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EVALUATION FIBRATIONS AND PATH-COMPONENTS
OF THE MAP SPACE M(S"™ S") FOR 0< k <7
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0 <k <7, Mat. Stud. 31 (2009), 189-194.

Let M(S™,S™) be the space of maps of the m-sphere S™ into the n-sphere S" with m,n > 1.
We estimate the number of homotopy types of path-components of M (S"** S") and fibre
homotopy types of evaluation fibrations wy: My (S"TF,S?) — S™ for a € 7, x(S") with
0 < k < 7. Further, the number of strongly homotopy types of wy: M, (S"t* S*) — S»
for 0 < k < 7 is determined.

M. Tomacunckuii. Paccaoenus 6uiUCACHUL U KOMNOHEHMbL AUHETHOT C8AZHOCTU TPOCTPAH-
cmea M(S"E S™) dan 0 < k <7 // Mar. Cryzii. — 2009. — T.31, Ne2. — C.189-194.

ITycrs M(S™,S™) ofo3HagaeT MPOCTPAHCTBO oTobpaxkeHuii n3 m-cdepsr S™ B n-chepy
S™ (m,n > 1). OueHuBaeTcs YUCAO TOMOTONUYECKUX THUIIOB KOMIIOHEHT JIMHEHHON CBSI3HO-
et M (S™* S™) 1 moc10itHO TOMOTONMYECKIX THIIOB PACCTOCHHT BBITHCTCHAT Wo @ My (SPTF,
S") — S™ pas « € mp4k(S™) u 0 < k < 7. Takeke HaiJIGHO YKUCJIO CUIIBHBIX MOMOTOLMYECKUX
TUIOB OTOOPazKeHuil We : My (S S™) — S ana 0 < k < 7.

Introduction. For a pair of spaces X and Y, let M(X,Y) be the space of all continuous
maps of X into Y equipped with the compact-open topology. The space M (X,Y) is generally
disconnected with path-components in one-to-one correspondence with the set [ X, Y] of (free)
homotopy classes of maps of X into Y.

For g € X, consider the evaluation map

w: M(X,)Y)—=Y

defined by w(f) = f(zo) for f € M(X,Y). Let M,(X,Y) denote the path-component of
M(X,Y) which contains the maps in a € [X,Y]. By [6, Theorem 13.1|, the evaluation map
Wa: Mo(X,Y) — Y obtained by restricting w to M, (X,Y) is a Hurewicz fibration provided
X is locally compact. Then, the natural classification problems arise:

(1) Divide the set of path-components in M (X,Y") into homotopy types.

(2) Divide the set of evaluation fibrations w,: M,(X,Y) — Y into fibre- and strongly
fibre-homotopy types for o € [X,Y].

Certainly, for the space M (S™,S™) of maps of the m-sphere S™ into the n-sphere S" with
m,n > 1, the path-components can be enumerated by the homotopy group m,,(S™). By [5],
there is a strong relation between evaluation fibrations w,: M, (S™,S") — S™ for a € ,,(S")
and the Whitehead product [, ¢,,]. This was used in [5, Theorem 5.1 and Theorem 5.2] to
tackle a complete homotopy classification of path-components of M (S™,S") for m = n,n+1.
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The purpose of this note is to present the classification problems above for m = n + k
with 0 < k < 7. Section 1 summarizes [4, 5] and follows [7] to connect in Theorem 1.1 these
classification problems for M (S™,S") with the m-th Gottlieb group G,,(S") considered in
[2, 3] and then studied in [1].

Section 2 makes use of [1] to take up the systematic study of the quotient sets 7, +(S™)/ £
Gnk(S") with 0 < k < 7. Then, our basic results stated in Theorems: 2, 3, 4 and 5
estimate the number of homotopy types of path-components of M (S"** S") and fibre-
homotopy types of evaluations fibrations wy: M,(S"*,S") — S" for a € 7, 1(S") with
0 < k < 7. Further, the number of strong fibre-homotopy types of wy: M, (S*™*,S") — S»
with 0 < k < 7 is determined. At the end, Corollary 1 concludes a list of evaluation fi-
brations wy: M, (S"* S") — S™ which are fibre-homotopy equivalent but not strongly fibre-
homotopy equivalent for o € m,,£(S™) with some 0 < k < 7.

