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TRACE PROPERTIES IN NORMED SPACES
ESTABLISHED BY USING OF MIXED DERIVATIVES

R. Mashiyev, Z. Yucedag. Trace properties in normed spaces established by using of mixed
derivatives, Mat. Stud. 31 (2009), 83-90.

In this paper, trace properties of functions in weighted function spaces established by free
n+1 < |¥| < 2" mixed (non-mixed) derivatives defined in an n-dimensional domain are studied.
We estimate the L, (I';) norm of the derivatives of the function defined on an s-dimensional
surface via the weighted L, (G) norm of these functions. In order to prove this theorem, we use
a special form of the integral representation for differentiable functions.

P. Mammes, 3. FOcenar. Ceoticmea cieda 6 HOPMUPOSAHBLT NPOCMPAHCNEAL, NOAYUEHHDBLE C
nOMOUBIO cmewarnvix npousdeodnnr // Mar. Cryunii. — 2009. — T.31, Nel. — C.83-90.

B crarbe uzyuenst cBoiicTBa ciiefoB GpyHKIMHA B BECOBbIX IpocTpancTBax. C MOMOIIBIO Ompe-
JIJIEHHBIX HA n-MepHOo# obmactn n + 1 < |X| < 2" cBOGOAHBIX CMEIIAHHBIX MTPOU3BOIHBIX
oreHnBaOThC Ly (I's)-HOpMBI IpON3BOAHLIX (DYHKIHH, KOTOPBIE OLpeIesIeHbl Ha S-MepHOH 1Io-
BepPXHOCTH, depe3 BecoByiO0 L,(G)-mopmy stux dynkmuit. [Ins 10Ka3aTeNbCTBA HCIONTB30BAHO
CITENMAbHOE HHTErpPaIbHOe MpeacTapienne auddepennupyeMoi GyHKITIN.

Let us give basic definitions and notation to be used in this paper. Let n > 2 be a
natural number, E,, be a real arithmetical space consisting of the sets of n real numbers. If
x = (z1,...,2,) is an element of E,, then supp x is a set of j € {1,...,n} such that z; # 0.

Let Z be the subspace of the space E,, such that o € Z! if « = (v, ..., ap), a1,...,
are integer numbers and a; >0, ..., a, > 0. An element o = (v, ..., ;) of Z;} is called a
multiindex and |o| = a; + ... + ay, is its length.

Let e, = {1,2,...,n} be a natural number set, 3 # & be a subset of e,,, 3* C 3. A special
case X* = @ or ¥* = X can be considered. By definition, we put ¥ := ¥* U {0}.

Thus, the number of all possible subsets (including also @ and X\ ¥*) of the set X\ X*
is N = 2I¥\*' (we denote the power of any set £ (number of elements) by |E|; for example,
if £ = e, then |E| = |e,| = n). For convenience, let us list all possible subsets of ¥\ ¥* as
el,e?,....elN

Now we consider the set of vectors {m"* = (m\*, ... mi*) e Z; : i e £, k€ {1,...,N}},
such that their coordinates satisfy the conditions:

m* >0 if jeek, miF >0 if jeU\ek, miF=0if jee,\%

mi* >0 if je{ifuet, miF >0 if jeX\({i}ue), mF=0 if jee,\ T,
that is,
1) efu{i} Csuppm* C ¥ ie X ke{l,...,N};
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2) ¥ Csuppm®* C X ke {l,...,N}.
Let G C E, be a domain. If g = g(x), z € G, is a measurable positive (weight) function,

1 < p < +o0, then we say that L,(G;g) is a linear normed space of measurable functions
f : G — R such that

1/p
0 = 19510 = ([ @@Is@)) do) " < o0,

G

For the vector m = (my,...,m,) € Z} the notation of D™ f (x1,x, ..., 2,) stands for

o g
f(ycl, ceey l’n)

- or™ " Qg
Let D™ f be Sobolev’s generalized derivative of the function f. By definition, we set
LM (Gsg) ={f : D™ f € Ly(G,9)}.
Let g (1 € 3§, k€ {1,...,N}) be some weight functions. By definition, let

D™ f(xy, ..., zy) = D™D f(xq, .y )

M LG gin) (1)

iexy k=1

be the closure of the set of infinite differentiable functions in E,, with respect to the norm

N
I iy = 22 2 Ml 2)

iexy kot iexy k=1

If we consider (2) with ¥* = &, then we have a weighted space ﬂ',i'l Lé,mk> (G;g5) in (1).
This space was earlier investigated in [4]. If in a special case we take g = 1 and the vector

mF (k=1,...,|3|) as the projection from zero vector to the coordinate axes and coordinate
surfaces of any vector 7 = (1, ..., 7,), then we obtain the well known Nikolski’s space S} W (£2).
General information about this space can be found [1].

