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The projection-algebraic approach to discrete approximations, proposed before in work
[3], for linear and nonlinear di�erential operator equations in Banach spaces is analyzed.
The convergence analysis of the corresponding �nite-dimensional expressions, based on the
functional-analytic properties of discrete approximations and methods of operator theory in
Banach spaces, is studied. Based on a generalized Leray-Schauder type �xed-point theorem
the projection-algebraic scheme of discrete approximations is investigated, its solvability and
convergence for a special class of nonlinear operator equations are analyzed. Application of the
results to the Lagrangian functional interpolation scheme of the projection-algebraic method
of discrete approximations in case of linear di�erential operator equations is presented.

Ì. Ëþñòûê, Ì. È. Âîâê, À. Ê. Ïðèêàðïàòñêèé. Ðàçðåøèìîñòü äèñêðåòíûõ àïïðîêñèìà-
öèé ëèíåéíûõ è íåëèíåéíûõ äèôôåðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé â áàíàõîâûõ ïðî-
ñòðàíñòâàõ íà îñíîâàíèè ïðîåêöèîííî-àëãåáðàè÷åñêîãî ïîäõîäà // Ìàò. Ñòóäi¨. � 2009. �
Ò.32, �1. � C.21�32.

Ðàçâèâàåòñÿ ïðîåêöèîííî-àëãåáðàè÷åñêèé ìåòîä äèñêðåòíûõ àïïðîêñèìàöèé äëÿ ëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ, äàåòñÿ àíàëèç ñõîäè-
ìîñòè êîíå÷íîìåðíûõ àïïðîêñèìàöèé, îñíîâûâàþùèéñÿ íà ôóíêöèîíàëüíî-àëãåáðàè÷åñ-
êîì ïîäõîäå ê äèñêðåòíûì àïïðîêñèìàöèÿì è ìåòîäàõ òåîðèè îïåðàòîðîâ â áàíàõîâûõ
ïðîñòðàíñòâàõ. Íà îñíîâàíèè îáîáùåííîãî óòâåðæäåíèÿ òèïà Ëåðå-Øàóäåðà î íåïîäâèæ-
íîé òî÷êå, ðàññìîòðåíà ïðîåêöèîííî-àëãåáðàè÷åñêàÿ ñõåìà äèñêðåòíûõ àïïðîêñèìàöèé
òà äàí àíàëèç å¼ ðàçðåøèìîñòè è ñõîäèìîñòè äëÿ ñïåöèàëüíîãî êëàññà íåëèíåéíûõ îïå-
ðàòîðíûõ óðàâíåíèé. Ðàññìîòðåíû ïðèëîæåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ê ëàãðàíæåâîé
ôóíêöèîíàëüíî-èíòåðïîëÿöèîííîé ñõåìå ïðîåêöèîííî-àëãåáðàè÷åñêîãî ìåòîäà äèñêðåò-
íûõ àïïðîêñèìàöèé.

1. Introduction. Let X and Y be Banach functional spaces. There is considers a di�erential
operator equation

Au = f(u), (1)
where, in general, f : X → Y is some nonlinear continuous mapping and A : X → Y is a
closed linear di�erential expression

A :=
m∑

|β|=0

aβ(x)
∂β

∂xβ
(2)
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in an open region Ω ⊂ Rq with smooth coe�cients aβ ∈ C∞(Ω;R), q,m ∈ Z+, de�ned on a
domain D(A) ⊂ X and satisfying, in general, the condition Range(A) = Y or the condition
Range(A) = Y. Aiming to construct discrete approximations of equation (1), suitable for
e�ective computer calculations we develop further a projective-algebraic approach, based on
functional-analytic Lie-algebraic scheme of works [1, 2, 3, 16, 17]. Making use of general
properties [12, 13, 14, 15] of approximating �nite-dimensional Banach subspaces, we present
�rst necessary convergence conditions of the projection-algebraic discrete approximation
method [3] for a constant mapping f : X → Y both in general case and in the case of a
functional-interpolating scheme of discrete approximations, adapted for �nite-dimensional
quasi-representations of basic Heisenberg-Weil operator algebra. Next, employing results of
works [16, 17] on the existence of solutions to nonlinear operator equations, based on a
generalized Leray-Schauder type theorem, we described su�ciently e�ective solvability and
convergence conditions of the projective-algebraic method of discrete approximations for the
case of nonlinear continuous A-compact mapping f : X → Y and closed linear surjective
operator A : X → Y .

