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We prove that the hyperspace exp X of a compact space X can be obtained as the intersec-
tion of the space GX of inclusion hyperspaces over X and the space IX of idempotent measures
on X.

Ò. Í. Ðàäóë. Ãèïåðïðîñòðàíñòâî êàê ïåðåñå÷åíèå ãèïåðïðîñòðàíñòâ âêëþ÷åíèÿ è èäåì-

ïîòåíòíûõ ìåð // Ìàò. Ñòóäi¨. � 2009. � Ò.31, �2. � C.207�210.

Äîêàçàíî, ÷òî ãèïåðïðîñòðàíñòâî ìîæåò áûòü ïðåäñòàâëåíî â âèäå ïåðåñå÷åíèÿ ãèïåð-
ïðîñòðàíñòâ âêëþ÷åíèÿ è èäåìïîòåíòíûõ ìåð.

0. The algebraic aspect of the theory of functors in categories of topological spaces and
continuous maps was investigated rather recently. It is based, mainly, on the existence of
monad (or triple) structure in the sense of S. Eilenberg and J. Moore ([1]).

Many classical constructions lead to monads: hyperspaces, spaces of probability measures,
superextensions etc. There were many investigations of monads in topological categories (see
[2], [3]). But it seems that the main di�culty to obtain general results in the theory of monads
is the di�erent nature of functors.

A functional representation of the hyperspace functor exp is given in [4]. This represen-
tation essentially uses the linear structure on function spaces.

The hyperspace functor could be included in the hyperspace monad ([3]). From the al-
gebraic point of view hyperspaces are free Lawson semilattices. A functional representation
of the hyperspace functor exp which involves the semilattice structure on function spaces is
given in [5].

A su�ciently wide class of so-called Lawson monads was introduced in [6]. Lawson monads
have a functional representation, i.e., their functorial part FX can be naturally imbedded in
RCX . The class of Lawson monads includes the inclusion hyperspace monad G ([6]) and the
idempotent measure monad ([7]). The main goal of this paper is to show that hyperspace
monad can be represented as intersection of inclusion hyperspaces and idempotent measures.

The paper is organized as follows: in Section 1 we give some necessary de�nitions, in
Section 2 we obtain the main result.

1. By Comp we denote the category whose objects are compacta (compact Hausdor� spaces)
and morphisms are continuous mappings.
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We start with the de�nition of the monad of order-preserving functionals O ([8]) which
contains all the above mentioned monads as submonads.

Let X be compactum. By CX we denote the Banach space of all continuous functions
φ : X → R with the usual sup-norm. We consider CX with natural order, linear structure
and lattice operations � pointwise minimum and maximum. For each c ∈ R we denote by cX
the constant function from CX de�ned by the formula cX(x) = c for each x ∈ X.

A functional ν : CX → R is called weakly additive if for each c ∈ R and φ ∈ CX we have
ν(φ + cX) = ν(φ) + c; normed if ν(1X) = 1; order-preserving if for each φ, ψ ∈ CX with
φ ≤ ψ we have ν(φ) ≤ ν(ψ). (We do not suppose a priori that ν is linear.) It is shown in [8]
that each order-preserving weakly additive functional is continuous.

For a compactum X by OX we will denote the set of all order-preserving weakly addi-
tive normed functionals. We consider O(X) as the subspace of the space Cp(C(X)) of all
continuous functions on C(X) equipped with point-wise convergence topology. A base of this
topology consists of sets of the form

(µ;φ1, . . . , φn; ε) =
{
µ′ ∈ Cp(C(X)) : |µ′(φi)− µ(φi)| < ε for each i ∈ {1, . . . , k}

}
,

where µ ∈ Cp(C(X)), φ1, . . . , φk ∈ C(X), ε > 0. For each compactum X the space O(X) is
compact ([8]).

Let X, Y be compacta and let f : X → Y be a continuous map. De�ne the map
O(f) : O(X) → O(Y ) by the formula (O(f)(µ))(φ) = µ(φ ◦ f), where µ ∈ O(X) and
φ ∈ C(Y ).

