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Let ζ = (zn) be a sequence of complex numbers tending to∞, nζ(r) be its counting function,
τζ be its exponent of convergence, A(ζ) be the class of entire functions whose zero sets coincide
with ζ, be a function that is positive continuous and increasing to +∞ on R, and τ ∈ N. In
particular, we prove the next assertion: for any sequence ζ with τζ = τ there exists an entire
function f ∈ A(ζ) such that lim

r→+∞
ln Mf (r)

nζ(r)ϕ(lnnζ(r))
= 0 if and only if

∫∞
0

dx/ϕ(x) < ∞.

È. Â. Àíäðóñÿê, Ï. Â. Ôèëåâè÷. Ðîñò öåëûõ ôóíêöèé, ïîêàçàòåëü ñõîäèìîñòè íóëåé
êîòîðûõ � öåëîå ÷èñëî // Ìàò. Ñòóäi¨. � 2009. � Ò.32, �1. � C.12�20.

Ïóñòü ζ = (ζn) � ñòðåìÿùàÿñÿ ê ∞ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë, nζ(r) �
åå ñ÷èòàþùàÿ ôóíêöèÿ, τζ � åå ïîêàçàòåëü ñõîäèìîñòè, A(ζ) � êëàññ öåëûõ ôóíêöèé ñ
íóëÿìè â òî÷êàõ ζn è òîëüêî â íèõ, ϕ � ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ, âîçðàñòàþùàÿ ê
+∞ íà R ôóíêöèÿ, τ ∈ N. Äîêàçàíî, â ÷àñòíîñòè, òàêîå óòâåðæäåíèå: äëÿ òîãî, ÷òîáû
äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè ζ èç τζ = τ, ñóùåñòâîâàëà öåëàÿ ôóíêöèÿ f ∈ A(ζ)

òàêàÿ, ÷òî lim
r→+∞

ln Mf (r)
nζ(r)ϕ(lnnζ(r))

= 0, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
∫∞
0

dx/ϕ(x) < ∞.

1. Âñòóï. Íåõàé L � êëàñ äîäàòíèõ, íåïåðåðâíèõ, çðîñòàþ÷èõ äî +∞ íà (−∞, +∞)
ôóíêöié. Ïîçíà÷èìî ÷åðåç A êëàñ öiëèõ ôóíêöié f(z) 6≡ 0. Äëÿ f ∈ A i êîæíîãî r ≥ 0

ïîêëàäåìî Mf (r) = max{|f(z)| : |z| = r} i íåõàé Tf (r) = 1
2π

∫ 2π

0
ln+ |f(reiθ)|dθ � õàðàêòå-

ðèñòèêà Íåâàíëiííè ôóíêöi¨ f .
×åðåç Z ïîçíà÷èìî êëàñ êîìïëåêñíèõ ïîñëiäîâíîñòåé ζ = (ζn) òàêèõ, ùî 0 < |ζ0| ≤

|ζ1| ≤ . . . i ζn →∞ (n →∞). Íåõàé nζ(r) =
∑

|ζn|≤r 1 � ëi÷èëüíà ôóíêöiÿ, à

τζ = lim
r→+∞

ln nζ(r)

ln r
� ïîðÿäîê ôóíêöi¨ nζ(r).

Ñêàæåìî, ùî f ∈ A(ζ), ÿêùî i ëèøå ÿêùî f ∈ A i ïîñëiäîâíiñòü íóëiâ ôóíêöi¨ f ,
çàíóìåðîâàíà (ç óðàõóâàííÿì êðàòíîñòåé) ó ïîðÿäêó íåñïàäàííÿ ¨õ ìîäóëiâ, çáiãà¹òüñÿ
ç ïîñëiäîâíiñòþ ζ. Çà êëàñè÷íîþ òåîðåìîþ Âåé¹ðøòðàññà [1] A(ζ) 6= ∅ äëÿ äîâiëüíî¨
ïîñëiäîâíîñòi ζ ∈ Z.

Íàñòóïíå òâåðäæåííÿ ¹ íàñëiäêîì ç äîáðå âiäîìèõ êëàñè÷íèõ ðåçóëüòàòiâ ó âèïàäêó
τζ < ∞, à òàêîæ ðåçóëüòàòiâ Â.Áåðãâàéëåðà ([2]) i Äæ.Ìàéëçà ([3]) ó âèïàäêó τζ = +∞.
Òåîðåìà A. Íåõàé ζ ∈ Z i τζ ∈ [0, +∞]\Z. Òîäi (∃f ∈ A(ζ)) : lim

r→+∞
ln Mf (r)/nζ(r) < ∞.
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Ó öié ñòàòòi ðîçãëÿäà¹ìî çàäà÷ó ïðî ìiíiìàëüíå çðîñòàííÿ ôóíêöié f ∈ A(ζ) ó
âèïàäêó öiëîãî τζ . Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè τζ ∈ N.
Òåîðåìà 1. Íåõàé τ ∈ N, ϕ ∈ L. Äëÿ òîãî, ùîá äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z
òàêî¨, ùî τζ = τ , iñíóâàëà öiëà ôóíêöiÿ f ∈ A(ζ), äëÿ ÿêî¨

lim
r→+∞

ln Mf (r)

nζ(r)ϕ(ln nζ(r))
= 0, (1)

