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SOLVABILITY OF DISCRETE APPROXIMATIONS FOR LINEAR AND
NONLINEAR DIFFERENTIAL-OPERATOR EQUATIONS IN BANACH
SPACES WITHIN A PROJECTION-ALGEBRAIC APPROACH
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The projection-algebraic approach to discrete approximations, proposed before in work
[3], for linear and nonlinear differential operator equations in Banach spaces is analyzed.
The convergence analysis of the corresponding finite-dimensional expressions, based on the
functional-analytic properties of discrete approximations and methods of operator theory in
Banach spaces, is studied. Based on a generalized Leray-Schauder type fixed-point theorem
the projection-algebraic scheme of discrete approximations is investigated, its solvability and
convergence for a special class of nonlinear operator equations are analyzed. Application of the
results to the Lagrangian functional interpolation scheme of the projection-algebraic method
of discrete approximations in case of linear differential operator equations is presented.

M. JIwocreix, M. U. Boek, A. K. Ilpurkapnarckuii. Paspewumocms QUCKPEMHBLL annpoKcuMa-
YUl AUNeUHBT U Heaunetnsr duddepenyuarvrno-onepamoprsr ypasnenut 6 6aHATOGHL NPo-
CMPAHCMBAT MG OCHOBAHUU TPOEKYUOHHO-aA2ebpaueckozo nodroda // Mar. Cryuii. — 2009. —
T.32, Nel. — C.21-32.

Pa3BuBaercsa mpoeknnoHHO-aIreOpaAnIecKuii METOM, JUCKPETHBIX AMMPOKCUMAIIANR I JIn-
HeliubIx auddepeHnaibHbIX YPABHEHNH B DAHAXOBBIX POCTPAHCTBAX, JAETCH AHAIN3 CXO/IU-
MOCTH KOHEYHOMEDHBIX AIIPOKCUMAINH, OCHOBBIBAKOIIUICSA HA (DYHKIMOHAIBHO-aJIrebpamyec-
KOM TTOIXOJe K JUCKPETHBIM AMMPOKCHMAIIUIM W METOAX TEOPUU OMEPATOPOB B HAHAXOBBIX
npocTpancTBax. Ha ocHOBammE 00001II€HHOTO yTBEepK IeHus Tuta, Jlepe-1llaynepa o HemoaBmK-
HO# TOYKE, PACCMOTPEHA MPOEKIMOHHO-AITe0paAnIecKas CXeMa JUCKPETHBIX AMPOKCAMAIUi
Ta JIaH aHAJIN3 €€ PAa3PEelnMOCTH U CXOIWMOCTH JJIS CIEUAJIBHOTO KJIaCCa HEJTMHEWHBIX Olle-
DPaTOPHBIX ypaBHeHuil. PaccMOTpEeHbI IPUIOKEHNS MTOJIYIEHHBIX PE3YIBTATOB K JArDAH2KEBOI
by HKIUOHAJIBHO-MHTEPIIOJIAIMOHHON CXEME IPOEKIMOHHO-AIIe0PaniecKoro MeToJad JINCKPEeT-
HBIX AIITPOKCHMAITIA.

1. Introduction. Let X and Y be Banach functional spaces. There is considers a differential
operator equation

Au = f(u), (1)
where, in general, f: X — Y is some nonlinear continuous mapping and A: X — Y is a
closed linear differential expression
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in an open region 2 C R? with smooth coefficients ag € C*(2;R), ¢,m € Z,, defined on a
domain D(A) C X and satisfying, in general, the condition Range(A) =Y or the condition
Range(A) = Y. Aiming to construct discrete approximations of equation (1), suitable for
effective computer calculations we develop further a projective-algebraic approach, based on
functional-analytic Lie-algebraic scheme of works [1, 2, 3, 16, 17]. Making use of general
properties [12, 13, 14, 15| of approximating finite-dimensional Banach subspaces, we present
first necessary convergence conditions of the projection-algebraic discrete approximation
method [3| for a constant mapping f: X — Y both in general case and in the case of a
functional-interpolating scheme of discrete approximations, adapted for finite-dimensional
quasi-representations of basic Heisenberg-Weil operator algebra. Next, employing results of
works [16, 17] on the existence of solutions to nonlinear operator equations, based on a
generalized Leray-Schauder type theorem, we described sufficiently effective solvability and
convergence conditions of the projective-algebraic method of discrete approximations for the
case of nonlinear continuous A-compact mapping f: X — Y and closed linear surjective
operator A: X — Y.

