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Given any n € N, we describe the topology of the system {H D~ (I")},c[o,n) consisting of
spaces of compact subsets of Hausdorff dimension > + in the n-dimensional cube I".
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Ommcana tononorus cuctembl { H Do (I")}acjony, Tie n € N uw HD o (I") — runepmpo-
CTPAHCTBO KOMIIAKTHBIX HOJAMHOMKECTB N-MEPHOro Kyba xaycaopdoBoii pasmMepHocTn > (.

1. Introduction. The problem of topological characterization (identification) of topological
objects is one of the classical problems of topology. A classical result of this sort is the
Curtis-Schori Theorem [3] asserting that for each non-degenerate Peano continuum X the
hyperspace exp(X) of non-empty compact subsets of X is homeomorphic to the Hilbert
cube Q = [—1,1]“. Later, D. Curtis [4] characterized topological spaces X whose hyperspace
exp(X) is homeomorphic to the pseudointerior s = (—1,1)* of the Hilbert cube Q.

In [7] T. Dobrowolski and L. Rubin indentified the topology of the subspace D<,(Q) C
exp(Q) consisting of compact subsets of () having covering (or cohomological) dimension < n.
They constructed a homeomorphism h: exp(Q) — @ such that h(D<,(Q)) = Q" x s*\" for
allm ={0,...,n—1} € w. In this case we say that the system {D<,,(Q)},c. is homeomorphic
to the system {Q" x s“\"}, <. This results was later generalized by H. Gladdines ([10]) to
products of Peano continua. Finally, R. Cauty (|5]) has characterized spaces X for which
the system {D<,(X)},e. in exp(X) is homeomorphic to {Q™ x s“\"},c,, in Q¥ as Peano
continua whose any non-empty open subset contains compact subsets of an arbitrary finite
dimension.

In [11], [14] the author initiated the study of the subspace HD,(I") of the hyperspace
exp(I") of a finite-dimensional cube I" = [0, 1]", consisting of all compact subsets of I" with
Hausdorff dimension < . Unlike the (integer-valued) topological dimension, the Hausdorff
dimension of a metric compactum can take on any non-negative real value 7. So, the
system {HD<,(I")}o<y<n that naturally appears in this situation is uncountable. In [14]
it was proved that for each increasing sequence {7 }trew C [0,7) of real numbers the system
{HD,, (I") }4e., in exp(I") is homeomorphic to {QF x s*\k},c, in Q~.

In this paper we shall recognize the topological structure of the whole uncountable system
{HD < (I") }o<y<n. Observe that each real number v determines a partition Q = Q<, U Q-
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of the set Q of rational numbers into two rays Q>, = {¢ € Q: ¢ > v} and Q., = {q €
Q: g <}

Theorem 1. For every n € N the system {HD<,(I")}o<y<n In the hyperspace exp(I") is
homeomorphic to the system {Q¥s» x s¥>7}o.. ., in the Hilbert cube QQ.

This theorem will be proved in Section 5. In Section 2, the basic definitions and the facts
of the theory of absorbing sets in the Hilbert cube are considered. Section 3 is devoted to
the construction of a model uncountable linearly ordered absorbing system in the Hilbert
cube. In Section 4, the system of hyperspaces of compacta of given Hausdorff dimension in
the finite-dimensional cube is considered in the case when the values of the dimension run
over the set [0,n). The main result consists of a description of the topology of this system.
(Theorem 3, Section 5).

2. Preliminaries. A typical metric will be denoted by d. By diam(A) we denote the diameter
of a subset A in a metric space. Given a cover U of a metric space, we define mesh(Uf) as
sup{diam(U) | U € U}. For x € X and € > 0 the set O.(z) = {y € X | d(z,y) < ¢}
is the open e-ball centered at x. Further, all spaces are separable metrizable, all maps are
continuous.

As usual, by I we denote the interval [0, 1], by I¥ the k-dimensional cube and by OIF its
geometrical boundary. Further, by N, @Q, R we denote the spaces of natural, rational and
real numbers respectively. We recall that Q = [—1,1]¥ is the Hilbert cube, s = (—1,1)¥ is
its pseudointerior and B(Q) = Q\s stands for its pseudoboundary.