Let us consider (1) when 3* = X. Then the space (1) turns into [);cs- Ly (G; ;)
space. This space was investigated by A. D. Dzabrailov ([5]) in the weighted case, and by
V.P. I'in 7] in the not weighted case.

Let H = (Hy,...,H,) be a vector with nonnegative coordinates such that H; = 0 if
i € e, \X, and H; > 0 if i € ¥. We consider functions 1, ..., ¢, such that ¢, = 1 for
every i € {1,...,n} \ X, for every i € ¥ the function ¢; defined on the set G x (0, H,]
and for each x € G ¢;(z;m:),m € (0, H;], be a function increasing and differentiable (with
respect to the parameter 7,), and lim,, o+ ¢;(z;7;) = 0. By definition, we put ¢ = ¢(z;n) =
(901(937 771)7 R Spn(xv nn))

Now we consider the vector § = (dy,...,d,) such that suppd C 3, and suppose that
§; = +1 or §; = —1 (i € ¥). The number of § vectors is 2/*/. Let us denote the vectors in
different numbers by & (j € {1,...,2/*}).

We denote by Rs = Rs(p; H) the set

i0; .

U {yz o < y— <c; ¢,c; >0 are constants, i€ E} ,
O<n;<H, jexs wi(z;m:)

where y* € E,, yF =0ifi €e, \ X.
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The set x + Rs(p, H) is called a "p-semi horn" with vertex at a point . In the special
case when ¥* = 3 = ¢, a "p-semi horn" turns into a "p-horn" (see O.V. Besov [1]).

We say that a domain G satisfies the condition of "p-semi horn" according to the variable
z;,j € X, if there exists a finite number of the open sets Gy, ..., G, and vectors &', ..., 7,
respectively, such that for every i € {1,...,~7} we have G; C G and

x4+ Rsi(p, H) C G
for every x € G;. In this case we write G € A(p; H; ).

Suppose that G € A(p; H;X) and the set of the open sets Gy,...,G, and the vectors
§t,...,07 are such that for every i € {1,...,7} we have G; C G and x + Rs;(¢, H) C G for
every x € G;. We say that a function b = b(x) > 0, z € G, satisfies condition (B) if for every
number j € {1,...,7} we have

b(x)
€= b(x +y)
where ¢;, ¢f > 0 are constants.

For convenience, further, we deal with ¥ = e, and X* C e,,.

Now consider the s-dimensional (1 < s < n — 1) surface I', which is defined by the equati-
ons

<Cj, ze€Gj, yEe€ Ry,

T1 =21, Tog=1Tg, ... Ts=2Ts, Tor1 = Vsr1(T1,...,24), .. Tpn="Up(x1,...;25), (3)

where the function ¢;(z*) (z* = (z1,...,x5), i = s+ 1,...,n) is defined on the domain
of space the E; and has bounded partial derivatives of first order. We denote the surfaces
having such properties by A,

The surface I'y + z** is an s-dimensional surface and is connected to the surface I'y with
the following equations

Ty =1, T2=%2T2, ... Ts=UTs, Ts41 = 77/}5+1(:E*) + Zs+1, o0 Tp = ¢n<x*) + Zn,

where ¢;(z*) (i = s+ 1,...,n) is the same function as in the equations of surface I'; in
statement (3), 2** = (0,...,0, 2541, ..., 2n). Let us assume that if I'; C OG then z** =
(0,...,0, 2511, ..., 2) is chosen such that I's + 2™ C G.