íåîáõiäíî i äîñèòü, ùîá ∫ +∞

0

dx

ϕ(x)
< +∞. (2)

Òåîðåìà 1 ¹ íàñëiäêîì ç íàñòóïíî¨ òî÷íiøî¨ òåîðåìè.
Òåîðåìà 2. Íåõàé τ ∈ N. Òîäi:

(i) äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z òàêî¨, ùî τζ = τ i
∫ +∞
0

t−τ−1nζ(t)dt = +∞,
iñíó¹ öiëà ôóíêöiÿ f ∈ A(ζ) òàêà, ùî äëÿ äîâiëüíî¨ ϕ ∈ L, ÿêà çàäîâîëüíÿ¹ óìîâó (2),
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (1);

(ii) äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z òàêî¨, ùî τζ = τ i
∫ +∞
0

nζ(t)

tτ+1 dt < +∞, iñíóþòü
öiëi ôóíêöi¨ f, g ∈ A(ζ) òàêi, ùî äëÿ äîâiëüíî¨ ϕ ∈ L, ÿêà çàäîâîëüíÿ¹ óìîâó (2),

min

{
lim

r→+∞

ln Mf (r)

nζ(r)ϕ(ln nζ(r))
, lim

r→+∞

ln Mg(r)

nζ(r)ϕ(ln nζ(r))

}
= 0; (3)

(iii) äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ L, ÿêà íå çàäîâîëüíÿ¹ óìîâó (2), iñíó¹ ïîñëiäîâíiñòü
ζ ∈ Z òàêà, ùî τζ = τ i äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f ∈ A(ζ) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
r→+∞

Tf (r)

nζ(r)ϕ(ln nζ(r))
= +∞. (4)

Íåõàé τ ∈ N. Ó çâ'ÿçêó ç òåîðåìîþ 2 âèíèêà¹ ïèòàííÿ, âiäïîâiäü íà ÿêå íàì íå
âäàëîñü îòðèìàòè.
Ïðîáëåìà.×è äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z ç τζ = τ iñíó¹ öiëà ôóíêöiÿ f ∈ A(ζ)
òàêà, ùî äëÿ äîâiëüíî¨ ϕ ∈ L, ÿêà çàäîâîëüíÿ¹ óìîâó (2), âèêîíó¹òüñÿ ñïiââiäíîøåí-
íÿ (1)?

Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z íåõàé

pζ = lim
r→+∞

ln nζ(r)

ln ln r
� ëîãàðèôìi÷íèé ïîðÿäîê ôóíêöi¨ nζ(r).

Ó âèïàäêó τζ = 0 îáìåæèìîñü íàñòóïíèìè äâîìà òåîðåìàìè.
Òåîðåìà 3. Íåõàé p ∈ (0, +∞]. Òîäi:
(i) äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ζ ∈ Z òàêî¨, ùî pζ = p, iñíó¹ öiëà ôóíêöiÿ f ∈ A(ζ),

äëÿ ÿêî¨
lim

r→+∞

ln ln Mf (r)

ln nζ(r)
≤ p + 1

p
; (5)

(ii) iñíó¹ ïîñëiäîâíiñòü ζ ∈ Z òàêà, ùî pζ = p i äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f ∈ A(ζ)
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
r→+∞

ln Tf (r)

ln nζ(r)
≥ p + 1

p
. (6)
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Çàóâàæåííÿ 1. Ââàæà¹ìî, ùî p+1
p

= 1, ÿêùî p = +∞.
Çàóâàæåííÿ 2. Ó âèïàäêó τζ > 0 íåîáõiäíî pζ = +∞ i òîìó òåîðåìà 3 âèïëèâà¹ ç
òåîðåì A i 2. Òîáòî, òåîðåìà 3 âèìàãà¹ äîâåäåííÿ ëèøå ó âèïàäêó τζ = 0.
Òåîðåìà 4. Äëÿ äîâiëüíî¨ ôóíêöi¨ l ∈ L iñíó¹ ïîñëiäîâíiñòü ζ ∈ Z òàêà, ùî pζ = 0 i
äëÿ êîæíî¨ f ∈ A(ζ) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
r→+∞

Tf (r)

l(nζ(r))
= +∞. (7)

Ç òåîðåìè 4 ìîæåìî çðîáèòè âèñíîâîê, ùî ó âèïàäêó pζ = 0 öiëi ôóíêöi¨ ç êëàñó
A(ζ) ìîæóòü çðîñòàòè äîâiëüíî øâèäêî ó ïîðiâíÿííi çi çðîñòàííÿì ôóíêöi¨ nζ(r).