The class of absolute neighborhood retracts is denoted by ANR. A closed subset A of
X € ANR is called a Z-set in X if for every continuous function e: X — (0, 00) there exists
amap f: X — X\A which is e-close to the identity in the sense that d(zx, f(z)) < e(z) for
every x € X. A subset of X is called a 0Z-set in X if A can be written as the countable
union of Z-sets in X. An embedding ¢g: Y — X is called a Z-embedding if its image g(Y") is
a Z-set in X.

2.1. Hyperspaces. Let X be a metric space. The hyperspace of X is the space exp X of
nonempty compact subsets of X endowed with the Vietoris topology. A base of this topology
consists of the sets

V1, .., V) = {A cexpX | AC U% and for every i € {1,2,...n} ANV, # @},

where V7, ..., V,, run over the topolog; olf X. If the topology of X is generated by a metric
d then the Vietoris topology on exp(X) is generated by the Hausdorff metric dy(A, B) =
inf{e > 0|A C O.(B),B C O.(A)}.

For n € N by exp,, X we denote the subspace of exp X consisting of the sets of cardinality
< n. Let exp, X = |J{exp,, X | n € N}.

2.2. Hausdorff dimension. Given a compact metric space X and two non-negative real
numbers s, e, consider the number
HI(X) = 1%f BZGB(dlamB) :
where the infimum is taken over all covers B of X with mesh(B) < «.
The limit H*(X) = liH(l) H:(X) is called the s-dimensional Hausforff measure of X. It

is knowns that there is a unique finite or infinite number dimg(X) called the Hausdorff
dimension of X and denoted by dimg(X) such that H*(X) = oo for all s < dimy(X) and
H*(X) =0 for all s > dimpy(X), see [9], [8].



UNCOUNTABLE ABSORBING SYSTEMS AND HAUSDORFF DIMENSION 197

Proposition 1 (see [11]). Let X be a complete separable metric space. For every a > 0 the
set HD<(X) = {A € exp(X) | dimp(A) < a} is a Gs-subset of exp(X).

2.3. Absorbing systems. We briefly recall some definitions of the theory of absorbing
systems; see [13], [10], [1], [2] for details.

Let I" be an ordered set and let M, be a class of metric spaces for v € I'. Put Mp =
{M,} er. An Mp-system in the space X is an order preserving indexed collection {A,},er
of subset of X such that A, € M., for every 7.

An Mrp-system X = {X,},cr in X € ANR is called strongly Mr-universal in X if for
every Mp-system {A,},er in Q every map f: @ — X that restricts to a Z-embedding on
some compact subset K of () can be approximated by a Z-embedding ¢g: () — X such that
g|K = f|K and for every v € I we have g~ '(X,)\K = A\ K.

An Mp-system X is called Mr-absorbing in X if the set U, er &, is contained in a
o-compact oZ-set of X and X is strongly Mrp-universal in X.

By F, we denote the class of o-compact spaces.

We shall now consider a special case when the system X is a decreasing system of
absorbers (so I' is linearly ordered by the relation >) and we assume that all the classes
M., are equal to the class F,. In this situation, we shall use the term F,-absorbing system.

3. Uncountable absorbing systems in the Hilbert cube. In this section we consider
the special case of decreasing F,-absorbing systems in the Hilbert cube, namely systems
{X, } er indexed by a linearly ordered set I' and catisfying the condition:
(x) foreveryy eI, X, = | &,
v >~y €l

Observe that for any countable set A the pseudoboundary B(Q4) = Q# \ s* can be

written as the union
BQY=U( [I @uxB@.)

ac€A  d#a,a’€A
For every real number v consider the subset

X7 = Q@Sv X B(QQ>W)7
in the Hilbert cube Q@. Here Q<, = {¢ € Q: ¢ <~} and Q>, = {g € Q: ¢ > 7}.
For every n € N the F,-system {X,},cj0n) in QU defined in this way is decreasing
uncountable and ordered by the order induced from R and satisfies condition (x).

Proposition 2. For every n € N the system {X, },co,n) is F,-absorbing in Qu.