A projection-algebraic approach to discrete approximations of differential operator equa-
tions has been proposed by F. Calogero in 1983 for calculating the eigenvalues of linear
differential operators [5] in Hilbert spaces. There were also some other works devoted to
applications of this approach to analytic solving some class of differential equations [6, 11].
In 1988 an important paper introducing mathematical backgrounds of a new analytical-
numerical method, based on the projection-algebraic approach to discrete approximations,
for solving linear and nonlinear partial differential operator equations appeared [3]. At the
same time comprehensive numerical calculations, fulfilled in [7, 8|, have shown a very high
velocity of convergence demonstrated by this projection-algebraic approach. Moreover, many
numerical tests for a nonhomogeneous heat equation were performed [4|, making use of the
projection-algebraic approach suggested in [3]. Here we develop further and investigate this
projection-algebraic approach to discrete approximations concerning the important problems
of its realisability and convergence for some class of linear and nonlinear differential operator
equations in Banach spaces.

2. Functional-operator aspects of the projection-algebraic method of discrete
approximations for nonlinear operator equations in Banach spaces. Consider a
nonlinear operator equation (1), where A: X — Y is a closed surjective linear differential
operator with a domain D(A) C X (not necessary dense), f: X — Y is an arbitrary
nonlinear continuous mapping with domain D(f) = S,(0) N D(A) € X (here S,(0) C X is
the sphere of radius r > 0 centered at zero), and which satisfy such three conditions:

i) the A-compactness, that is for any bounded sets U C D(f) and V C Y the closure
fF(UNA-L(V) CY is compact;

ii) the dimension dim A > 1;

iii) there exist positive numbers k; < k4 € R, where by definition

1
kil:= sup inf ullx: Au=v} < oo, kf: = sup —|f(u)| < oc. 3
i st (] ) o= s ) g

If?(\; C )?NH cX aild 371/\[ - 37N+1 CY NeZ,, are suitable finite-dimensional Banach
subspaces, P](f): X — Xy, N € Z,, and P](Vy): Y — Yy, N € Z,, are the corresponding
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projectors, one considers the following sequence of equations
PY Aty = P f (iin) (4)

on elements uy € X ~, N € Z, which are suitable approximations to a searched solution of
equation (1), being in general non-unique, as dimker A > 1. Note here that the projection
method is often called “realizable”, if the set M C X of solutions of equation (1) is nonempty,
and for enough large N € Z, there are nonempty sets My C Xy of solutions to equations
(4). The method is called “convergent” if it is realizable and there is fulfilled the condition
lim sup uinjl\‘/t |lun —ullx =0. (5)

—00 ~ —
unNEMN

It is obvious that for practical applications the realisability criteria of the projection method
and its convergence are very important, thereby we will study them making use of results
|16, 17], where these solvability questions were analyzed in detail for a certain class of
nonlinear operator equations by means of a one generalized Leray-Schauder type fixed point
theorem in Banach spaces. Namely, the following theorem, obtained in [16, 17] and giving
a description of the solution set M of nonlinear operator equation (1), holds.

Theorem 1. Let conditions i) and ii), formulated above, hold. Then at the necessary condi-
tion dimker A > 1 equation (1) possesses the nonempty solution set M, whose topological
dimension dim M > dimker A — 1.

Below we will assume that all of the necessary conditions of Theorem 1 are fulfilled.
Then the following result characterizes the realizability of the projection-algebraic method
of discrete approximations (4).

Theorem 2. Let conditions i), ii) be fulfilled and additionally

i swp [Py =0, ©)
N—o0 UERange(A)ﬂRange(f)

Then for large enough integers N € Z, the solution sets My C Xy are nonempty and the
convergence condition (5) holds.