Çàçíà÷èìî, ùî, çãiäíî ç íåðiâíiñòþ Tf (r) ≤ ln+ Mf (r), ñêðiçü â òåîðåìàõ 2�4 Tf (r)
ìîæíà çàìiíèòè íà ln Mf (r) i íàâïàêè.

Áëèçüêi äî ðîçãëÿíóòèõ òóò çàäà÷ ðîçãëÿäàëèñÿ â [5�7].
2. Äîïîìiæíi ðåçóëüòàòè. Íåõàé p ∈ Z+, à E(z, p) � ïåðâèííèé ìíîæíèê Âåé¹ð-
øòðàññà, òîáòî

E(z, 0) = 1− z; E(z, p) = (1− z)ez+ z2

2
+···+ zp

p (p ∈ N).

Äîáðå âiäîìèì ¹ òàêå òâåðäæåííÿ (äèâ., íàïðèêëàä, [1, ñ. 76�78]).
Ëåìà 1. Íåõàé p ∈ Z+, à ζ ∈ Z òàêà, ùî

+∞∑
n=0

1

|ζn|p+1
< +∞. (8)

Òîäi äîáóòîê Âåé¹ðøòðàññà f(z) =
∏+∞

n=0 E
(

z
ζn

, p
)
çàäà¹ öiëó ôóíêöiþ f ∈ A(ζ), äëÿ ÿêî¨

ln Mf (r) ≤ Cpr
p
( r∫

0

nζ(t)

tp+1
dt + r

+∞∫

r

nζ(t)

tp+2
dt

)
, äå C0 = 1 i Cp = 4(p + 1)(2 + ln p) (p ∈ N).

Çàóâàæåííÿ 3. Óìîâà (8) ðiâíîñèëüíà ([1, ñ. 68]) äî óìîâè
+∞∫

0

nζ(t)

tp+2
dt < +∞. (9)

Ëåìà 2. Íåõàé p ∈ Z+, ε > 0, à ïîñëiäîâíiñòü ζ ∈ Z òàêà, ùî âèêîíó¹òüñÿ (9). Òîäi
iñíó¹ äîäàòíà, íåñïàäíà, íåïåðåðâíà íà [|ζ0|, +∞) ôóíêöiÿ h, äëÿ ÿêî¨ h(r) ≤ nζ(r) i

α(r) :=

r∫

|ζ0|

nζ(t)

tp+1
dt ≤ 2

r∫

|ζ0|

h(t)

tp+1
dt, β(r) :=

+∞∫

r

nζ(t)

tp+2
dt ≤ 2

+∞∫

r

h(t)

tp+2
dt (10)

äëÿ äîâiëüíîãî r ≥ |ζ0|.
Äîâåäåííÿ. Íåõàé rj = |ζj|, j ∈ Z+. Çàóâàæèìî, ùî ôóíêöiÿ nζ(t) ¹ íåïåðåðâíîþ íà
(0, +∞) çà âèíÿòêîì òî÷îê rj, j ∈ Z+, ÿêi äëÿ öi¹¨ ôóíêöi¨ ¹ òî÷êàìè ðîçðèâó ïåðøîãî
ðîäó, à ôóíêöi¨ α i β ¹ äîäàòíèìè íà (r0, +∞), ïðè÷îìó íà öüîìó iíòåðâàëi α çðîñòà¹,
à β ñïàäà¹ äî 0.
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Äëÿ êîæíîãî j ∈ N âèáåðåìî òî÷êó sj ∈ (rj, rj+1) òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

max
{ sj∫

rj

nζ(t)

tp+1
dt,

sj∫

rj

nζ(t)

tp+2
dt

}
≤ min{α(r1), β(rj+1)}

2j+2
. (11)

Ïîêëàäåìî h(r) = nζ(r), ÿêùî r ∈ [r0, r1) ÷è r ∈ [sj, rj+1) äëÿ äåÿêîãî j ∈ N, i íåõàé
h(r) = nζ(rj − 0) +

r − rj

sj − rj

(nζ(rj)− nζ(rj − 0))

äëÿ âñiõ r ∈ [rj, sj) i j ∈ N. Òîäi, ÿê ëåãêî áà÷èòè, h ¹ äîäàòíîþ, íåñïàäíîþ, íåïå-
ðåðâíîþ íà [r0, +∞) ôóíêöi¹þ i h(r) ≤ nζ(r), r ≥ r0. Êðiì òîãî, äëÿ r ∈ [r0, r1) ìà¹ìî
α(r) =