Proof. Since J, ¢, X 18 a 0Z-set in QY, it suffices to check that the system {X,},e(0.n)
is strongly F,-universal in Q©.

Let 6: @ — N be a bijection. For every v € Q let p, be an admissible metric on @,
bounded by the number 20, Define, for any z,y € QU,

d(z,y) = sup{p,(z+, y5)|y € Q}-
It is easy to verify that the function d: Q¥ x Q¥ — [0, 00) defined in this way is a metric.
Observe that d is continuous, since we consider Q% endowed with the product topology and
the functions p, are continuous on (Jg X ()g. Then the metric d is an admissible metric
on QU
Consider a map f: Q — QU that restricts to a Z-embedding on some compact set K C Q
and a decreasing system {A, },cjo,n) of o-compact subsets of @ for which the condition
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(0) A, = U A, for everyy € [0,n)
Y'e(yn)
holds. We may assume that f is a Z-embedding. Write Q\ K as a union of sequence {F;}°,
of compacta with F; C int(F;y;) for every i and Fy = &. Let ¢ > 0 and put ¢; =
min{ <, 1d(f[K], f[F;])} for every i. For any v € Q, consider now the corresponding compo-
nent f,: Q — Q of f. We shall construct a sequence a;: @ — @, 7= 0,1,2,... of continuous
functions such that for every i:

(1) py(vi, 1) < g5,05 | Fiog = iy | Fioq;
(2) i | Q\Fij1 = f1 | Q\Fi41 and o | F; is a Z-embedding;
(3) if v € [0,n), then o; '[B(Q)] = A, N F;.

Put ap = f, and assume that a; has been constructed. Using the strong universality of
@, we can find a Z-embedding #: F;1 — @Q, close to «; | Fii1, with | F; = «; | F.
If v € [0,n), then we additionally assume that 37'[B(Q)] = A, N F;;; (because of the
F,-absorbing property of B(Q) in Q). Using the fact that Q € AR, extend [ to a map
aip1: Q@ — @ such that o1 | Q\Fige = f5 | Q\Fi+2 and oy is sufficiently close to .

The sequence {a; }ien is obviously a Cauchy sequence and therefore the function g, =
lim «; is continuous. It is easy to verify that g, has the following properties:

1—00

(4) py(9y, f5) <&
(5) if 2 € Fun\F, then p (g,(x). () < d(f[K]. J[Fra):
6) g, | K =f,| K, g, | Fi is a Z-embedding for every i;

(7) g5 [BOINK = A\K if v € [0,7n).

Define g = (g, ),eq: @ — QU Note that g is one-to-one, and hence is an embedding. The
set g[@] is contained in the oZ-set

K10 U (T @ % gv[F)
=0 7y
and is therefore a Z-set. The maps f and g are e-close and f | K =g | K.

Let z € Q\K. If z € A, for some 7 € [0,n) then by construction and by condition (0),
g (x) € B(Q) for all rational 4" € [0,y + 0) for some § > 0, that is, (g(z)), € B(Q) for
some 7' > v and therefore, g(x) € X,. On the other hand, if g(x) € X, for some v € [0,n)
then g, () € B(Q) for some ' € (v,n) and therefore, x € A, C A,.

Let now x € A, for some irrational v € [0, n). Taking into account condition (0) and the
fact that the system {A,},cpon) is decreasing we may assert that there exists a rational 7/,
v < " < n for which x € A,» for all rational 7" < +'. We see that g, (z) € B(Q) and it
follows that g(z) € X, C X,. On the other hand, if g(z) € X, for some irrational v € [0,n)
then g (r) € B(Q) for some rational 7/ > 7, 7' € I' and therefore z € A, C A,. O

4. Main result. Let n € N and v € [0, 7). We recall that

HD.,(I") = {A € exp(I") | dimy(A) > v}
stands for the set of all non-empty compacta in I" with the Hausdorff dimension > . It is
clear that HD~~(I") = U, HD>q(I"). By Proposition 1, HD-,(I") is an Fj,-set in exp(I").
Thus, we obtain a decreasing uncountable F,-system of hyperspaces related to the Hausdorff
dimension {H D~ (I")},cfo,n) in the hyperspace exp(I") of finite-dimensional cube I".
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Theorem 2. For every n € N the system {H D~ (I")},c(0.n) is Fo-absorbing in exp(I").