Proof. Put, by definition, that

N 1 ~
kY= s IS, (7)

un€Sr(0)

_ 1 . - =
FYO7hi= sup o= inf {llunllz, : P\ Al = tin}, (8)

UNEYN ||’17N||§7N ﬂNeP}VZ)D(A)
and choose such integer Ny € Z, that dim ker(P](V%)A) > 1, and
kp < B < KT < kgl (9)

Then based on expressions (7) and (8) from condition (9) we obtain that for all N > N

the following inequalities k; < k:}N) < k;I(4N) < k4 hold. But this means that, owing to the
generalized Leray-Schauder type fixed point theorem [16, 17|, the sequence of equations (5)
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possesses solutions for all N > N, that is all solution sets MVN C )?N, N > Ny, are
nonempty, and the projection-algebraic method itself is realizable.
Take now some € > 0 and consider the neighborhood

cuwo:{uepuy inf |m—mu<s} (10)

wEMCD(F)

It is evident that the closed set D(f)\U.(M) does not contain solutions to equation (1), and
for some a. > 0 the quantity

inf Au — f(u =a, > 0. 11
= gl (1)

Choose now, based on (6), an integer N. € Z, in such a way that for all N > N.

sup (|[Au — P Aully + || f(u) — P f(u)|ly) < a. (12)
ueD(f)
Then for all v € D(f)\U-(M) the following inequality
1PY Au— P f(u)lly > ||Au — f(u)ly—
—(|[Au — P Aully + || f(u) — P f(u)lly) > ez — az =0,
holds, that is for N > N, t}levlre holds the imbedding //\/lvN C U-(M). Since € > 0 is chosen

enough small, the condition My C U(M) for all N > N. is equivalent to that of convergence
for (5), proving the theorem. O

In the case when the sequences of subspaces )?N - )?NH CX,N€Z, and ?N C ?NH -
Y, N € Z,, are chosen Hilbert and, moreover

U Xv=x, |JWw=Y, (13)

NeZy NeZ,

with projectors P](\}T): X — )Z'N,P](\,y): Y — ?N,N € Z,, being operators of orthogonal
projection, the norms HP](\}”)H =1, HP](\}”)H =1,Ne€Z,,and forallu e X,v €Y

gmuu_pymwzo, $muv—pymw:o. (14)

We assume further that conditions (5), (6) are fulfilled and dimker A > 1. Then an analog of
Theorem 2 on the realisability of the projection-algebraic scheme of discrete approximations
for nonlinear operator equation (1) in Hilbert spaces holds.

Theorem 3. For enough large N € 7. solution sets MN C Xy are nonempty and the
convergence condition (4) holds.

Proof. Tt is clear that we need only to state the condition (6). Having assumed the contrary,
one can find such a subsequence of indices N, € Z, for k € Z,, as well as elements u; €
D(f),k € Z, for which there exists € > 0, that

1P f () = f i)y > e (15)
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Since for all k € Z, elements f(u;) € Range(A), owing to the A-compactness of the mapping
f: D(f) — Y there exists the limit limy_,, f(ux) =7 € Y. Making now use of the existence
of limits (14), we obtain:

lim || P f (u >— Flan)lly < Tim [P f(wn) = Po]y+

—|—hmk—>oo ||P v =0y + hmk—>oo 17— fu)lly =0,

contradicting the initial inequality (15), thereby proving the theorem. O

If the mapping f: D(f) C X — Y is constant, the operator A: D(A) C X — Y is
densely defined and Range A = Y, one can state additional convergence conditions of the
projection-algebraic method of discrete approximations for equation (1), to which we proceed
below.

3. Functional-interpolating properties of the projection-algebraic method of
discrete approximations for linear differential operator equations.

3.1 Lie-algebraic preliminaries. Here we present some preliminaries from the theory of
Lie algebraic structures [18] and the Lagrangian interpolation |13] necessary for the further
exposition. We assume here, for brevity, that the mapping f: X — Y is taken constant
and the differential operator A(z;0): X — Y belongs to a suitable operator closure of
the universal enveloping algebra U(G) of the Heisenberg-Weil algebra G = @,_1.G;, G; :==
{;,0,,,1}, j = 1,¢, of differential operations [12, 18], where x;: X — X is the operator
of multiplication on the independent variable z; € R and 0,; is the suitable operator of
differentiation with respect to variable x;, j = 1,¢, and 1: X — X is the identity operator.
The Lie brackets of the Lie algebra G are defined as follows: [a,b] := a-b—b-a for any
elements a,b € U(G), where ” -7 means the usual superposition of operators.