A projection-algebraic approach to discrete approximations of di�erential operator equa-
tions has been proposed by F. Calogero in 1983 for calculating the eigenvalues of linear
di�erential operators [5] in Hilbert spaces. There were also some other works devoted to
applications of this approach to analytic solving some class of di�erential equations [6, 11].
In 1988 an important paper introducing mathematical backgrounds of a new analytical-
numerical method, based on the projection-algebraic approach to discrete approximations,
for solving linear and nonlinear partial di�erential operator equations appeared [3]. At the
same time comprehensive numerical calculations, ful�lled in [7, 8], have shown a very high
velocity of convergence demonstrated by this projection-algebraic approach. Moreover, many
numerical tests for a nonhomogeneous heat equation were performed [4], making use of the
projection-algebraic approach suggested in [3]. Here we develop further and investigate this
projection-algebraic approach to discrete approximations concerning the important problems
of its realisability and convergence for some class of linear and nonlinear di�erential operator
equations in Banach spaces.
2. Functional-operator aspects of the projection-algebraic method of discrete
approximations for nonlinear operator equations in Banach spaces. Consider a
nonlinear operator equation (1), where A : X → Y is a closed surjective linear di�erential
operator with a domain D(A) ⊂ X (not necessary dense), f : X → Y is an arbitrary
nonlinear continuous mapping with domain D(f) = Sr(0) ∩D(A) ⊂ X (here Sr(0) ⊂ X is
the sphere of radius r > 0 centered at zero), and which satisfy such three conditions:

i) the A-compactness, that is for any bounded sets U ⊂ D(f) and V ⊂ Y the closure
f(U ∩ A−1(V ) ⊂ Y is compact;

ii) the dimension dim A ≥ 1;

iii) there exist positive numbers kf < kA ∈ R+, where by de�nition

k−1
A := sup

‖v‖Y =1

inf
u∈D(A)

{‖u‖X : Au = v} < ∞, kf : = sup
u∈Sr(0)

1

r
‖f(u)‖ < ∞. (3)

If X̃N ⊂ X̃N+1 ⊂ X and ỸN ⊂ ỸN+1 ⊂ Y, N ∈ Z+, are suitable �nite-dimensional Banach
subspaces, P

(x)
N : X → X̃N , N ∈ Z+, and P

(y)
N : Y → ỸN , N ∈ Z+, are the corresponding
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projectors, one considers the following sequence of equations

P
(y)
N AũN = P

(y)
N f(ũN) (4)

on elements ũN ∈ X̃N , N ∈ Z+, which are suitable approximations to a searched solution of
equation (1), being in general non-unique, as dim ker A ≥ 1. Note here that the projection
method is often called �realizable�, if the setM⊂ X of solutions of equation (1) is nonempty,
and for enough large N ∈ Z+ there are nonempty sets MN ⊂ X̃N of solutions to equations
(4). The method is called �convergent� if it is realizable and there is ful�lled the condition

lim
N→∞

sup
ũN∈M̃N

inf
u∈M

‖ũN − u‖X = 0. (5)

It is obvious that for practical applications the realisability criteria of the projection method
and its convergence are very important, thereby we will study them making use of results
[16, 17], where these solvability questions were analyzed in detail for a certain class of
nonlinear operator equations by means of a one generalized Leray-Schauder type �xed point
theorem in Banach spaces. Namely, the following theorem, obtained in [16, 17] and giving
a description of the solution set M of nonlinear operator equation (1), holds.

Theorem 1. Let conditions i) and ii), formulated above, hold. Then at the necessary condi-
tion dim ker A ≥ 1 equation (1) possesses the nonempty solution set M, whose topological
dimension dimM≥ dim ker A− 1.

Below we will assume that all of the necessary conditions of Theorem 1 are ful�lled.
Then the following result characterizes the realizability of the projection-algebraic method
of discrete approximations (4).

Theorem 2. Let conditions i), ii) be ful�lled and additionally

lim
N→∞

sup
v∈Range(A)∩Range(f)

‖P (y)
N v − v‖Y = 0. (6)

Then for large enough integers N ∈ Z+ the solution sets M̃N ⊂ X̃N are nonempty and the
convergence condition (5) holds.