∫ r

r0
t−p−1h(t)dt, à äëÿ äîâiëüíîãî r ≥ r1, çãiäíî ç (11),

α(r)−
∫ r

r0

h(t)

tp+1
dt ≤

+∞∑
j=1

∫ sj

rj

nζ(t)− h(t)

tp+1
dt ≤

∑+∞
j=1

α(r1)

2j+2
=

α(r1)

4
≤ α(r)

4
,

çâiäêè âèïëèâà¹ ïåðøà ç íåðiâíîñòåé (10). Ïðèéíÿâøè s0 = r0 i ñêîðèñòàâøèñü (11) ùå
ðàç, äëÿ äîâiëüíèõ m ∈ Z+ i r ∈ [rm, rm+1) îòðèìó¹ìî

β(r)−
+∞∫

r

h(t)

tp+2
dt ≤

+∞∑
j=m

sj∫

rj

nζ(t)− h(t)

tp+2
dt ≤

+∞∑
j=m

β(rj+1)

2j+2
≤ β(rm+1)

+∞∑
j=0

1

2j+2
≤ β(r)

2
,

çâiäêè âèïëèâà¹ äðóãà ç íåðiâíîñòåé (10). Ëåìó äîâåäåíî.

Íàì ïîòðiáíi òàêîæ äâi íàñòóïíi ïðîñòi ëåìè.
Ëåìà 3. Íåõàé ôóíêöi¨ ψ1, ψ2 ∈ L òàêi, ùî

∫ +∞
0

dx
ψj(x)

< +∞, j ∈ {1, 2}, à ψ(x) =

min{ψ1(x), ψ2(x)}. Òîäi ψ ∈ L i
∫ +∞
0

dx
ψ(x)

< +∞.

Äîâåäåííÿ. Íåõàé E = {x > 0: ψ1(x) ≤ ψ2(x)}. Òîäi∫ +∞

0

dx

ψ(x)
=

∫

E

dx

ψ1(x)
+

∫

(0,+∞)\E

dx

ψ2(x)
≤

∑2

j=1

∫ +∞

0

dx

ψj(x)
< +∞.

Ëåìà 4. Äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ L, ÿêà çàäîâîëüíÿ¹ óìîâó (2), iñíó¹ ôóíêöiÿ ψ ∈ L
òàêà, ùî ψ(x) = o(ϕ(x)), x → +∞, i

∫ +∞
0

dx
ψ(x)

< +∞.

Äîâåäåííÿ. Íåõàé α(x) = 1
ϕ(x)

. Òîäi α(x) ↓ 0, x → +∞, i
∫ +∞
0

α(x)dx < +∞. Íåõàé
(xn)+∞

n=1 � äîâiëüíà äîäàòíà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü òàêà, ùî

(k + 1)α(xk+1) < kα(xk),

∫ +∞

xk

α(x)dx <
1

(k + 1)2k
.

Ïîêëàäåìî β(x) =

{
α(x), ÿêùî x < x1;

min{kα(xk); (k + 1)α(x)}, ÿêùî xk ≤ x < xk+1, k ∈ N.

Òîäi β(x) ¹ íåçðîñòàþ÷à íà (−∞; +∞), áî β(xk) ≥ β(x) ≥ β(xk+1) äëÿ âñiõ x ∈ [xk, xk+1)
i k ∈ N. Ñïðàâäi,

β(xk) = kα(xk) ≥ β(x) ≥ min{kα(xk); (k + 1)α(xk+1)} = (k + 1)α(xk+1) = β(xk+1).
Êðiì òîãî, α(x) = o(β(x)), x → +∞, i
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∫ +∞

0

β(x)dx ≤
∫ x1

0

α(x)dx +
+∞∑

k=1

∫ xk+1

xk

(k + 1)α(x)dx ≤
∫ +∞

0

α(x)dx +
+∞∑

k=1

1

2k
< +∞.

Çàëèøà¹òüñÿ âèáðàòè ôóíêöiþ ψ ∈ L òàê, ùîá ψ(x) ∼ 1/β(x), x → +∞.

Íàâåäåíå äàëi òâåðäæåííÿ âiäîìå ÿê ëåìà ïðî ïiêè Ïîéà (äèâ., íàïðèêëàä, [4, ñ. 155]).
Ëåìà 5. Íåõàé α(r) i β(r) � íåïåðåðâíi, äîäàòíi íà [a, +∞) ôóíêöi¨ òàêi, ùî α(r)

β(r)
�

íåñïàäíà íà [a, +∞) ôóíêöiÿ i lim
r→+∞

α(r) = +∞, lim
r→+∞

β(r) = 0. Òîäi ìíîæèíà òèõ
r ≥ a, äëÿ ÿêèõ îäíî÷àñíî âèêîíóþòüñÿ íåðiâíîñòi

α(t) ≤ α(r) (a ≤ t ≤ r), β(t) ≤ β(r) (t ≥ r),
¹ íåîáìåæåíîþ.