As it was mentioned above, within the projection-algebraic method we try to find the
corresponding representations of all elements involved in (2), both functions and opera-
tors [3]. We define a sequence of linear mappings oY .= W%)P(x) X — Xy, oY =
*VPY. = Yy, N € Z¢, where P{"’: X — Xy C X and P Y—>YNCYare
suitable projection operators upon finite dimensional functional subspaces X NCX,NeZi,
and Yy C Y, N E Z%, respectively, of polynomial in variables z; € R, j = 1, ¢, vector-
functions, and 7rN : XN =Xy, (y) YN = Xy are the corresponding isomorphisms between
functional subspaces X N C X YN C Y, and some finite dimensional Euclidean spaces
Xn, Yy, respectively, satisfying condltlons dim X y = dim Xy = dimYy = dim YN for all
N e Zq In order to define the projectors P( 2. X - XN C X and P(y) Y — YN C Y more
precisely, we consider a lattice © of an open cube €2 := K C RY Wlth nodes, being the mesh
points with respect to variables x € K C RY?, that is

O = {xu € Q: (i) € Z% }. (16)
Then, by definition,
PVw=>" Lo (@)uzg), PVv=Y" Lo@)v(a), (17)
(4) (@)

for arbitrary continuous functions u € X yCXandve ?N C Y, with
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Liy(x) == Q) Li(xslza), (i) € Z4,

j=Lq
being basis Lagrange polynomials, normalized by the unity operator:

Y L) =1:=)1; (18)
(0

j=lq

where the sign “@)” means here the usual tensor product of vectors.

Let SJ(\?),D](\][‘)and ]ﬁ) € Hom(Xn;Yn), 7 = 1,¢, N € Z1, be the corresponding matrix
quasi-representations [3] of the Heisenberg-Weil algebra basis with respect to the Lagrange
interpolation mappings (17). Then problem (1) can be represented as the following sequence
of linear algebraic vector equations

Ayun = fn, (19)

where, by definition, Ay := A(Sy; Dy) is a special selection [10] of the set-valued mapping
WA Xy — Yy, uy = 0Wue Xy, fy =0V feYy, Nezl.

The sequence of algebraic vector equations (19) is main for our further studying approxi-
mate solutions to differential-operator equation (1) within the projection-algebraic method.

3.2. Convergence analysis. Consider now two families of chosen above finite-dimensional
functional subspaces Xy C X and Yy C Y for N € Z,, such that

Xy C Xy, Yy C Yaia, (20)
U xv = X U Yv=Y
NEZ+ NEZ+

Assume, for brevity, that a region © C R? is bounded, for the space X := L,({};R)
and domain D(A) = W™ (Q) and Range(4) = W7(Q) € L,(4R) ==Y, p > ¢, s > 0,

expressions

Xy = PPWm9(Q), Yy == PYWE)(Q), (21)

p

)

where P](\}T are linear operators, defined on continuous functions in a region 2 C RY.

Operators P](f ) and P](\;/) are, as is well known, projectors for which there are satisfied the

conditions
PP = PY. PPPY = pY )

forall N € Z,.
Consider now for each N € Z, the following equation

PY Ay = PY f (23)
on element uy € )?N, for which as N — oo
lin (| Ay — flly =0, (24)
where mapping f: X — Y is a constant element of the space Y. It is evidently that equation
(23) possesses a unique solution uy € Xy, if for each N € Z, there holds the equality

PYAXy=Yy. (25)
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Condition (25) is equivalent to the existence of the inverse finite-dimensional operator

P](\;J)AP](\;C) Z:ANZ)A(:N—>)7N (26)

for every N € Z,.

Give now the useful definition of an arbitrary limiting-dense family of subspaces
{By C B: N € Z,} of a Banach space B.

Definition 1. A family of subspaces {By C B: N € Z. } is called limiting-dense in B, if for
each g € B the following equality

p(g,By) == _inf |lg—wn|s— 0 (27)
wNEBN
holds as N — oo.

For further analysis we will need the following convergence theorem for our approximation
process slightly generalizing the corresponding statement from [14].