Proof. Put, by de�nition, that

k
(N)
f := sup

ũN∈Sr(0)

1

r
‖P (y)

N f(ũN)‖ỸN
, (7)

k
(N),−1
A := sup

ṽN∈ỸN

1

‖ṽN‖ỸN

inf
ũN∈P

(x)
N D(A)

{‖ũN‖X̃N
: P

(y)
N AũN = ṽN}, (8)

and choose such integer N0 ∈ Z+, that dim ker(P
(y)
N0

A) ≥ 1, and

kf ≤ k
(N0)
f < k

(N0)
A ≤ kA. (9)

Then based on expressions (7) and (8) from condition (9) we obtain that for all N ≥ N0

the following inequalities kf ≤ k
(N)
f < k

(N)
A ≤ kA hold. But this means that, owing to the

generalized Leray-Schauder type �xed point theorem [16, 17], the sequence of equations (5)
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possesses solutions for all N ≥ N0, that is all solution sets M̃N ⊂ X̃N , N ≥ N0, are
nonempty, and the projection-algebraic method itself is realizable.

Take now some ε > 0 and consider the neighborhood

Uε(M) :=
{

u ∈ D(f) : inf
u∈M⊂D(f)

‖u− u‖X < ε
}

. (10)

It is evident that the closed set D(f)\Uε(M) does not contain solutions to equation (1), and
for some αε > 0 the quantity

inf
u∈D(f)\Uε(M)

‖Au− f(u)‖Y = αε > 0. (11)

Choose now, based on (6), an integer Nε ∈ Z+ in such a way that for all N ≥ Nε

sup
u∈D(f)

(‖Au− P
(y)
N Au‖Y + ‖f(u)− P

(y)
N f(u)‖Y ) < αε. (12)

Then for all u ∈ D(f)\Uε(M) the following inequality
‖P (y)

N Au− P
(y)
N f(u)‖Y ≥ ‖Au− f(u)‖Y−

−(‖Au− P
(y)
N Au‖Y + ‖f(u)− P

(y)
N f(u)‖Y ) > αε − αε = 0,

holds, that is for N ≥ Nε there holds the imbedding M̃N ⊂ Uε(M). Since ε > 0 is chosen
enough small, the condition M̃N ⊂ Uε(M) for all N ≥ Nε is equivalent to that of convergence
for (5), proving the theorem.

In the case when the sequences of subspaces X̃N ⊂ X̃N+1 ⊂ X,N ∈ Z+ and ỸN ⊂ ỸN+1 ⊂
Y, N ∈ Z+, are chosen Hilbert and, moreover

⋃

N∈Z+

X̃N = X,
⋃

N∈Z+

ỸN = Y, (13)

with projectors P
(x)
N : X → X̃N , P

(y)
N : Y → ỸN , N ∈ Z+, being operators of orthogonal

projection, the norms ‖P (x)
N ‖ = 1, ‖P (x)

N ‖ = 1, N ∈ Z+, and for all u ∈ X, v ∈ Y

lim
N→∞

‖u− P
(x)
N u‖Y = 0, lim

N→∞
‖v − P

(y)
N v‖Y = 0. (14)

We assume further that conditions (5), (6) are ful�lled and dim ker A ≥ 1. Then an analog of
Theorem 2 on the realisability of the projection-algebraic scheme of discrete approximations
for nonlinear operator equation (1) in Hilbert spaces holds.

Theorem 3. For enough large N ∈ Z+ solution sets M̃N ⊂ X̃N are nonempty and the
convergence condition (4) holds.

Proof. It is clear that we need only to state the condition (6). Having assumed the contrary,
one can �nd such a subsequence of indices Nk ∈ Z+ for k ∈ Z+, as well as elements uk ∈
D(f), k ∈ Z+, for which there exists ε > 0, that

‖P (y)
Nk

f(uk)− f(uk)‖Y > ε. (15)
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Since for all k ∈ Z+ elements f(uk) ∈ Range(A), owing to the A-compactness of the mapping
f : D(f) → Y there exists the limit limk→∞ f(uk) = v ∈ Y. Making now use of the existence
of limits (14), we obtain:

lim
k→∞

‖P (y)
Nk

f(uk)− f(uk)‖Y ≤ lim
k→∞

‖P (y)
Nk

f(uk)− P
(y)
Nk

v‖Y +

+ limk→∞ ‖P (y)
Nk

v − v‖Y + limk→∞ ‖v − f(uk)‖Y = 0,

contradicting the initial inequality (15), thereby proving the theorem.