Íàñòóïíó ëåìó [1, c. 338�341] çàñòîñó¹ìî äëÿ äîâåäåííÿ òâåðäæåííÿ (iii) òåîðåìè 2.
Ëåìà 6. Íåõàé p ∈ N. ßêùî ïîñëiäîâíiñòü ζ ∈ Z ¹ äîäàòíîþ i

∑+∞
n=0

1
ζp
n

= +∞, òî
rp = o(Tf (r))(r → +∞) äëÿ äîâiëüíî¨ öiëî¨ ôóíêöi¨ f ∈ A(ζ).
3. Äîâåäåííÿ òåîðåì.
Äîâåäåííÿ òåîðåìè 2. Íåõàé τ ∈ N, ε ∈ (

0, 1
2

)
� ôiêñîâàíå ÷èñëî, ζ ∈ Z � äîâiëüíà

ïîñëiäîâíiñòü ç τζ = τ .
Çðîçóìiëî, ùî äëÿ ïîñëiäîâíîñòi ζ âèêîíó¹òüñÿ óìîâà

∫ +∞
|ζ0|

nζ(t)

tτ+2 dt < +∞. Çãiäíî ç
ëåìàìè 1 i 2 äîáóòîê Âåé¹ðøòðàññà f(z) =

∏+∞
n=0 E

(
z
ζn

, τ
)
çàäà¹ öiëó ôóíêöiþ f ∈ A(ζ),

äëÿ ÿêî¨

ln Mf (r) ≤ 2Cτr
τ
( r∫

|ζ0|

h1(t)

tτ+1
dt + r

+∞∫

r

h1(t)

tτ+2
dt

)
, r ≥ |ζ0|, (12)

äå h1 � äîäàòíà, íåñïàäíà, íåïåðåðâíà íà [|ζ0|, +∞) ôóíêöiÿ òàêà, ùî h1(r) ≤ nζ(r),
r ≥ |ζ0|.

Ïðèïóñòèìî, ùî
+∞∫
|ζ0|

nζ(t)

tτ+1 dt = +∞. Òîäi çà ëåìîþ 2

+∞∫

|ζ0|

h1(t)

tτ+1
dt = +∞. (13)

Íåõàé ϕ ∈ L � äîâiëüíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (2). Äîâåäåìî, ùî äëÿ f i
ϕ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (1). Çà ëåìàìè 3 i 4 iñíó¹ ôóíêöiÿ ψ ∈ L òàêà, ùî

ψ(x) = o(min{ϕ((τ − 2ε)x), x2}), x → +∞, (14)

i äëÿ äîâiëüíîãî a ∈ R âèêîíó¹òüñÿ ñïiââiäíîøåííÿ K1(a) :=
∫ +∞

a
dx

ψ(x)
< +∞.

Ïîêàæåìî, ùî ç (13) âèïëèâà¹ ðiâíiñòü

lim
r→+∞

h1(r)ψ(ln r)

rτ
= +∞. (15)

Ñïðàâäi, ÿêùî (15) íå âèêîíó¹òüñÿ, òî h1(r)ψ(ln r)
rτ ≤ K, r ≥ |ζ0|, äå K � äåÿêà ñòàëà, à

òîìó
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∫ +∞

|ζ0|

h1(t)

tτ+1
dt ≤ K

∫ +∞

|ζ0|

dt

tψ(ln r)
= KK1(ln |ζ0|) < +∞,

ùî ñóïåðå÷èòü (13). Êðiì òîãî, ç ðiâíîñòi τζ = τ îòðèìó¹ìî

lim
r→+∞

h1(r)

rτ+ε
= 0. (16)

Òîäi çà ëåìîþ 5, çãiäíî ç (15) i (16), ìíîæèíà E1 òèõ r ≥ |ζ0|, äëÿ ÿêèõ îäíî÷àñíî
âèêîíóþòüñÿ íåðiâíîñòi

h1(t)ψ(ln t)

tτ
≤ h1(r)ψ(ln r)

rτ
, |ζ0| ≤ t ≤ r;

h1(t)

tτ+ε
≤ h1(r)

rτ+ε
, t ≥ r, (17)

¹ íåîáìåæåíîþ. Çàóâàæèìî òàêîæ, ùî çà (14), (15) i ïåðøîþ ç íåðiâíîñòåé (17) ìà¹ìî

h1(r)

rτ−ε
→ +∞, E1 3 r → +∞. (18)