The author is grateful to G. Lupton and S. B. Smith for making accessible the paper [7]
results of which inspired the investigations above, and to the referee for a number of valuable
remarks.

1. Preliminaries. A fibration p: F — B with a fibre F' means a Hurewicz fibration together
with a fixed homotopy equivalence i: F — p~1(by) over the base point by € B. Recall that
for fibrations p;: EF; — B and py: Es — B a based map f: E; — FEj is:

(1) a fibre homotopy equivalence (fhe) if there exists g: Fy — Fj such that g o f and
f o g are homotopic to the respective identities by based homotopies F' and G satisfying
pro F(er,t) = pi(er) and py o G(eg, t) = pa(ez) for e € Ey, e € Ey and t € [0, 1];

(2) a strong fibre homotopy equivalence (sfhe) if it is a fibre homotopy equivalence and
5 o f o4y is homotopic to the identity map idp, where i, is an arbitrary homotopy inverse
of 1.

Let now X be a connected and pointed space. The m-th Gottlieb group G,(X) [2, 3| of
the space X is the subgroup of the m-th homotopy group m,,(X) containing all elements
which can be represented by a map f: S™ — X such that f Vidx: 8™V X — X extends
(up to homotopy) to a map F': S™ x X — X. Observe that G,,(X) = 7,,(X) provided X is
an H-space.

Given a € m,(S"), we deduce that o € G,,(S") if and only if the Whitehead product
[, t,,] = 0, where ¢,, denotes the homotopy class of idg». In other words, G,,,(S") = ker [¢,,, —|
for the map [t,, —]: T (S") — Tmgn—1(S™) with m > 1. Write £ for the order of a group
element. Then, by [1, Section 2|, from this interpretation of Gottlieb groups of spheres, we
obtain

Gr(S™) = (H[tn, a])mr(S™), if m(S™) is a cyclic group with a generator «. (1)

It follows that G (S™) = 7 (S™) for i, ] = 1 and G(S™) = 0 for §[t,,, a] = co. Furthermore,
because of H-structures on the spheres S for n = 1,3, 7, it holds G,,(S") = 7,,,(S™) for any
m > 1.

Given a group G and its subgroup G’ < G, write G/ + G’ for the quotient set of G by the
relation ~ defined as follows: for z,y € G, x ~ y if and only if zy € G’ or zy~! € G'. Writing
~ for the homotopy equivalence relation, |5, Theorem 2.3] and [4, Theorem 1, Theorem 2|
lead to

Theorem 1. Let m,n > 1. Then:
(1) there are surjections:
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(i) 7 (S")/ £ Gu(S") — {Ma(S™,8"); @ € 1n(S")}/ =
(i) 7n(S™)/) £ Gn(S™) — {ws: My (S™,S™) — S a € 7,,(S™)}/ fhe;
(2) there is a bijection

Tn(S™) /G (S™) 25 {wa: Mo(S™,S™) — S @ € mn(S™)} /s fhe.

We point out that a generalization of the results above has been stated in [7].

2. Main results. As it is well-known, [¢,,,¢,] = 0 if and only if n = 1,3,7 and 8[¢,, t,] = 2
for n odd and n # 1,3,7, and it is infinite provided n is even. Thus, by [1, 2|, we obtain
Gn(S") = m,(S") =2 Z for n = 1,3,7, G,(S") = 2m,(S") = 2Z for n odd and n # 1,3,7,
and G,,(S") = 0 for n even, where Z denotes the additive group of integers. Further, by |1,
Proposition 1.2], the infinite direct summand of Gy,,_1(S*") is {3[t2n, t2,]} unless n = 1.

Observe that in light of the structure of 7,,,(S™) (see e.g., [8]) and by the above, 7,,,(S")/ £
Gm(S™) is finite, unless m = n and consequently in view of [4, Theorem 2|, [5, Theorem 2.3]
and Theorem 1, we can complete |5, Theorem 5.1] as follows:

Remark 1. (1) If m # n then the sets:
{Mo(S™,8"); 0 € m(S")}/ =, {wa: Ma(S™,8") — 8" a € my(S")}/fhe and

{wa: My (S™,S") — S™ a € m,(S™)}/sfhe are finite.