It is easy to check that O(f) is well-de�ned, continuous, and O(f ◦g) = O(f)◦O(g). Thus,
O is a covariant functor on the category Comp. Let's de�ne the mapping νX : O2(X)→ O(X)
by the formula νX(α)(g) = α(g̃), where α ∈ O2(X), g ∈ C(X) and the mapping g̃ : O(X)→
R is de�ned by the formula g̃(γ) = γ(g), γ ∈ O(X). It is easy to check that νX is correctly
de�ned and continuous. Let us de�ne a map ξX : X → OX by the formula ξX(x)(φ) = φ(x),
φ ∈ C(X), x ∈ X.

It was proved in [8] that ξX and νX are the components of natural transformations
ξ : IdComp → O and ν : O2 → O and the triple O = (O, ξ, ν) forms a monad on the category
Comp.

M.M. Zarichnyi considered the space of idempotent measures IX as a subspace of OX
de�ned as follows: IX = {α ∈ OX | α(max{φ, ψ}) = max{α(φ), α(ψ)} for each φ, ψ ∈
CX}. It appears that the construction I determines a submonad I of O ([7]).

Finally let us describe the hyperspace monad H and the inclusion hyperspaces monad G.
For a compactum X by expX we denote the set of non-void compact subsets of X

provided with the Vietoris topology. A base of this topology consists of the sets of the form

〈U1, . . . , Un〉 =
{
A ∈ exp X | A ⊂

n⋃
i=1

Ui, A ∩ Ui 6= ∅ for each i ∈ {1, . . . , n}
}

where U1, . . . , Un are open in X. The space exp X is called the hyperspace of X.
For a continuous mapping f : X → Y the mapping exp f : exp X → exp Y is de�ned

by the formula exp f(A) = fA ∈ exp Y, A ∈ exp X. It is easy to see that this de�nes a
functor exp: Comp → Comp (the hyperspace functor). De�ne the natural transformations
s : IdComp → exp and u : exp2 → exp as follows: sX(x) = {x} for each x ∈ X; uX(A) =
∪A, A ∈ exp2 X. Then H = (exp, s, u) is a monad ([2]). M.M. Zarichnyi has remarked that
the monad H could be represented as a submonad of I ([7]).
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An elementA ∈ exp2X is called an inclusion hyperspace if for each A ∈ A and B ∈ expX
with A ⊂ B we have B ∈ A. Let us denote by GX = {A ∈ exp2X | A is inclusion
hyperspace}. We consider GX as a subset of exp expX. For a map f : X → Y de�ne a
map Gf : GX → GY by the formula Gf(A) = {A ∈ expY | f(B) ⊂ A for some B ∈ A},
A ∈ GX. It is easy to check that G is a covariant functor on the category Comp.

De�ne natural transformations η : IComp → G and µ : G2 → G as follows: ηX(x) = {A ∈
expX | x ∈ A}, x ∈ X and µX(Ã) =

⋃
{
⋂
α | α ∈ Ã}, where Ã ∈ G2X. It is shown in [9]

that the triple G = (G, η, µ) is a monad on the category Comp.

2. The main goal of this section is to represent monads H and G as submonads of O in such
way that the image of expX will be intersection of the image of GX and IX.

Let us recall that a natural transformation ψ : T → T ′ is called a morphism from a monad
T = (T, η, µ) into a monad T′ = (T ′, η′, µ′) if ψ ◦ η = η′ and ψ ◦ µ = µ′ ◦ ψT ′ ◦ Tψ. If all the
components ψX of ψ are monomorphisms then ψ is called an embedding of the monad T in
the monad T′ .

First of all consider a natural transformation j : H→ G de�ned as follows jX(A) = {B ∈
expX | B ∩ A 6= ∅}.

Lemma 1. The natural transformation j : H→ G is an embedding of the monad H in the

monad G.