Îòæå, ÿêùî E1 3 r → +∞, òî çà (12), (17), (18) i (14) îòðèìó¹ìî

ln Mf (r) ≤ 2Cτr
τ
( r∫

|ζ0|

h1(t)ψ(ln t)

tτ
dt

tψ(ln t)
+ r

+∞∫

r

h1(t)

tτ+ε

dt

t2−ε

)
≤

≤ 2Cτ

(
h1(r)ψ(ln r)

r∫

|ζ0|

dt

tψ(ln t)
+ h1(r)r

1−ε

+∞∫

r

dt

t2−ε

)
≤

≤ 2Cτh1(r)
(
ψ(ln r)K1(ln |ζ0|) +

1

1− ε

)
= O(h1(r)ψ(ln r)) =

= O
(
h1(r)ψ

( 1

τ − ε
ln h1(r)

))
= o(nζ(r)ϕ(ln nζ(r))),

çâiäêè i âèïëèâà¹ (1). Òâåðäæåííÿ (i) äîâåäåíî.
Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ (ii). Íåõàé τ ∈ N, à äëÿ ïîñëiäîâíîñòi ζ âèêî-

íóþòüñÿ óìîâè τζ = τ i
∫ +∞
|ζ0|

nζ(t)

tτ+1 dt < +∞. Çãiäíî ç ëåìàìè 1 i 2 äîáóòîê Âåé¹ðøòðàññà
g(z) =

∏+∞
n=0 E

(
z
ζn

, τ − 1
)
çàäà¹ öiëó ôóíêöiþ g ∈ A(ζ), äëÿ ÿêî¨

ln Mg(r) ≤ 2Cτ−1r
τ−1

(∫ r

|ζ0|

h2(t)

tτ
dt + r

∫ +∞

r

h2(t)

tτ+1
dt

)
, r ≥ |ζ0|, (19)

äå h2 � äîäàòíà, íåñïàäíà, íåïåðåðâíà íà [|ζ0|, +∞) ôóíêöiÿ òàêà, ùî h2(r) ≤ nζ(r),
r ≥ |ζ0|.

Íåõàé ϕ ∈ L � äîâiëüíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (2), à ψ ∈ L, f ∈ A(ζ) i
h1 � òàêi æ, ÿê i ïðè äîâåäåííi òâåðäæåííÿ (i). Äîâåäåìî, ùî äëÿ f , g i ϕ âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ (3).

Ïðèéìåìî h(r) = max{h1(r), h2(r)}. Òîäi h � äîäàòíà, íåñïàäíà, íåïåðåðâíà íà
[|ζ0|, +∞) ôóíêöiÿ, äëÿ ÿêî¨ h(r) ≤ nζ(r), r ≥ |ζ0|.

ßêùî
lim

r→+∞
h(r)ψ(ln r)

rτ
= +∞, (20)
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òî, çäiéñíþþ÷è òàêi ñàìi ìiðêóâàííÿ ÿê i â äîâåäåííi òâåðäæåííÿ (i), àëå ç ôóíêöi¹þ h
çàìiñòü h1, ëåãêî âñòàíîâëþ¹ìî ïðàâèëüíiñòü ñïiââiäíîøåííÿ (1).

Ïðèïóñòèìî, ùî (20) íå âèêîíó¹òüñÿ i íåõàé α ∈ L � äîâiëüíà ôóíêöiÿ òàêà, ùî

α(x) = o(ψ(x)), x → +∞, (21)

i äëÿ äîâiëüíîãî a ∈ R âèêîíó¹òüñÿ ñïiââiäíîøåííÿ K2(a) :=
∫ +∞

a
dx

α(x)
< +∞ (äèâ.

ëåìó 4). Òîäi
lim

r→+∞
h(r)α(ln r)

rτ
= 0. (22)

Êðiì òîãî, ç ðiâíîñòi τζ = τ îòðèìó¹ìî

lim
r→+∞

h(r)α(ln r)

rτ−ε
= +∞. (23)

Òîäi çà ëåìîþ 5, çãiäíî ç (23) i (22), ìíîæèíà E2 òèõ r ≥ |ζ0|, äëÿ ÿêèõ îäíî÷àñíî
âèêîíóþòüñÿ íåðiâíîñòi

h(t)α(ln t)

tτ−ε
≤ h(r)α(ln r)

rτ−ε
(|ζ0| ≤ t ≤ r);

h(t)α(ln t)

tτ
≤ h(r)α(ln r)

rτ
(t ≥ r), (24)

¹ íåîáìåæåíîþ. Çàóâàæèìî òàêîæ, ùî çà (21), (14), (23) i ïåðøîþ ç íåðiâíîñòåé (24)
ìà¹ìî

h(r)

rτ−2ε
→ +∞, E2 3 r → +∞. (25)

Îòæå, ÿêùî E2 3 r → +∞, òî çà (19), (24), (25) i (14) îòðèìó¹ìî

ln Mg(r) ≤ 2Cτ−1r
τ−1

( r∫

|ζ0|

h(t)α(ln t)

tτ−ε

dt

tεα(ln t)
+ r

+∞∫

r

h(t)α(ln t)

tτ
dt

tα(ln t)