(2) If n is even then two evaluation fibrations w, : M, (S™,S") — S™ and wg: Mp(S™,S™) — S™
for a, 5 € m,(S™) are fhe (resp. sfhe) if and only if @ = £ (resp. a = [3).

(3) If n is odd then the evaluation fibration w,: M, (S",S") — S" for a € 7,(S") is fhe
(resp. sfhe) to wg: My(S",S") — S™ are fhe (resp. sthe) if and only if deg « is even and to
w,,: M, (S",S") — S™ if and only if dega is odd. Furthermore, wy: My(S",S") — S™ and
w,,: M, (S",S") — S™ are the (resp. sfhe ) if and only if n = 1,3, 7.

n

By [1, Lemma 1.1], G,,,(S?) = 7,,(S?) for m > 3. Hence, by Theorem 1, we can state

Remark 2. (1) All path-components of M (S™,S?) for m > 3 are homotopy equivalent.
(2) All evaluation fibrations w,: M, (S™,S?) — S? for a € ,,,(S?) with m > 3 have the same
fhe and sfhe type.

Because G, (S") = 7, (S") for n = 1,3,7, it follows from the above that to examine
M(S™,S™), we are allowed to assume in the sequel that n # 1,2, 3,7 and certainly 1 < n < m.

To state further results, write n, € m3(S?), vy € 77(S*) and og € m15(S®) for the Hopf
maps, respectively. We set 1, = E" 2y € m,11(S") for n > 2, v, = E" %y, € 7,,3(S") for
n >4 and o, = E" %03 € 7,,7(S") for n > 8.

According to |1, Section 2|, we know the following results:

[tn, nn) = 0 if and only if n = 3 (mod 4) or n = 2, 6;

[tn, 2] = 0 if and only if n = 2,3 (mod 4) or n = 5,

where 12 = 1, on,.1. Hence, by (1), the group G, (S") for k = 1,2 are completely determi-
ned. In view of the structure of m,1(S") nad m,,2(S") (see e.g., [8]) and Theorem 1, the
following extends [5, Theorem 5.2(iii)].
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Theorem 2. Consider M (S"' S") for n > 3 and M (S"™2,S") for n > 2.
(1) The space M(S"™',S"™) has two path-components. These components of M(S"™, S")

have the same homotopy type if and only if n = 6 or n = 3 (mod 4).

The space M (S"*2 S") has two path-components. These components has the same homo-
topy type if and only if n =5 or n = 2,3 (mod 4).
(2) The evaluation fibrations wy: My(S"™,S") — S" and w,,: M,, (S"™!,S") — S™ are fhe
if and only if n = 6 or n = 3 (mod 4) and are not sthe.

The evaluation fibrations wy: My(S"2,S") — S" and w,, : M, (S"*% S") — S™ are fhe if
and only if n =5 or n = 2,3 (mod 4) and are not sfhe.

In view of |1, Section 2|, G7(S?) & 3Z & Z, and

1, if n="7(mod 8) or n=2"—3fori > 3;

i 1] = 2, ifn=1,3,5 (mod 8) and n > 9 and n # 2 — 3;
o 12, ifn=2(mod 4) and n > 6 or n =4, 12;
24, ifn =0 (mod 4) and n > 8 unless n = 12.

Thus, (1) leads to a complete description of G,,+3(S™) for n > 5. By means of the structure
of m,13(S™) (see e.g., [8]) and Theorem 1, we obtain

Theorem 3. (1) The number of homotopy types of path-components of the space M (S""3,S")
and fhe types of evaluation fibrations we: M,(S"3,S") — S" for a € m,,3(S") is:
(i) at most ten, if n = 4;
(ii) only one, if n =7 (mod 8) or n = 2° — 3 for i > 3;
(iii) two if n = 1,3,5 (mod 8) and n > 9, and n # 2" — 3;
(iv) at most seven, if n =2 (mod 4) and n > 6 or n = 4, 12;
(v) at most thirteen, if n =0 (mod 4) and n > 8 unless n = 12.
(2) The number of sfhe types of evaluation fibrations w,: M,(S"™,S") — S" for a €
T3 (S™) is:
(i) eighteen, if n = 4;
(ii) one, if n =7 (mod 8) orn = 2" — 3 for i > 3;
(iii) two, if n =1,3,5 (mod 8) and n > 9, and n # 2 — 3;
(iv) twelve, if n = 2 (mod 4) and n > 6 or n = 4,12;
(v) twenty four, if n =0 (mod 4) and n > 8 unless n = 12.