Theorem 4. Let a linear operator A: X — Y with a dense domain D(A) C X be invertible
and satisfy the condition Range(A) =Y, where X and Y are Banach spaces. Assume also

that a family of subspaces {A)? NEY: Ne Z+} is limiting-dense and projection operators
Pjs,y): Y 5YyCY satisfy the condition
1PV < e (28)

for some positive sequence c%) € R, N € Z,. Then for each element f € Y equations

PYAu=PYyf (29)
have the unique solutions uy € Xy for all N € 7, , where
lim ([ Ay — flly = 0, (30)

iff:
i) condition (25) is satisfied;

ii) there exists such a positive sequence 7'](\?,’) € R,, N € Z,, that for each element

oy € AXy, NE€Z,

1P gy = 7 1wy (31)
iii) for every f €Y
T [(1+ 7 o(f, A%w)| =0, (32)

Proof. First assume that for each element f € Y equation PJ(Vy)Au = P](\}")f, N € Z., has
the unique solution uy € )N(N, as well as [|[Auy — f|ly — 0 as N — oo. Then owing to the
inequality B

p(f,AXy) = inf_ ||f —wn|y <|[f — Aux|y

wNEAX N
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one can infer that limy_... p(f, AXy) = 0, that is the famlly of subsets {AXN €eY:NeZ,}
is limiting-dense in Y. Define now N € Z, and con81der P ) Ay = fN € YN It is clear that
there exists such an element f € Y for which P f fN ensuring, owing to the assumptlons
of the Theorem, the unique solution uy € X ~- Equivalently this means that P(y)AX N = YN,
proving condition i) of the theorem.

Since the mapping P(y)' Y — ?N C Y is a projector, one can consider its constraint
F( v . P ]AX AXN — YN for each N € Z, . The operator P AXN cY — YN, owing

(28), is bounded and one-to-one mapping. Then based on the Banach inverse operator

theorem [12, 9] we obtain that there exists the bounded inverse operator F%)’_lz Yy —

A)?N cY.

Let now uy € X ~ be the corresponding approximated solution of the equation PyAu =
Py f. Then the following equality Auy = F%)’APN f holds, from which and the condition
(30) one obtains that

. —=(y),—1
Jim [P Py = flly =0 (33)

for any f € Y. But this means that limy_, F%)’_lPNf = f for every given element f €Y.

Making use of the classical Banach-Schteinhaus theorem [12, 13, 9] we obtain that

sup HFE\%)’_lP](\?)HY < < o (34)
N€Z+

for some bounded value ¢ € R,. Thus for each element wy = P](\}")jN{EN € Yy, where
Jn: Yy — Y s the corresponding imbedding operator, one finds that

),—1 ~

) .~ —(y),—1 L~ ) -~
IPY anlly = 1PV PP jvanlly < [PV Pullyllivanlly < @ (linlll@v]ly  (35)

forall N € Z, . The result (35) means that the norm of the operator ?53)’71 Yy — AXyCY

is for all N € Z, bounded, that is
U < W)
1PN I < ¢l (36)

Choose now an arbitrary element vy € A)?N C Y and calculate wy = FE\Z}')'&N € ?N. Then,
making use of inequality (36), we obtain

~ —(),—1 ~
[Enlly = PN~ @nlly < c®linlll@nlly == " | Painlls, (37)

where quantities TJ(\?)’_I = cW||jy|| > 0 are bounded for all N € Z,. But this means that

the condition u) of our theorem is fulfilled concerning each element vy € AXy, that is
1PVl 2 7wy, N € Z,.

Sufficiency of conditions i) — #iz) we will prove in the next way. Let us solve the equation
PyAu = Pyf for N € Z,, whose solution uy € Xy is unique. Then it can be represented
as uy = A‘lﬁﬁg)’flPNf, where, as above, the linear mapping ?%) = P](\;’)|A)~(N: AXy — Yy
is the corresponding reduction upon AXy C Y of the projection operator P](\?): Y - Y
upon the subspace Yy C Y. Since, based on condition ii), we have HF%)_lﬂy < T](\?;’)’*l, the
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norm ||F§\Z}')’_1PJ(V%’)|| < cg\?)TN for all N € Z,. Whence for any element @y € AXy C Y
we obtain