)
≤

≤ 2Cτ−1

( h(r)α(ln r)

r1−εα(ln |ζ0|)

r∫

|ζ0|

dt

tε
+ h(r)α(ln r)

+∞∫

r

dt

tα(ln t)

)
=

= 2Cτ−1h(r)α(ln r)
( 1

(1− ε)α(ln |ζ0|)
(
1−

( |ζ0|
r

)1−ε)
+ K2(ln r)

)
=

= O(h(r)α(ln r)) = o
(
h(r)ψ

( 1

τ − 2ε
ln h(r)

))
= o(nζ(r)ϕ(ln nζ(r))),

çâiäêè âèïëèâà¹ ñïiââiäíîøåííÿ

lim
r→+∞

ln Mg(r)

nζ(r)ϕ(ln nζ(r))
= 0. (26)

Îòæå, íàìè äîâåäåíî, ùî äëÿ f , g i ϕ âèêîíó¹òüñÿ îäíå çi ñïiââiäíîøåíü (1) ÷è (26),
çâiäêè i âèïëèâà¹ (3). Òâåðäæåííÿ (ii) äîâåäåíî.

Äîâåäåìî òâåðäæåííÿ (iii). Ðîçãëÿíåìî äîâiëüíó ôóíêöiþ ϕ ∈ L, äëÿ ÿêî¨ óìîâà (2)
íå âèêîíó¹òüñÿ. Çðîçóìiëî, ùî

lim
x→+∞

ln ϕ(x)

x
= 0. (27)
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Ïîêëàäåìî ζn = ((n + 1)ϕ(ln(n + 1)))1/τ äëÿ âñiõ n ∈ Z+. Òîäi
+∞∑
n=0

1

ζτ
n

=
+∞∑
n=0

1

(n + 1)ϕ(ln(n + 1))
≥

∫ +∞

0

dx

(x + 1)ϕ(ln(x + 1))
=

∫ +∞

0

dt

ϕ(t)
= +∞.

Çà ëåìîþ 6 äëÿ äîâiëüíî¨ f ∈ A(ζ) îòðèìó¹ìî rτ = o(Tf (r)), r → +∞. Äàëi, ÿêùî
r ∈ [ζn, ζn+1), òî nζ(r) = n + 1, à òîìó

nζ(r)ϕ(ln nζ(r)) = (n + 1)ϕ(ln(n + 1)) = ζτ
n ≤ rτ = o(Tf (r)), r → +∞.

Îòæå, äëÿ äîâiëüíî¨ f ∈ A(ζ) âèêîíó¹òüñÿ (4), i íàì çàëèøèëîñü âñòàíîâèòè, ùî τζ = τ .
Ñïðàâäi, âèêîðèñòîâóþ÷è (27), ìà¹ìî

lim
r→+∞

ln nζ(r)/ln r = lim
n→+∞

ln n/ln ζn−1 = τ lim
n→+∞

(
1 + ln ϕ(ln n)

ln n

)−1

= τ.

Òåîðåìó 2 äîâåäåíî.

Äîâåäåííÿ òåîðåìè 3. Íåõàé p ∈ (0, +∞], à ζ ∈ Z � äîâiëüíà ïîñëiäîâíiñòü ç pζ = p i
τζ = 0 (äèâ. çàóâàæåííÿ 2). Òîäi äëÿ ïîñëiäîâíîñòi ζ âèêîíó¹òüñÿ óìîâà

∫ +∞
|ζ0|

nζ(t)

t2
dt <

+∞. Çãiäíî ç ëåìàìè 1 i 2 äîáóòîê Âåé¹ðøòðàññà f(z) =
∏+∞

n=0 E
(

z
ζn

, 0
)

çàäà¹ öiëó
ôóíêöiþ f ∈ A(ζ), äëÿ ÿêî¨

ln Mf (r) ≤ 2
( r∫

|ζ0|

h(t)

t
dt + r

+∞∫

r

h(t)

t2
dt

)
, r ≥ |ζ0|, (28)

äå h � äîäàòíà, íåñïàäíà, íåïåðåðâíà íà [|ζ0|, +∞) ôóíêöiÿ òàêà, ùî h(r) ≤ nζ(r),
r ≥ |ζ0|. Äîâåäåìî, ùî äëÿ ôóíêöi¨ f âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (5).

Ââàæà¹ìî, íå çìåíøóþ÷è çàãàëüíîñòi, ùî |ζ0| > 1. Çàôiêñó¹ìî äîâiëüíå q ∈ (0, p). Ç
ðiâíîñòåé pζ = p i τζ = 0 îòðèìó¹ìî lim

r→+∞
h(r)

lnq r
= +∞, lim

r→+∞
h(r)√

r
= 0.

