¹òüñÿ (5), i äëÿ äåÿêîãî
ρ3 ∈ (0; ρ) òà äåÿêî¨ ìíîæèíè E ⊂ [1; +∞) ñêií÷åííî¨ ìiðè

ψ(t) = ∆tρ + o(tρ3), E 63 t → +∞. (6)

Äîâåäåííÿ. Ââàæà¹ìî, ùî ∆ = 0. Íåõàé β ∈ (0; 1), ρ̃ = ρ + 1/β, µk = kβ, tk = µk + kβ−2,
E =

⋃
k∈N

[µk; tk) i ψ(t) =

{
0, t /∈ E,
−tρ̃, t ∈ E.

Òîäi äëÿ êîæíîãî ρ1 ∈ (0; ρ) âèêîíó¹òüñÿ (3),

µ(E) =
∑∞

k=1 (tk − µk) =
∑∞

k=1 kβ−2 < +∞, i äëÿ öi¹¨ ìíîæèíè E âèêîíó¹òüñÿ (6). Êðiì
öüîãî, βρ̃− 2 > −1,

Ψ(µn) =

∫ µn

1

ψ(t)

t
dt =− 1

ρ

n−1∑

k=1

((kβ + kβ−2)ρ̃ − kβρ̃)

= −(1 + o(1))
µ

ρ̃−1/β
n

βρ̃− 1
= −(1 + o(1))

µρ
n

βρ̃− 1
, n →∞,

i, òîìó, äëÿ æîäíîãî ρ2 ∈ (0; ρ) íå âèêîíó¹òüñÿ (2). Äî òîãî æ, β(ρ̃− γ)− 2 < −1,
(kβ + kβ−2)ρ̃−γ − kβ(ρ̃−γ) = (ρ̃− γ)(1 + o(1))kβ(ρ̃−γ)−2, k →∞,

∫ µn−1

1

|ψ(t)|
t1+γ

dt =
1

ρ̃− γ

n−1∑

k=1

((kβ + kβ−2)ρ̃−γ − kβ(ρ̃−γ)) = O(1), n →∞.

Îòæå, (5) òàêîæ âèêîíó¹òüñÿ.

Òåîðåìà 3. Íåõàé ∆ ∈ [0; +∞), ρ ∈ (0; +∞) i ôóíêöiÿ ψ : [1; +∞) → R ¹ ëîêàëüíî
iíòåãðîâíîþ íà [1; +∞). Òîäi, ÿêùî âèêîíó¹òüñÿ (3) äëÿ äåÿêîãî ρ1 ∈ (0; ρ) i âèêîíó¹òüñÿ
(2) äëÿ äåÿêîãî ρ2 ∈ (0; ρ), òî äëÿ êîæíîãî ρ3 ∈ (max{ρ1; ρ2}; ρ) âèêîíó¹òüñÿ (6), äå
E ⊂ [1; +∞) òàêà ìíîæèíà, ùî äëÿ êîæíîãî ρ4 ∈ (max{ρ1; ρ2}; ρ3)

∫

E∩[1;r]

tρ4−1 dt = o
(
rmax{ρ1;ρ2}), r → +∞. (7)

Äîâåäåííÿ. Ìîæåìî ââàæàòè, ùî ∆ = 0. Íåõàé E = {t > 0: ψ(t) ≤ −tρ4}. Òîäi, âèêîðè-
ñòîâóþ÷è (3), ìàòèìåìî

Ψ(r) =

(∫

E∩[1;r]

+

∫

[1;r]\E

)
ψ(t)

t
dt ≤ −

∫

E∩[1;r]

tρ4−1 dt +

∫

[1;r]

o(tρ1−1) dt

= −
∫

E∩[1;r]

tρ4−1 dt + o(rρ1), r → +∞.

Çâiäñè, âðàõóâàâøè (2), îäåðæó¹ìî (7). Êðiì öüîãî, ψ(t) ≥ −tρ4 , t /∈ E, i òîìó âèêîíó¹òü-
ñÿ (6).
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Òåîðåìà 4. Äëÿ áóäü-ÿêèõ ∆ ∈ [0; +∞) i ρ ∈ (0; +∞) iñíó¹ ëîêàëüíî iíòåãðîâíà íà
[1; +∞) ôóíêöiÿ ψ : [1; +∞) → R òàêà, ùî äëÿ êîæíîãî ρ1 ∈ (0; ρ) âèêîíó¹òüñÿ (3), äëÿ
äåÿêîãî ρ2 ∈ (0; ρ) âèêîíó¹òüñÿ (2) i äëÿ äåÿêî¨ ìíîæèíè E ⊂ [1; +∞) òàêî¨, ùî

∫

E∩[1;r]

tρ−1 dt = o
(
rmax{ρ1;ρ2}), r → +∞, (8)

âèêîíó¹òüñÿ (4).

Äîâåäåííÿ. Ââàæà¹ìî, ùî ∆ = 0. Íåõàé β ∈ (1/ρ; +∞), µk = kβ, tk = µk + kβ−2, E =
⋃

k∈N
[µk; tk) i ψ(t) =

{ −tρ, t ∈ E,
0, t /∈ E.

Òîäi (äèâ. äîâåäåííÿ òåîðåìè 1) Ψ(r) ≥ O(rρ−1/β),

r → +∞. Òîìó (2) âèêîíó¹òüñÿ ç áóäü-ÿêèì ρ2 ∈ (ρ− 1/β; ρ), (3) âèêîíó¹òüñÿ ç ρ1 = ρ2

i max{ρ1; ρ2} = ρ2. Êðiì öüîãî (äèâ. äîâåäåííÿ òåîðåìè 1),∫

E∩[1;r]

tρ−1 dt = (1 + o(1))
rρ−1/β

βρ− 1
= o(rρ2), r → +∞,

i òîìó òåîðåìó 4 äîâåäåíî.

Îòæå, â òåîðåìi 3 ìíîæèíó E ⊂ [1; +∞) íå ìîæíà çàìiíèòè ìíîæèíîþ, ÿêà çàäî-
âîëüíÿ¹ óìîâó (8).
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