By using basic facts from the theory of absorbing systems in the Hilbert cube, for the
proof of this theorem we need to verify the following conditions:
(I) the set HD~.(I") is an F,-set in exp(I"™) for every v € [0, n);
(IT) the set |J HD-,(I") is contained in some o-compact oZ-subset of exp(I");
v€[0.n)
(IIT) the system {H D~ (I")}c(o,n) is strongly F,-universal in exp(I"™).

Proof of Theorem 2. Let us verify conditions (I)-(III).

Condition (I), as mentioned above, follows from Proposition 1.

Condition (II). It is enough to verify that H D~((I") is a 0 Z-set in exp(I"). By Condition
(I) we conclude that HD~((I") is an F,-set in exp(I"). By using properties of the Hausdorff
dimension (see [9], [8]) we obtain the inclusion HD~o(I") C exp(I")\ exp,(I"). The set
exp(I™)\ exp,, (I") is homotopy negligible in exp(I") (see [1]) therefore we can conclude that
HD-y(I") is a 0Z-set in exp(I").

Now prove Condition (III). We shall use the vector addition and scalar multiplication
operations that I" inherits from R".

Consider the sequence of compact subsets {B;}°, in I" defined as follows:

B, = %H",
32—2%]1”_’_% Yo
Bkzzik']ln+<% k{l)'y07

bl

where yo = (1,1,...,1). It is easy to see that the sets B; are reduced copies of cube I" which
are located on its diagonal and the sequence {B;}32, converges to the vertex yo = (1,1, ..., 1).

Let «; be some embedding of the segment [—1,1] in B;. For every x € Q, z = (x;)32,
define an element = € (Q as

~

T = ( 1 ,X1,T2,T1,T2,T3,T1,L2,T3, Ty, .. )
o N e Nl

Define the map £ by the formula

Uo% i) U{yo}

Continuity of ¢ follows from the Contmulty of the used maps.

Obviously, for every = € Q, &(x) is a compact subset in I". On the other hand, £(z)
is a countable subset in I" therefore, from properties of Hausdorff dimension (see |9],[8]),
dimg(&(x)) = 0.

Choose any two points z,2" € Q, v = (2;)2,, ' = (24)2,. If x # 2’ then there exists
i € N such that z; # 2. The way we have constructed the point & guarantees that there
is j € N such that a;(i;) # a;(2}). Consequently, {(z) # {(2'). This implies that £ is an
embedding.

Let e > 0 and f: @ — exp(I") be maps that restricts to a Z-embedding on some compact
subset K of (). Without loss of generality we may assume that f is a Z-embedding because
exp(I"™) is homeomorphic to the Hilbert cube Q. Define a map u: @ — [0, 1] by the formula

() = 5 - minfe, dn(/(2), JIK])}
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Since, as mentioned above, the set exp(I")\ exp,,(I") is homotopy negligible in exp(I"), there
exists a homotopy H: exp(I") x I — exp(I"™) such that:

(1) Hy = 1exp(H");
(2) for every t € (0,1], Hy(exp(I")) C exp,, (I").

It is clear that we may additionally assume that (for details see [13])

(3) for every ¢ € [0,1], d (H,, Lexp(iny) < 2t;
(4) for every t € (0,1], Hy(exp(I")) C exp,([0,1 — 3t/4]").

For every x € @ let F(z) = H(f(x),u(x)). Hence if p(z) > 0 then F(z) is a finite approxi-
mation of the set f(x).

Let §;: I" — B; be similitude homeomorphisms. For some A € [0,1] and y € 1", define
the map (5;); = A03; + y + Ayo, where yo = (1,1,...,1). Observe that for A € (0,1] the map
(i) is a smnhtude homeomorphism and for A = 0, (3;); is a constant map.