If 'y C G then for all A € Z}

1/ 1/
/ D |, ., / D P ppde) " < of / D)
(4)

Here F' is the Jacobian matrix of the map P(z*) = (21, ..., Zs, Us11(T1, ooy Ts), oory Y (21, oo,

xs)).
If the surface I'y does not belong to G (I's ¢ G) then by the definition I'; C dG and

A p_ ) Y 1/p
</ ‘D f‘r } dl’s > = Zlgg()(/rﬁz** !D f‘FSJrZ**

Pd(rs +Z**) > ,
where P (z ) + 2 = (21, .., T, Y51 (%) + Zsa1, ooy Un(2F) + 23).
Let the vectors A = (Ay,...,\,) and {m** = (m}*, ... mi¥) . ie ¥t ke {1,2,..,N}}

n
have non-negative integer coordinates and also satisfy the following conditions:

i) ek Csupp m®* Ce,, {i} Ue* Csupp m** Ce,(i € X%k € {1,2,...,N});

i) A < mg’k if j ek, \j > mg’k if j €en\e'
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i) Ay <mi® ifje{ifuet, y>mitifjee,\ ({ifUer) (i€ X ke{l,...,N}).
We put v, = 01if j € {1,....,s}, 75 = }D if j € {s+1,....,n}. Now assume that H =
(Hi,...,H,) € E, is a vector with the components H; = h; > 0ifj € e, \ £*, and

Hy=T>0 if jeyx~

Theorem. Suppose that
1) differentiable functions 7; = 7;(n;),m; € (0, Hy], (j € {1,...,n}) are such that 7j(n;) > 0,
lirrol+ 7;(n;) =0, and

j

h.
j i, dr: (v
/ [Tj(vj)]mjk—AJ—VjM <oo (1€%, ke{l,...,N}, jee),
0

r ik dr;(t
/ [7;(¢)]™ _’\J'_“/J'—:é ) <oo (i€ ked{l,...,N});
0 i

2) G € A(y;H;ey), where ¢ = (by7i,...,b,7,), and functions b; (j € {1,...,n}) satisfy
condition (B);

3)f€ﬂﬂL lkG’gzk)1<p<oowheregzk H J NN r e G (i € X8,
1€XN] k=1 j=1
ked{l, ....,N}).

If D f|r, € L,(T) then the following inequality holds

N
mi,k
IDM ey S C D0 Wike (0, T) |lgin D™ flly(c)
iex; k=1
Here C' > 0 is a constant independent of f, and for i = 0 we have
L 0,k
J nr myt A=
Wos (13 T) = I1 75(h,)] | TS) x
je(en\S*) \e*N{s+1,...,n} jes*N{s+1,...,n}
0k,
L]- j m?’k—/\j
S | B CT0R) [I "l I =
je(en\Z) \e"N{1,...,s} jex=n{1,...,s} jeekn{s+1,...,n}
h]‘ 0,k 1 hj 0,k

" dry(v)) Y dry(v;)
x/[fj(vj)] 7~(vj) H / [Tj(vj)} 7i(v,)
and for i # 0O

p J
Wi (h:T) = 11 [7,(0) I w)
jelen\Z*) \e*N{s+1,....n} ic(en\Z*) \e*N{1,...,s}
mi’k*AJ P m; —Aj dTZ(t)
/ I e ) IO R
jex*n{s+1,..,n} jex n{l,...,s} v

' ST dry(vy) N dry(v)
0 )0 M | Y

jeekFn{s+1,...,n} J
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Remark. Special cases of this theorem were examined in papers [2], [4], [6], [9]-

Proof. 'We write the integral in the form (see [8])

N hj
x) = ZCOk (h; T) H / [7; (vj)]’"?’ _y, drj () y
k=1 rd

jeek T] (U])
?7}6_% 0,k
D™ d
* Ines RéﬂE Ok/};[ (7 +y)] f@+y) dows dy+
N T N de h; y k,AJ
+ZZCm<h>/Hm< 0L ™
i€x* k=1 S jess jeer o
dri(v;) Y .
D™ iksdy . 5)
XTj(Uj) mes RaﬂE Zk/]l;[ (@ +y)] f(x+y) dusdy (5)
Here o e e
m-t— e J J j j
j€(en\Z*) \e jesx

Cik (h) = (_1)‘mm4’ 2411 H 75 (hy)] j ;

j€(en\T%) \e

mes (R; N Ey)q, = H bi(z) H 75 (hy) H 7 (T) H 75 (vs)

j€en jE(en\T*) \ek jexx jeek
mes (Rs N E,,), Hb H 7 (hy) H 7 (T) HTj (v;)
j€en j€(en\X*) \ek jex* j€Eek

(1e¥*, k=1,..,N) and ¢ors, Qirs are known kernel functions.
For convenience, we rewrite (5) as follows