If the mapping f : D(f) ⊂ X → Y is constant, the operator A : D(A) ⊂ X → Y is
densely de�ned and Range A = Y, one can state additional convergence conditions of the
projection-algebraic method of discrete approximations for equation (1), to which we proceed
below.
3. Functional-interpolating properties of the projection-algebraic method of
discrete approximations for linear di�erential operator equations.
3.1 Lie-algebraic preliminaries. Here we present some preliminaries from the theory of
Lie algebraic structures [18] and the Lagrangian interpolation [13] necessary for the further
exposition. We assume here, for brevity, that the mapping f : X → Y is taken constant
and the di�erential operator A(x; ∂) : X → Y belongs to a suitable operator closure of
the universal enveloping algebra U(G) of the Heisenberg-Weil algebra G =

⊕
j=1,qGj, Gj :=

{xj, ∂xj
, 1}, j = 1, q, of di�erential operations [12, 18], where xj : X → X is the operator

of multiplication on the independent variable xj ∈ R and ∂xj
is the suitable operator of

di�erentiation with respect to variable xj, j = 1, q, and 1: X → X is the identity operator.
The Lie brackets of the Lie algebra G are de�ned as follows: [a, b] := a · b − b · a for any
elements a, b ∈ U(G), where ” · ” means the usual superposition of operators.

As it was mentioned above, within the projection-algebraic method we try to �nd the
corresponding representations of all elements involved in (2), both functions and opera-
tors [3]. We de�ne a sequence of linear mappings Φ

(x)
N := π

(x)
N P

(x)
N : X → XN , Φ

(y)
N :=

π
(y)
N P

(y)
N : → YN , N ∈ Zq

+, where P
(x)
N : X → X̃N ⊂ X and P

(y)
N : Y → ỸN ⊂ Y are

suitable projection operators upon �nite dimensional functional subspaces X̃N ⊂ X, N ∈ Zq
+,

and ỸN ⊂ Y, N ∈ Zq
+, respectively, of polynomial in variables xj ∈ R, j = 1, q, vector-

functions, and π
(x)
N : X̃N ­ XN , π

(y)
N : ỸN ­ XN are the corresponding isomorphisms between

functional subspaces X̃N ⊂ X , ỸN ⊂ Y, and some �nite dimensional Euclidean spaces
XN , YN , respectively, satisfying conditions dim X̃N = dim XN = dim YN = dim ỸN for all
N ∈ Zq

+. In order to de�ne the projectors P
(x)
N : X → X̃N ⊂ X and P

(y)
N : Y → ỸN ⊂ Y more

precisely, we consider a lattice Θ of an open cube Ω := K ⊂ Rq with nodes, being the mesh
points with respect to variables x ∈ K ⊂ Rq, that is

Θ := {x(i) ∈ Ω: (i) ∈ Zq
+}. (16)

Then, by de�nition,

P
(x)
N u :=

∑

(i)

L(i)(x)u(x(i)), P
(y)
N v :=

∑

(i)

L(i)(x)v(x(i)), (17)

for arbitrary continuous functions u ∈ X̃N ⊂ X and v ∈ ỸN ⊂ Y, with
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L(i)(x) :=
⊗

j=1,q

lj(xj|x(i)), (i) ∈ Zq
+,

being basis Lagrange polynomials, normalized by the unity operator:
∑

(i)

L(i)(x) := I :=
⊗

j=1,q

1j, (18)

where the sign �
⊗

� means here the usual tensor product of vectors.
Let S

(j)
N , D

(j)
N and I

(j)
N ∈ Hom(XN ; YN), j = 1, q, N ∈ Zq

+, be the corresponding matrix
quasi-representations [3] of the Heisenberg-Weil algebra basis with respect to the Lagrange
interpolation mappings (17). Then problem (1) can be represented as the following sequence
of linear algebraic vector equations

ANuN = fN , (19)

where, by de�nition, AN := A(SN ; DN) is a special selection [10] of the set-valued mapping
Φ

(y)
N AΦ

(x),−1
N : XN → YN , uN := Φ

(x)
N u ∈ XN , fN := Φ

(y)
N f ∈ YN , N ∈ Zq

+.
The sequence of algebraic vector equations (19) is main for our further studying approxi-

mate solutions to di�erential-operator equation (1) within the projection-algebraic method.
3.2. Convergence analysis. Consider now two families of chosen above �nite-dimensional
functional subspaces X̃N ⊂ X and ỸN ⊂ Y for N ∈ Z+, such that

X̃N ⊂ X̃N+1, ỸN ⊂ ỸN+1, (20)
⋃

N∈Z+

X̃N = X,
⋃

N∈Z+

ỸN = Y

Assume, for brevity, that a region Ω ⊂ Rq is bounded, for the space X := Lp(Ω;R)

and domain D(A) = W
(m+s)
p (Ω) and Range(A) = W

(s)
p (Ω) ⊂ Lp(Ω;R) := Y, p > q, s > 0,

expressions

X̃N := P
(x)
N W (m+s)

p (Ω), ỸN := P
(y)
N W (s)

p (Ω), (21)

where P
(x)
N are linear operators, de�ned on continuous functions in a region Ω ⊂ Rq.