Òîäi çà ëåìîþ 5 ìíîæèíà E òèõ r ≥ |ζ0|, äëÿ ÿêèõ îäíî÷àñíî âèêîíóþòüñÿ íåðiâíîñòi

h(t)

lnq t
≤ h(r)

lnq r
, |ζ0| ≤ t ≤ r;

h(t)√
t
≤ h(r)√

r
, t ≥ r, (29)

¹ íåîáìåæåíîþ. Çðîçóìiëî, ùî h(r)
lnq r

→ +∞, E 3 r → +∞. Îòæå, ÿêùî E 3 r → +∞,
òî çâiäñè, à òàêîæ ç (28) i (29) îòðèìó¹ìî

ln Mf (r) ≤ 2
( r∫
|ζ0|

h(t)
lnq t

lnq t
t

dt + r
+∞∫
r

h(t)√
t

dt
t
√

t

)
≤ 2

(
h(r)
lnq r

r∫
|ζ0|

lnq t
t

dt + h(r)
√

r
+∞∫
r

dt
t
√

t

)
=

= 2
(

h(r)
lnq r

1
q+1

(lnq+1 r − lnq+1 |ζ0|) + 2h(r)
)

= O(h(r) ln r) = o
(
(h(r))

q+1
q

)
= o

(
(nζ(r))

q+1
q

)
,

çâiäêè ìà¹ìî limr→+∞
ln ln Mf (r)

ln nζ(r)
≤ q+1

q
. Çâiäñè, çàâäÿêè äîâiëüíîñòi q ∈ (0, p) âèïëèâà¹ (5).

Òâåðäæåííÿ (i) äîâåäåíî.
Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ (ii). Äëÿ êîæíîãî n ∈ Z+ ïîêëàäåìî ζn =

exp
{

n
1
p

}
, ÿêùî p ∈ (0, +∞), i ζn = exp

{
exp

{
ln

1
2 (n + 1)

}}
, ÿêùî p = +∞. Ëåãêî

ïåðåêîíàòèñü, ùî ïðè r → +∞
nζ(r) ∼ lnp r (p ∈ (0, +∞)), nζ(r) ∼ (ln r)ln ln r (p = +∞),

çâiäêè äëÿ äîâiëüíîãî p ∈ (0, +∞] îòðèìó¹ìî pζ = p.
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Íåõàé Nζ(r) =
∫ r

|ζ0|
nζ(t)

t
dt � óñåðåäíåíà ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi ζ. Âðàõîâó-

þ÷è, ùî nζ(r) = r(Nζ(r))
′
+, çà ïðàâèëîì Ëîïiòàëÿ ïðè r → +∞ îòðèìó¹ìî

Nζ(r) ∼ 1
p+1

lnp+1 r (p ∈ (0, +∞)), Nζ(r) ∼ (ln r)ln ln r+1

2 ln ln r
(p = +∞).

Íåõàé f ∈ A(ζ) � äîâiëüíà öiëà ôóíêöiÿ. Îñêiëüêè çà ôîðìóëîþ É¹íñåíà ([1, ñ. 24])
Nζ(r) = 1

2π

∫ 2π

0
ln |f(reiθ)|dθ − ln |f(0)| ≤ Tf (r)− ln |f(0)|,

òî çâiäñè âèïëèâà¹ (6), ïîçàÿê çà ïîáóäîâîþ limr→+∞
ln Nζ(r)

ln nζ(r)
= p+1

p
, p ∈ (0, +∞]. Òåîðåìó

3 äîâåäåíî.

Äîâåäåííÿ òåîðåìè 4. Íåõàé l ∈ L. Òîäi l−1 ¹ íåïåðåðâíîþ, äîäàòíîþ, çðîñòàþ÷îþ
äî +∞ íà (l(0), +∞) ôóíêöi¹þ. Ïðèéìåìî h(r) = min{l−1(r), ln ln r} äëÿ âñiõ r ≥
max{l(0), e2} i ðîçãëÿíåìî äîâiëüíó ïîñëiäîâíiñòü ζ ∈ Z òàêó, ùî nζ(r) ≤ h(ln r), r ≥ r0

(íàïðèêëàä, áåðåìî çà ζ äîäàòíó çðîñòàþ÷ó ïîñëiäîâíiñòü, äëÿ ÿêî¨ h(ln ζn) ≥ n + 1).
Çðîçóìiëî, ùî pζ = 0. Êðiì òîãî, êîæíà öiëà ôóíêöiÿ f ∈ A(ζ) ¹ òðàíñöåíäåíòíîþ, à
òîìó äëÿ íå¨ ln r = o(Tf (r)), r → +∞. Îòæå,

l(nζ(r)) ≤ l(h(ln r)) ≤ l(l−1(ln r)) = ln r = o(Tf (r)), r → +∞,

òîáòî ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ (7). Òåîðåìó 4 äîâåäåíî.
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