Let ' =[0,n)NQ, a: ' x N — N be a bijection. Denote N, = {«a(v,j) | j € N} for
every v € I'. Then a(v,p) is pth element in N.. Choose a decreasing system of o-compact
subsets {A,},c0.n) in @ such that for every v € [0,n) the following holds: A, = |J A,.

v E(y,n)

For every v € I' write A, = U AP, where Al C A2 .. and AP is a compact subset in Q.

For every v € (0, n] there ex1sts a set C' € exp(I") such that dimy(C') = ~. For v € I" and
p € Nlet a set Cy(yp) € exp(I”) be such that dimpy(Co(yp)) = 7. For an arbitrary natural i
define the map ¢;: I — exp(I") by the formula ¢;(t) = H(C;,t). Then for the map ¢; the
following holds: ¢;(0) = C; and ¢;((0,1]) C exp,, (I").

Now define the map ¢g: @ — exp(I") by the formula

gl@)=F@)u [ [(u(@)/4-&@) +y)U

yEF ()

UU U 60“7?) 9004 (v.p) (d(fﬂ,Aﬁ)))U{y+u($)/2~yo}u

vyel' p=1
U (u(z)/4-&(z) +y + n(@)/2 - yo)].
We claim that g is as required, i. e., ¢ is an approximation of f with the properties stated

in the definition of strong F,-universality.

CLAIM 1: The map g is well-defined, is continuous and satisfies g | K = f | K. Moreover,
for every = € Q,

An(f(2), 9(x)) < 15 min{e, d( (), FK]).

(a) Let x € Q. Then by (4), F(xz) C [0,1 — 3u(x)/4]". For every y € F(x), the set
w(z)/4 - &(x) + y is contained in the cube [0, u(x)/4]™ + y; the set

U Uo7 oty AZ0) U i+ )2 0}

vel' p=1
is contained in the cube [0, u(x)/4]" +y+ p(z)/4-yo; and the set p(x)/4-&(x) +y+p(x)/2-yo
in the cube [0, u(x)/4]" +y + u(x)/2 - yo. Therefore, the set attached to y is contained in the
cube [0, 3u(x)/4]" 4+ y, that implies g(z) C I
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(b) If p(z) > 0 then g(z) is compact and non-empty, being a finite union of compact
non-empty sets. Namely, with every y € F(z) we unite the sets p(z)/4 - {(x) + y and
w(x)/4-&(x) +y+ p(r)/2- yo that are compact and non-empty by the construction of &; and
the set

U UGBt (patm(dlz, A2)) ULy + u(2)/2 - yo},

vel p=1

which is the union of infinitely many compacta (by the construction of the maps ¢; and ;)
that converge to the point y + u(z)/2 - yo.

If p(z) = 0 then g(x) = f(x) which is also compact and non-empty. Thus, g(z) € exp(I")
for every = € Q.

(c) Continuity of g follows from the continuity of used maps.

(d) Fix an arbitrary = € Q. By (3) we have

du(f(x),9(x)) <2 p(x) + p(x) /44 p(z) /4 + p(r) /4 =11 p(z) /4,
therefore,
du(f(x),g(x)) < 11/12 - min{e, du(f(2), f[K])}.

Last inequality implies that g | K = f | K.

CLAIM 2: The map g is injective.

Let us first observe that from Claim 1 and the fact that f is an embedding it follows that

gIRAK]Ng[K] = &. (%)

Now fix arbitrary z, 2’ € Q. If both z and 2’ belong to K, then since g | K = f | K and since
f is an embedding, it is trivial that the equality g(x) = g(z’) implies the equality = = 2’
If x ¢ K and 2’ € K, then from (x) it follows that g(z) # g(2'). Therefore, without loss of
generality we may assume that z, 2’ € Q\K.

Let g(z) = g(2’). Our aim is to show that x = 2. We will first prove that u(z) = p(z’).
Assume the contrary, that is, pu(x) < wp(2’). For certain y € F(z) consider in I" the set
B, = (u(x)/4) - I" + y. There exists a point m € g(z) such that |m| < |p| for all p € g(z)
(here | - | stands for the distance from origin in I"). Moreover, this point m is an element of
F(z) N F(2') (taking into account the construction of ¢ and the equality g(z) = g(z')). For
this point m, it is easy to see that the set B,, N g(z) contains a copy of £(z) and therefore is
infinite, at that time when B,,, Ng(z’) is finite as finite union of finite sets. This contradiction
establishes that u(x) = u(a’).