Proof. It is obvious that jX is an embedding for each compactum X. Let us show that j is
a morphism of monads.

Consider any x ∈ X. Then jX ◦ s(x) = {B ∈ expX | x ∈ B} = ηX(x). Now, let
A ∈ exp2(X). Then µX ◦ jGX ◦ exp jX(A) = µX ◦ jGX({jX(A) | A ∈ A}) = µX({α ∈
expGX | jX(A) ∈ α for some A ∈ A}) =

⋃
{jX(A) | A ∈ A} = {B ∈ expX | B ∩ A 6= ∅

for some A ∈ A} = {B ∈ expX | B ∩ (∪A) 6= ∅} = jX ◦ sX(A). The lemma is proved.

We say that a functional ν ∈ OX weakly preserves min (resp. max) if for each φ ∈ CX
and c ∈ R we have ν(min{φ, cX}) = min{ν(φ), c} (resp. ν(max{φ, cX}) = max{ν(φ), c}). Let
us consider the map gX : GX → OX de�ned as follows gX(A)(φ) = sup{inf φA | A ∈ A},
A ∈ GX and φ ∈ CX. It was proved in [6] that g : G → O is an embedding of monads.
Moreover, gX(GX) = {α ∈ OX | α weakly preserves max and min}.

Let us denote HX = gX ◦ jX(expX).

Lemma 2. For each α ∈ HX α preserves max.

Proof. Consider any A ∈ expX, φ1, φ2 ∈ CX. We have gX ◦ jX(A)(φi) = supx∈A φ(x) for
i ∈ {1, 2}. Since supx∈A(max{φ1(x), φ2(x)}) = max{supx∈A φ1(x), supx∈A φ1(x)}, the lemma
is proved.

Theorem 1. HX = IX ∩ gX(GX).

Proof. The inclusion ⊂ follows from Lemma 2. Let us show the inverse inclusion. Consider
any ν ∈ IX ∩ gX(GX). Suppose the contrary ν /∈ HX. There exists A ∈ G(X)\ jX(expX)
such that gX(A) = ν. Hence, there exists A ∈ A such that A contains at least two distinct
points and A is a minimal element of A with respect to inclusion. Let x, y ∈ A be two
distinct elements. Consider two open subset V1, V2 of X such that x ∈ V1, y ∈ V2 and
clV1 ∩ clV2 = ∅. Put Bi = A \ Vi for i ∈ {1, 2}. Since A is a minimal element in A, we
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have that Bi /∈ A. Then there exist two open subset O1 and O2 of X such that Bi ⊂ Oi for
i ∈ {1, 2} and C /∈ A for each C ⊂ Oi. Certainly we have A ⊂ O1 ∪O2.

Consider two disjoint open subsets Ui of X such that Vi ⊂ clVi ⊂ Ui for i ∈ {1, 2}. De�ne
two continuous functions ψi : X → [0, 1] such that ψi(z) = 0 for each z ∈ clVi∪(X\(O1∪O2))
and ψi(y) = 1 for each y ∈ X \ Ui.

Consider any B ∈ A. Let us show that for each i ∈ {1, 2} there exist bi ∈ B such that
ψi(bi) = 0. Consider two cases. If B ⊂ O1 ∪ O2, then B * Oi for i ∈ {1, 2}. The we can
choose bi ∈ B∩Vi. In the opposite case we can choose b ∈ B \ (O1∪O2) and put b1 = b = b2.
We have ψi(bi) = 0 in both cases.

Then ν(ψi) = sup{inf ψiB | B ∈ A} = 0 for each i ∈ {1, 2}. But max{ψ1, ψ2}(x) = 1
for each x ∈ A. Hence ν(max{ψ1, ψ2}) = 1 and we obtain a contradiction. The theorem is
proved.

As a conclusion we obtain a functional representation of exp distinct of the representa-
tions given in [4] and [5].

Corollary. HX consists of all functionals which are normed, weakly additive, preserve max
and weakly preserve min.
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