Operators P
(x)
N and P

(y)
N are, as is well known, projectors for which there are satis�ed the

conditions
P

(x)
N P

(x)
N = P

(x)
N , P

(y)
N P

(y)
N = P

(y)
N (22)

for all N ∈ Z+.
Consider now for each N ∈ Z+ the following equation

P
(y)
N AũN = P

(y)
N f (23)

on element ũN ∈ X̃N , for which as N →∞
lim

N→∞
‖AũN − f‖Y = 0, (24)

where mapping f : X → Y is a constant element of the space Y . It is evidently that equation
(23) possesses a unique solution ũN ∈ X̃N , if for each N ∈ Z+ there holds the equality

P
(y)
N AX̃N= Ỹ N . (25)
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Condition (25) is equivalent to the existence of the inverse �nite-dimensional operator

P
(y)
N AP

(x)
N := AN : X̃N → ỸN (26)

for every N ∈ Z+.
Give now the useful de�nition of an arbitrary limiting-dense family of subspaces

{BN ⊂ B : N ∈ Z+} of a Banach space B.

De�nition 1. A family of subspaces {BN ⊂ B : N ∈ Z+} is called limiting-dense in B, if for
each g ∈ B the following equality

ρ(g,BN) := inf
w̃N∈BN

‖g − w̃N‖B → 0 (27)

holds as N →∞.

For further analysis we will need the following convergence theorem for our approximation
process slightly generalizing the corresponding statement from [14].

Theorem 4. Let a linear operator A : X → Y with a dense domain D(A) ⊂ X be invertible
and satisfy the condition Range(A) = Y, where X and Y are Banach spaces. Assume also
that a family of subspaces

{
AX̃N ∈ Y : N ∈ Z+

}
is limiting-dense and projection operators

P
(y)
N : Y → ỸN ⊂ Y satisfy the condition

‖P (y)
N ‖ ≤ c

(y)
N (28)

for some positive sequence c
(y)
N ∈ R+, N ∈ Z+. Then for each element f ∈ Y equations

P
(y)
N Au = P

(y)
N f (29)

have the unique solutions ũN ∈ X̃N for all N ∈ Z+, where

lim
N→∞

‖AũN − f‖Y = 0, (30)

i�:
i) condition (25) is satis�ed;
ii) there exists such a positive sequence τ

(y)
N ∈ R+, N ∈ Z+, that for each element

ṽN ∈ AX̃N , N ∈ Z+

‖P (y)
N ṽN‖ỸN

≥ τ
(y)
N ‖ṽN‖Y ; (31)

iii) for every f ∈ Y

lim
N→∞

[(
1 + c

(y)
N τ

(y),−1
N

)
ρ(f, AX̃N)

]
= 0. (32)

Proof. First assume that for each element f ∈ Y equation P
(y)
N Au = P

(y)
N f, N ∈ Z+, has

the unique solution ũN ∈ X̃N , as well as ‖AũN − f‖Y → 0 as N → ∞. Then owing to the
inequality

ρ(f, AX̃N) = inf
wN∈AX̃N

‖f − w̃N‖Y ≤ ‖f − AũN‖Y
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one can infer that limN→∞ ρ(f,AX̃N) = 0, that is the family of subsets {AX̃N ∈ Y : N ∈ Z+}
is limiting-dense in Y. De�ne now N ∈ Z+ and consider P

(y)
N Au = f̃N ∈ ỸN . It is clear that

there exists such an element f ∈ Y for which P
(y)
N f = f̃N ensuring, owing to the assumptions

of the Theorem, the unique solution ũN ∈ X̃N . Equivalently this means that P
(y)
N AX̃N = ỸN ,

proving condition i) of the theorem.
Since the mapping P

(y)
N : Y → ỸN ⊂ Y is a projector, one can consider its constraint

P
(y)

N := P
(y)
N |AX̃N

: AX̃N → ỸN for each N ∈ Z+. The operator P
(y)

N : AX̃N ⊂ Y → ỸN , owing
to (28), is bounded and one-to-one mapping. Then based on the Banach inverse operator
theorem [12, 9] we obtain that there exists the bounded inverse operator P

(y),−1

N : ỸN →
AX̃N ⊂ Y.