Now we consider the point m = (my,...,m,) € g(z) such that |p| < |m| for all p € g(z).
Since p(x) = u(x’), we have

m* = (my — 3u(x)/4,...,m, —3u(x)/4) € F(z)N F(z').
Since F(x) and F(z') are finite, 7 is maximal, and we have that there are a neighborhood
U of i and ¢ € (0,1] such that

Ung(xz) =m*+ pu(x)/2 - yo + p(x)/4((x) N Os(yo)) =
=m* 4 p(x') /2 - yo + (') /4 (") N Os(yo)).-

Since the coordinates of x appear infinitely often in the coordinates of & (at pregiven places),
and the same is true for 2/, it now easily follows that x = z’.

CLAIM 3: For every « € [0,n) we have

g_l[HD>v<Hn)]\K = 'A’Y\K'
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First, observe that if u(xz) > 0 then

Fx)u | (ua)/4-¢(x) +y)
yEeF (x)

is a finite union of countable sets. Therefore, for every z € Q\ K the Hausdorff dimension of
this set is equal to zero.

Choose x € Q\K. If © ¢ A, for every v € [0,n) then by construction g(x) is a countable
set and therefore, dimgy(g(x)) = 0.

Let for some v € [0,n), x € A,. Since the system {A,},c(o,) is decreasing, it is obvious
that © € A, for all v/ < . Since

U A

v E(vn)
there exists ¢ > 0 such that x € A, for all ' € [y, v+0). For this z, we put O(x) = [0, 7+6),
the set of all 7/ that x € A,/. For every 7' € O(z) N Q the set

U (ﬁa(v//’p))Z(I)/Ll(()pa(,y/’p) (d(]}, Azl)))

p=1
is a finite union of finite sets and a countable union of sets of Hausdorff dimension = /. In
this case, by properties of the Hausdorft dimension (see [9], [8]), the Hausdorff dimension of
the set

U U Batyo)Vy " (Patr ) y(d(z, A7)

~v'€0(x)NQ p=1
is equal to sup{y' | v/ € O(x) N Q} = v+ J. On the other hand, for every ' € I'\O(x),
x & Ay, therefore, the set

U U Batr i)y (Patrp (dx, AZ)))
v €MO(z)
is countable and its Hausdorff dlmenswn is equal to zero. Therefore, if z € A,, then g(z) €
HD-.(I").
On the other hand, if = ¢ A, for some v € [0,n) then x € A, for all v/ > v, that is, the
set

U Uﬁaw I (i (d(z, A7)

v 27,y €T p=1
is countable and its Hausdorff dimension is equal to zero at that time when the set

U U Baty )y ™" (Paty p(d(z, A%)))

v <y,y €l p=1
by similar to the mentioned above, is of Hausdorff dimension < . This implies that g(z) &

HD..(I").

Equality (x) finishes the proof of CLAIM 3.

CLAIM 4: The map g is a Z-embedding.

Since g[K| = f[K] is a Z-set, it suffices to show that g[Y] is a Z-set if Y C Q\K is
compact. But this is clear because a map ¢': @ — exp(I"), defined as

g'(z) = Os(g(x)),

maps () into the complement of ¢[Y] for every positive § and is J-close to g. O

5. Conclusions. By the West-Curtis-Shori theorem (see [13]), the hyperspace of finite-
dimensional cube exp(I"™) is homeomorphic to the Hilbert cube @). Now combining the Uni-
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queness Theorem for absorbing systems in the Hilbert cube (see [13], [10]) with Proposi-
tion 2 and Theorem 2, we obtain the following result implying Theorem 1 announced in the
Introduction.

Theorem 3. For every n € N there exists a homeomorphism h: exp(I") — QU such that
h(HD~.(I")) = Q¥ x B(Q®) and h(HD<,(I")) = Q% x s& for every v € [0,n).

10.

11.

12.
13.

14.
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