~ _( )afl
Aty = flly = PN Puf = flly <
. —(y),—1 —(y),~1 - -
< inf ([P Puf =P PPl + i - flly) <

wNEAX N

. D) 771 5} ’71 —~ - 38
< it (Y Puf ~ P PP nly + @y — ) < (38)
’LﬂNEAXN
< inf <c§3)7§3)’71 + 1) p(f,wn) = (c(y)T(y)’fl + 1) o(f, AXy),
wNEAX N

where we took into account that F%)’_IPJ(\?)@N = wy for all wy € A)?N C Y. But owing to
the assumption 7i7) this means the existence of the limit limy_ ||[Auy — f|ly = 0 for an
arbitrary element f € Y, finishing the proof. O

Remark. We note here that some analog of Theorem 4, but alternative from it, was earlier
stated in [14].

_As an obvious corollary from the proof of Theorem 4 in the case when dim Xy = dim
Yn < oo for all N € Zwe obtain that condition 7) in form (25) follows from 7). Moreover,

the next statement about the convergence of the solutions uy € Xy as N — oo to element
u € X holds.

Theorem 5. Let all the conditions of Theorem 4 be fulfilled, in particular, the operator
A: X — Y is surjective and, moreover, closed. (This means that |A™'|| < oo owing to the
classical statement [12, 9| about the closed operator). Then the obtained sequence of solutions
Uy € Xy to the equation P ) Ay = p¥ v [ as N — oo is the corresponding approximation to
the solution of the equation Au =f subJect to the norm || - || x.

Proof. Assume that uy € Xy is a solution to the equation P AuN = ](\;y)f forall N € Z,.
Then one can estimate the difference (v —uny ) € X subJect to the norm in the Banach
space X :

[iy —ullx = [Juy — A7 fllx = [A7 Auy — A7 fllx =

— A Ay — Plix < 1A~ ATy — fly. (39)

Based now on inequality (38) we receive that limy_ ||[Auy — f|ly = 0. As the inverse
operator A™! is closed and, therefore, bounded, the right hand side of inequality (39) tends
to zero as N — oo. Thereby we state that limy_. |[|[uy — u||x = 0, finishing the proof. [

3.3. The special case: Lagrangian interpolation. For further studying the projection-
algebraic method of discrete approximations of solutions to linear differential-operator equa-
tions we once more assume that € := K C R? is a ¢-dimensional cube. Define also the
finite-dimensional functional subspaces Xy € Xand Yy €Y for N € Z., making use of
the Lagrange projection operators, described above.

Let X = L,(K;R), D(A) = W(m+s (K;R), Y := L,(K;R), Range(A) = Wps (K;R),
p>q,s>1, and s —q/p > 0. Based on the Sobolev imbedding theorem [13] there holds
the property W™ (K R) C C(K;R). So, we can construct the suitable subspaces Yy C Y,
N € Z,, as follows:

Yy = PYW(IGR), (40)
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where the projector P](\%’): Y — Yy is the classical Lagrange interpolation operator, defined
as

H;Z Lo;=N
PYf@) = Y flae)la(@), (41)
()ezl

where z(,) € K are suitable nodes in the cube KX C R?, multi-index («) € Z%, and (o) (z) :=
I la, (75), L) (2(3)) = O(a),(8), are basic ¢- dlmensmnal Lagrange polynomials. As we have

chosen subspaces Xy € X and YN € Y finite-dimensional, condition (25) follows from i) of
Theorem 4. Now it is necessary to consider the inequality

1PY x5, = 7 owlly (42)

for all Iy € AXy €Y, where 7'](\?) < 00, N € Z,. Condition (42) means, that the projector
P](\;}’) is invertible upon the subspace AXy C Y, since, evidently, ker P](\;J) = {0} . Now from

the definition vy = Awy, where wy € )N(N, and from the fact that the operator A: X — Y
is invertible, one follows that also ker(P J4) = {0}. - Additionally, from the condition dim