N
D*f(x) ZQ% 5 ) [ Fulwsp)ousdy+ 3 QulashsT) [ Falato)ousdy. (©)

By iEX* k=1 ks
where
n;
mi k= m®F_xi—; d7i(v,
Qoi (1 T) = ( 1)‘ ‘2|ek|H LI i)
jEek 0 T]<U])
s mOF_x; =
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mit o=
. 1 |7k

n e
[T [pw)] 7 d7i(0)) e, SN
i, TR =
) 73 (v;) [mes (R; N Ey,),,]

J

mi-k mﬁ’kﬂrw
Fao=Dm  TIm) ™ @
j€en
Let G = Ufl\il U, and U, + Rs« C G. Thus, subset U, satisfies the condition of "¢-semi horn".

For the subset U, + R; we consider the auxiliary function F, = F' (D)‘f U, + R(Sq) . This
function coincides with the function D* in the region {U, + Rsa} N {5 + 2**}.
Then

Fy=F (D f;U, + Rse) = Qo [P(z") + 2 h 5 T /ﬁqu [P(z") + 2 + y] dorsady+

E n

50N Qu P + 2 b T / P [P(2) + 2 + ] buugedy. ®)

k=1 ieX* E,

where Ekq = X(Uy + Rsa)Firg, x(Uy + Rsa) is the characteristic function of U, + Rsa.

If in statement (6) we put 0 = 67 and compare with (8), then it is easy to see that the
functions D*f and F, coincide at the intersection of the surface I'y + 2** and the subset
Uq + Rya.

If we consider inequalities (4), then

N M
iy S 22 2 Bl e, -

iGZg k=1 q=1
Here at first we evaluate HF“WHLP(ES) and set 67 = (1,...,1) for convenience.

Denote the vector y = (Y1, Y5, Ysp1:-%n) bY ¥ = (¥/,y"), where ¢/ = (y1, ..., y,)
and ¥ = (Yst1, ---,y,,)- Let us denote the set of all points y', whose coordinates satisfy the

inequality xp < yp < i + bp(P(x*) + 2™), () (k= 1,...;5), by Qf (...), and the set of
all points 3", whose coordinates satisfy the inequality

by @ _ (...). Here

| 11,

sF2**

=C | DX f(P()+27)

Lp(Ds+2**

mes () = [T bi(P) + =2 )m(ny)mes = () = [T 05(P@") +27)m5(ny).

Since the functions b; and the see G satisfy condition (B) and have the finite property
of the kernel function,

=¢ H [Tj(hj)} S / ; [Tj(t)]m;’kﬂjﬂj Ci?(it)) | / [Tj(vj)} myT A = y

J€(en\X%)\e*

de(Uj) 1 / ] 1o "
3 T [ [ 1w o

7i(v;) {mes Q% (...) mes QU (...
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If we use the Holder inequality for the last integral of inequality (9), then we obtain

*ok 1-2
|Firg (59" dy” < CllFieg('s Mg, s, {mes Q7 ()F 7
Qo ()

n—s

Hence,

i,k

h SN —ys

" I de(”j) 1 , /

< [TI [ e [ VR @ (0
0 Jeek J st

In addition, using the Holder inequality for the last integral of inequality (10), we have

/ ‘Ekq(y/;'>’ Lp(En_»dy/ < O {mes ()} ( / ‘Ekq(y/§-)deyl> 1/p.

() ()

Then

" " » 1/p

F < CWiol | Pixal's &y <

‘ S PR R {/ mesﬂ* / SACED P y} =

Q:(..)
S CWzks(h; T) ||-Fikq||Lp(En) .
Similarly,
1P| < OWors ) 1Pkl 5, - (11)

Ly(Es)

From inequalities of (10) and (11)

HDA f|F5+z . <CZZZ”FZ’WHLP(En <CZZM/ZICS h,T ZH quHL (En) =
Fo(lat) iexy k=1 q=1 iexy k=1
< S W) | [L0 0 o (12)
i€s, k=1 jeer Lp(G)

The constants C' > 0, f, H; and Tj are independent. Passing in inequality (12) to the limit
as |2**| — 0, we obtain the following estimate

|2 11

A
hm HD f|rs+z

<C Z ZWzks (h; )l gsae D™ fl )
Lp(Tote") iexy k=1
This completes the proof of the theorem. n

<
L,(G) |z*
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