We recall [1, Proposition 2.1, Proposition 2.3]:

Proposition 1. (1) G4 4(S") = m,14(S™); Gy5(S™) = m,.5(S™) unless n = 6 and G1,(S°) =
3m11(S%) = 3Z.

(2) Gpi6(S™) = mpy6(S™) if n = 4,5,7 (mod 8) or n = 2° — 5 for i > 4 and G, 4(S") = 0
otherwise.

(3) Gn+7(Sn) =0ifn= 4, 6, Glg(SB) == 7T12(S5> and G15(88) Y @D ZQ.
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Further, in view of [1, Section 2]:

1, if n =11 or n =15 (mod 16);
ims 0n] = 2, if n is odd and n > 9 unless n = 11 and n = 15 (mod 16);
m In 120, ifn=8;
240, if n is even and n > 10.

Hence, by means of (1), the group G,7(S™) for n > 9 has been fully described as well.
In view of the structure of m,4(S"), m,15(S") and m,.6(S") (see e.g., [8]), Theorem 1
and Proposition 1, we obtain

Theorem 4. (1) The number of homotopy types of path-components of the space
M(S"™,S™), fhe and sfhe types of evaluation fibrations wy: M,(S"* S") — S" for a €
Tnta(S™) is one.
(2) The number of homotopy types of:

(i) path-components of the space M (S""> S"), the and sfhe types types of evaluation

fibrations wy: M, (S"™,S") — S™ for o € 7, 5(S™) is one unless n = 6;

(ii) path-components of the space M (S'',S%) and fhe types of evaluation fibrations

Wa: M, (S1,S5) — S% for o € 7m11(S%) is at most two;

(iii) sfhe types of evaluation fibrations wy: M, (S',S%) — S° for a € m;(S%) is

three.
(3) The number of homotopy types of path-components of the space M (S"*5 S"), fhe and
sfhe types of evaluation fibrations w,: My (S""®,S") — S" for a € m,.6(S") is one if n =
4,5,7(mod 8) orn = 2° —5 for i > 4 and two otherwise.

In view of the structure of m,.7(S™) (see e.g., [8]), Theorem 1, Proposition 1 and the
relations above, we obtain

Theorem 5. The number of homotopy types of path-components of the space M (S™*7 S")
and fhe types of evaluation fibrations wy: M,(S"7,S") — S" for a € 7,4 7(S") is
(i) one, if n = 5,11 or n = 15 (mod 16);
(ii) two, if n is odd and n > 9 unless n = 5,11 and n = 15 (mod 16);
(iii) at most:
(a) eight, if n = 4;
(b) thirty one if n = 6;
(¢) ninety, if n = 8;
(d) one hundred twenty one, if n is even and n > 10.
(2) The number of sfhe types of evaluation fibrations w,: M,(S"T",S") — S" for a €
7Tn+7(S )
i) one, 1fn = 5,11 or n = 15 (mod 16);
ii) fifteen, if n = 4;
iii) sixty, if n = 6;
iv) one hundred eighty, if n = 8;
v) two, if n is odd and n > 9 unless n = 5,11 and n = 15 (mod 16);
vi) two hundred forty, if n is even and n > 10.

(
(
(
(
(
(
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At the end, we recall that in [5, Example 1|, two fhe evaluation fibrations
wo: My (S* Vv $2,§?) — §? and wg: Mz(S* vV $2,S?) — S? for a, 8 € [S* V $?,S?] being
not sfhe are constructed.

From the results above, we obtain

Corollary 1. There is a list of evaluation fibrations w,: M,(S"**,S") — S" fora € 7,,1(S")
and some 0 < k < 7 being fhe and not sfhe.
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