Xy =dim Yy one follows that Range(P( v Alg, = = Yy.
Consider now the subspace C'(K;R) of continuous functions on the cube K C R? and
the corresponding Lagrange interpolation projector (41), whose nodes are roots of Hermite’s

polynomials. We define such quantities:
LNG, Ne= ][] M, (43)

j=lq

oy: = min (xl(cjﬂ) —x,(cj)):j
k=T,q,j=1,Nx

A = |PY) < D (K)(log N,

where cgl)(K) > 0 forall N € Z,. Let now a functional z* € C*(K;R), z € K, is determined
in such a way that 2*(f) := f(x) for any function f € C(K;R). Then, as it is well known
[13], for the interpolation, whose nodes are chosen as roots of Hermite’s polynomials, the
following inequality

H3:10‘j:N
2" PNl c-wzy = Y (@) =AY < P (K)N*(log N)* (44)
aEZi

holds for all z € K and N € Z.. Based on the Jackson type inequality [13] for each function
f € C¥(K;R) we have also

Ex[f] < cPN7If o). (45)
Thus, making use of (44) and (45), for f € C)(K;R) we obtain such an estimation:

(@ P)(f) — ()] == |PY f(a) — fla)] <

H?:N"j:N q
<Y ) 1) plaa) + o) — F@)] < e20) CE 0. (a)
a€Zl

where the constant ¢!’ )(K) = cgl)(K)c,(f)(K) < o0, and py is the best approximation
polynomial of degree N € Z, on the cube K C R?. Assuming now that differential operator
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(2) is bounded as an operator A: C*™ (K:R) — C®)(K;R), and for s > 1 there is fulfilled
the Kato-Rellich condition [12]
tllpmess < e (K ([ Aullps + ullps) (47)

q

for some constant C¢(]4) > 0 and every u € W,Sm+5)(K ;R), based on the estimation (46)

from inequality (47) we obtain the existence of such a constant T](\Z,‘/) > 0, that the main
inequality (42) holds. Thereby, owing to Theorem 4 we make the inference of the existence
of unique approximated solutions to equations (29) from subspaces Xy C Wi (K R) for
each N € Z,, which approximate the exact solution to differential equation (1). This means,

that the system of finite-dimensional functional equations
1/4VN ﬁN = Pq(y)AP](VI)aN == fN = PJ(\?)‘]C (48)

for all N € Z, may be represented in an equivalent form as a general system of the algebraic
vector equations

Anuy = fn, (49)

WhereNUN = W](\gf)ﬂN,fN = W%)f]\], Ay = W%)AVN’/T](\?)’il, with W](\g;): )~(N — Xy ~ RW),
’/T](\Z}I): Yy — Yy =~ RW™)  being the corresponding canonical isomorphisms [2, 3] between

finite-dimensional subspaces for all N € Z,. Thus, the following theorem holds.

Theorem 6. Let the differential operator (2) defined above is invertible and satisfies condi-

tion (47) for some s > 1. Then there exists the unique solution u € Wp(ers)(K; R) of equation
(1), which is the corresponding limit of approximated solutions to finite-dimensional equati-
ons (49), constructed by means of the projection-algebraic method of discrete approxima-
tions.

Concerning the effective construction of finite-dimensional operators Ay: Xy — Yy,
N € Z,, we use the functional-algebraic properties of discrete approximations of Heisenberg-
Weil algebra basis operators G(q) := €,_1;{1, z;,0/0x;}, which were discussed above and
studied in works [1, 2, 3]. Then expression (49) becomes a usual system of algebraic vector
equations, whose matrix Ay: Xy — Yy, owing to the homomorphism property [18] of the
universal algebra U(G) representations, is given in the form

m

Ay = as(Sn)Dy, (50)
|81=0

where Sy and Dy: Xy — Xy are the corresponding finite-dimensional tensor quasi-rep-
resentations of basis elements (or generators) of the Heisenberg-Weil algebra G(¢). Solving
equations (49) with matrices (50), we obtain vector solutions uy € Xy =~ R®) which
generate, respectively, the searched approximated functional solution uy = 7y un €
Xy C X of our given equation (1). In case when additionally there are imposed some
boundary conditions upon the solution u € X to equation (1), the developed projection-
algebraic method can also be with success used and for this problem. Analogous results
one can also obtain and for the case of evolution equations in partial derivatives in the form
du/dt — Au = f, where u € X, f € Y and parameter ¢t € R,. We plan these aspects of the
problem to discuss in a separate investigation.
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