Let now ũN ∈ X̃N be the corresponding approximated solution of the equation PNAu =

PNf. Then the following equality AũN = P
(y),−1

N PNf holds, from which and the condition
(30) one obtains that

lim
N→∞

‖P (y),−1

N PNf − f‖Y = 0 (33)

for any f ∈ Y. But this means that limN→∞ P
(y),−1

N PNf = f for every given element f ∈ Y.
Making use of the classical Banach-Schteinhaus theorem [12, 13, 9] we obtain that

sup
N∈Z+

‖P (y),−1

N P
(y)
N ‖Y ≤ c(y) < ∞ (34)

for some bounded value c(y) ∈ R+. Thus for each element w̃N = P
(y)
N jN w̃N ∈ ỸN , where

jN : ỸN → Y is the corresponding imbedding operator, one �nds that

‖P (y),−1

N w̃N‖Y = ‖P (y),−1

N P
(y)
N jN w̃N‖Y ≤ ‖P (y),−1

N PN‖Y ‖jN w̃N‖Y ≤ c(y)‖jN‖‖w̃N‖Y (35)

for all N ∈ Z+. The result (35) means that the norm of the operator P
(y),−1

N : ỸN → AX̃N ⊂ Y
is for all N ∈ Z+ bounded, that is

‖P (y),−1

N ‖ ≤ c(y)‖jN‖. (36)

Choose now an arbitrary element ṽN ∈ AX̃N ⊂ Y and calculate w̃N := P
(y)

N ṽN ∈ ỸN . Then,
making use of inequality (36), we obtain

‖ṽN‖Y = ‖P (y),−1

N w̃N‖Y ≤ c(y)‖jN‖‖w̃N‖Y := τ
(y),−1
N ‖PN ṽN‖ỸN

, (37)

where quantities τ
(y),−1
N := c(y)‖jN‖ > 0 are bounded for all N ∈ Z+. But this means that

the condition ii) of our theorem is ful�lled concerning each element ṽN ∈ AX̃N , that is
‖P (y)

N ṽN‖ ≥ τ
(y)
N ‖ṽN‖Y , N ∈ Z+.

Su�ciency of conditions i)− iii) we will prove in the next way. Let us solve the equation
PNAu = PNf for N ∈ Z+, whose solution ũN ∈ X̃N is unique. Then it can be represented
as ũN = A−1P

(y),−1

N PNf, where, as above, the linear mapping P
(y)

N := P
(y)
N |AX̃N

: AX̃N → ỸN

is the corresponding reduction upon AX̃N ⊂ Y of the projection operator P
(y)
N : Y → Y

upon the subspace ỸN ⊂ Y. Since, based on condition ii), we have ‖P (y)−1

N ‖Y ≤ τ
(y),−1
N , the
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norm ‖P (y),−1

N P
(y)
N ‖ ≤ c

(y)
N τ

(y),−1
N for all N ∈ Z+. Whence for any element w̃N ∈ AX̃N ⊂ Y

we obtain

‖AũN − f‖Y = ‖P (y),−1

N PNf − f‖Y ≤
≤ inf

w̃N∈AX̃N

(
‖P (y),−1

N PNf − P
(y),−1

N P
(y)
N w̃N‖Y + ‖w̃N − f‖Y

)
≤

≤ inf
w̃N∈AX̃N

(
‖P (y),−1

N PNf − P
(y),−1

N P
(y)
N w̃N‖Y + ‖w̃N − f‖Y

)
≤

≤ inf
w̃N∈AX̃N

(
c
(y)
N τ

(y),−1
N + 1

)
ρ(f, w̃N) =

(
c(y)τ

(y),−1
N + 1

)
ρ(f,AX̃N),

(38)

where we took into account that P
(y),−1

N P
(y)
N w̃N = w̃N for all w̃N ∈ AX̃N ⊂ Y. But owing to

the assumption iii) this means the existence of the limit limN→∞ ‖AũN − f‖Y = 0 for an
arbitrary element f ∈ Y, �nishing the proof.

Remark. We note here that some analog of Theorem 4, but alternative from it, was earlier
stated in [14].

As an obvious corollary from the proof of Theorem 4 in the case when dim X̃N = dim
ỸN < ∞ for all N ∈ Z+we obtain that condition i) in form (25) follows from ii). Moreover,
the next statement about the convergence of the solutions ũN ∈ X̃N as N →∞ to element
u ∈ X holds.

Theorem 5. Let all the conditions of Theorem 4 be ful�lled, in particular, the operator
A : X → Y is surjective and, moreover, closed. (This means that ‖A−1‖ < ∞ owing to the
classical statement [12, 9] about the closed operator). Then the obtained sequence of solutions
ũN ∈ X̃N to the equation P

(y)
N Au = P

(y)
N f as N →∞ is the corresponding approximation to

the solution of the equation Au = f subject to the norm ‖ · ‖X .

Proof. Assume that uN ∈ XN is a solution to the equation P
(y)
N AuN = P

(y)
N f for all N ∈ Z+.

Then one can estimate the di�erence (u − ũN ) ∈ X subject to the norm in the Banach
space X :

‖ũN − u‖X = ‖ũN − A−1f‖X = ‖A−1AũN − A−1f‖X =
= ‖A−1(AũN − f)‖X ≤ ‖A−1‖ ‖AũN − f‖Y .

(39)

Based now on inequality (38) we receive that limN→∞ ‖AũN − f‖Y = 0. As the inverse
operator A−1 is closed and, therefore, bounded, the right hand side of inequality (39) tends
to zero as N →∞. Thereby we state that limN→∞ ‖ũN − u‖X = 0, �nishing the proof.

3.3. The special case: Lagrangian interpolation. For further studying the projection-
algebraic method of discrete approximations of solutions to linear di�erential-operator equa-
tions we once more assume that Ω := K ⊂ Rq is a q-dimensional cube. De�ne also the
�nite-dimensional functional subspaces X̃N ∈ X and ỸN ∈ Y for N ∈ Z+, making use of
the Lagrange projection operators, described above.

Let X := Lp(K;R), D(A) = W
(m+s)
p (K;R), Y := Lp(K;R), Range(A) = W

(s)
p (K;R),

p > q, s ≥ 1, and s − q/p > 0. Based on the Sobolev imbedding theorem [13] there holds
the property W

(m)
p (K;R) ⊂ C(K;R). So, we can construct the suitable subspaces ỸN ⊂ Y,

N ∈ Z+, as follows:
ỸN = P

(y)
N W (s)

p (K;R), (40)
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where the projector P
(y)
N : Y → ỸN is the classical Lagrange interpolation operator, de�ned

as

P
(y)
N f(x) :=

∏q
j=1 αj=N∑

(α)∈Zq
+

f(x(α))l(α)(x), (41)

where x(α) ∈ K are suitable nodes in the cube K ⊂ Rq, multi-index (α) ∈ Zq
+, and l(α)(x) :=

Πq
j=1lαj

(xj), l(α)(x(β)) = δ(α),(β), are basic q-dimensional Lagrange polynomials. As we have
chosen subspaces X̃N ∈ X and ỸN ∈ Y �nite-dimensional, condition (25) follows from ii) of
Theorem 4. Now it is necessary to consider the inequality

‖P (y)
N ṽN‖ỸN

≥ τ
(y)
N ‖ṽN‖Y (42)

for all ṽN ∈ AX̃N ∈ Y, where τ
(y)
N < ∞, N ∈ Z+. Condition (42) means, that the projector

P
(y)
N is invertible upon the subspace AX̃N ⊂ Y, since, evidently, ker P

(y)
N = {0} . Now from

the de�nition ṽN = Aw̃N , where w̃N ∈ X̃N , and from the fact that the operator A : X → Y
is invertible, one follows that also ker(P

(y)
N A) = {0} . Additionally, from the condition dim

X̃N = dim ỸN one follows that Range(P
(y)
N A)|X̃N

= ỸN .
Consider now the subspace C(K;R) of continuous functions on the cube K ⊂ Rq and

the corresponding Lagrange interpolation projector (41), whose nodes are roots of Hermite's
polynomials. We de�ne such quantities:

δN : = min
k=1,q,j=1,Nk

{(x(j+1)
k − x

(j)
k ) : j = 1, Nk}, N :=

∏

j=1,q

Nj, (43)

λ
(y)
N : = ‖P (y)

N ‖ ≤ c(1)
q (K)(log N)q,

where c
(1)
q (K) > 0 for all N ∈ Z+. Let now a functional x∗ ∈ C∗(K;R), x ∈ K, is determined

in such a way that x∗(f) := f(x) for any function f ∈ C(K;R). Then, as it is well known
[13], for the interpolation, whose nodes are chosen as roots of Hermite's polynomials, the
following inequality

‖x∗P (y)
N ‖C∗(K;R) =

∏q
j=1 αj=N∑

α∈Zq
+

|lα(x)| := λ
(y)
N ≤ c(2)

q (K)N−s(log N)q (44)

holds for all x ∈ K and N ∈ Z+. Based on the Jackson type inequality [13] for each function
f ∈ C(s)(K;R) we have also

EN [f ] ≤ c(2)
q N−s‖f (s)‖C(K;R). (45)

Thus, making use of (44) and (45), for f ∈ C(s)(K;R) we obtain such an estimation:

|(x∗P (y)
N )(f)− x∗(f)| := |P (y)

N f(x)− f(x)| ≤

≤
∏q

j=1 αj=N∑

α∈Zq
+

|lα(x)| |f(xα)− pN(xα) + pN(xα)− f(x)| ≤ c(3)
q (K)

(log N)q

N s
‖f (s)‖C(K;R), (46)

where the constant c
(3)
q (K) := c

(1)
q (K)c

(2)
q (K) < ∞, and pN is the best approximation

polynomial of degree N ∈ Z+ on the cube K ⊂ Rq. Assuming now that di�erential operator
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(2) is bounded as an operator A : C(s+m)(K;R) → C(s)(K;R), and for s ≥ 1 there is ful�lled
the Kato-Rellich condition [12]

‖u‖p,m+s ≤ c(4)
q (K)(‖Au‖p,s + ‖u‖p,s) (47)

for some constant c
(4)
q > 0 and every u ∈ W

(m+s)
p (K;R), based on the estimation (46)

from inequality (47) we obtain the existence of such a constant τ
(y)
N > 0, that the main

inequality (42) holds. Thereby, owing to Theorem 4 we make the inference of the existence
of unique approximated solutions to equations (29) from subspaces X̃N ⊂ W

(m+s)
p (K;R) for

each N ∈ Z+, which approximate the exact solution to di�erential equation (1). This means,
that the system of �nite-dimensional functional equations

ÃN ũN := P (y)
q AP

(x)
N ũN = f̃N := P

(y)
N f (48)

for all N ∈ Z+ may be represented in an equivalent form as a general system of the algebraic
vector equations

ANuN = fN , (49)

where uN := π
(x)
N ũN , fN := π

(y)
N f̃N , AN := π

(y)
N ÃNπ

(x),−1
N , with π

(x)
N : X̃N → XN ' R(N),

π
(y)
N : ỸN → YN ' R(N) being the corresponding canonical isomorphisms [2, 3] between

�nite�dimensional subspaces for all N ∈ Z+. Thus, the following theorem holds.

Theorem 6. Let the di�erential operator (2) de�ned above is invertible and satis�es condi-
tion (47) for some s ≥ 1. Then there exists the unique solution u ∈ W

(m+s)
p (K;R) of equation

(1), which is the corresponding limit of approximated solutions to �nite-dimensional equati-
ons (49), constructed by means of the projection-algebraic method of discrete approxima-
tions.

Concerning the e�ective construction of �nite-dimensional operators AN : XN → YN ,
N ∈ Z+, we use the functional-algebraic properties of discrete approximations of Heisenberg-
Weil algebra basis operators G(q) :=

⊕
j=1,q{1, xj, ∂/∂xj}, which were discussed above and

studied in works [1, 2, 3]. Then expression (49) becomes a usual system of algebraic vector
equations, whose matrix AN : XN → YN , owing to the homomorphism property [18] of the
universal algebra U(G) representations, is given in the form

AN =
m∑

|β|=0

aβ(SN)Dβ
N , (50)

where SN and DN : XN → XN are the corresponding �nite-dimensional tensor quasi-rep-
resentations of basis elements (or generators) of the Heisenberg-Weil algebra G(q). Solving
equations (49) with matrices (50), we obtain vector solutions uN ∈ XN ' R(N), which
generate, respectively, the searched approximated functional solution ũN := π

(x),−1
N uN ∈

X̃N ⊂ X of our given equation (1). In case when additionally there are imposed some
boundary conditions upon the solution u ∈ X to equation (1), the developed projection-
algebraic method can also be with success used and for this problem. Analogous results
one can also obtain and for the case of evolution equations in partial derivatives in the form
du/dt−Au = f, where u ∈ X, f ∈ Y and parameter t ∈ R+. We plan these aspects of the
problem to discuss in a separate investigation.
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