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In this paper, trace properties of functions in weighted function spaces established by free
n+1 ≤ |Σ| ≤ 2n mixed (non-mixed) derivatives de�ned in an n-dimensional domain are studied.
We estimate the Lp (Γs) norm of the derivatives of the function de�ned on an s-dimensional
surface via the weighted Lp (G) norm of these functions. In order to prove th�s theorem, we use
a special form of the integral representation for di�erentiable functions.
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ïîìîùüþ ñìåøàííûõ ïðîèçâîäíûõ // Ìàò. Ñòóäi¨. � 2009. � Ò.31, �1. � C.83�90.

Â ñòàòüå èçó÷åíû ñâîéñòâà ñëåäîâ ôóíêöèé â âåñîâûõ ïðîñòðàíñòâàõ. Ñ ïîìîùüþ îïðå-
äåë¼ííûõ íà n-ìåðíîé îáëàñòè n + 1 ≤ |Σ| ≤ 2n ñâîáîäíûõ ñìåøàííûõ ïðîèçâîäíûõ
îöåíèâàþòüñÿ Lp(Γs)-íîðìû ïðîèçâîäíûõ ôóíêöèé, êîòîðûå îïðåäåëåíû íà s-ìåðíîé ïî-
âåðõíîñòè, ÷åðåç âåñîâóþ Lp(G)-íîðìó ýòèõ ôóíêöèé. Äëÿ äîêàçàòåëüñòâà èñïîëüçîâàíî
ñïåöèàëüíîå èíòåãðàëüíîå ïðåäñòàâëåíèå äèôôåðåíöèðóåìîé ôóíêöèè.

Let us give basic de�nitions and notation to be used in this paper. Let n ≥ 2 be a
natural number, En be a real arithmetical space consisting of the sets of n real numbers. If
x = (x1, . . . , xn) is an element of En, then suppx is a set of j ∈ {1, . . . , n} such that xj 6= 0.

Let Z+
n be the subspace of the space En such that α ∈ Z+

n if α = (α1, . . . , αn), α1, . . . , αn
are integer numbers and α1 ≥ 0, . . . , αn ≥ 0. An element α = (α1, . . . , αn) of Z+

n is called a
multiindex and |α| = α1 + ...+ αn is its length.

Let en = {1, 2, ..., n} be a natural number set, Σ 6= ∅ be a subset of en, Σ∗ ⊆ Σ. A special
case Σ∗ = ∅ or Σ∗ = Σ can be considered. By de�nition, we put Σ∗0 := Σ∗ ∪ {0}.

Thus, the number of all possible subsets (including also ∅ and Σ \ Σ∗) of the set Σ \ Σ∗

is N = 2|Σ\Σ
∗| (we denote the power of any set E (number of elements) by |E|; for example,

if E = en then |E| = |en| = n). For convenience, let us list all possible subsets of Σ \ Σ∗ as
e1, e2, ..., eN .

Now we consider the set of vectors {mi,k = (mi,k
1 , ...,mi,k

n ) ∈ Z+
n : i ∈ Σ∗0, k ∈ {1, . . . , N}},

such that their coordinates satisfy the conditions:

m0,k
j > 0 if j ∈ ek, m0,k

j ≥ 0 if j ∈ Σ \ ek, m0,k
j = 0 if j ∈ en \ Σ,

mi,k
j > 0 if j ∈ {i} ∪ ek, mi,k

j ≥ 0 if j ∈ Σ\
(
{i} ∪ ek

)
, mi,k

j = 0 if j ∈ en \ Σ,
that is,

1) ek ∪ {i} ⊆ supp mi,k ⊆ Σ, i ∈ Σ∗, k ∈ {1, . . . , N};
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2) ek ⊆ supp m0,k ⊆ Σ, k ∈ {1, . . . , N}.
Let G ⊂ En be a domain. If g = g(x), x ∈ G, is a measurable positive (weight) function,

1 < p < +∞, then we say that Lp(G; g) is a linear normed space of measurable functions
f : G→ R such that

‖f‖Lp(G;g) ≡ ‖gf‖Lp(G) =
( ∫

G

(g(x)|f(x)| )p dx
)1/p

< +∞.

For the vector m = (m1, ...,mn) ∈ Z+
n the notation of Dmf (x1, x2, ..., xn) stands for

Dmf(x1, ..., xn) := Dm1
1 ...Dmn

n f(x1, ..., xn) =
∂m1

∂xm1
1

...
∂mn

∂xmnn
f(x1, ..., xn).

Let Dmf be Sobolev's generalized derivative of the function f. By de�nition, we set

L〈m〉p (G; g) = {f : Dmf ∈ Lp(G, g)}.
Let gi,k (i ∈ Σ∗0, k ∈ {1, . . . , N}) be some weight functions. By de�nition, let

⋂
i∈Σ∗0

N⋂
k=1

L〈m
i,k〉

p (G; gi,k) (1)

be the closure of the set of in�nite di�erentiable functions in En with respect to the norm

‖f‖ ⋂
i∈Σ∗0

N⋂
k=1

L
〈mi,k〉
p (G;gi,k)

=
∑
i∈Σ∗0

N∑
k=1

‖f‖
L
〈mi,k〉
p (G;gi,k)

. (2)

If we consider (2) with Σ∗ = ∅, then we have a weighted space
⋂|Σ|
k=1 L

〈mk〉
p (G; gk) in (1).

This space was earlier investigated in [4]. If in a special case we take g = 1 and the vector

mk (k = 1, . . . , |Σ|) as the projection from zero vector to the coordinate axes and coordinate
surfaces of any vector r = (r1, ..., rn), then we obtain the well known Nikolski's space SrpW (Ω).
General information about this space can be found [1].

Let us consider (1) when Σ∗ = Σ. Then the space (1) turns into
⋂
i∈Σ∗ L

〈mi〉
p (G; gi)

space. This space was investigated by A. D. Dzabrailov ([5]) in the weighted case, and by
V.P. II'in [7] in the not weighted case.

Let H = (H1, . . . , Hn) be a vector with nonnegative coordinates such that Hi = 0 if
i ∈ en \ Σ, and Hi > 0 if i ∈ Σ. We consider functions ϕ1, . . . , ϕn such that ϕi ≡ 1 for
every i ∈ {1, . . . , n} \ Σ, for every i ∈ Σ the function ϕi de�ned on the set G × (0, Hi]
and for each x ∈ G ϕi(x; ηi), ηi ∈ (0, Hi], be a function increasing and di�erentiable (with
respect to the parameter ηi), and limηi→0+ ϕi(x; ηi) = 0. By de�nition, we put ϕ = ϕ(x; η) =
(ϕ1(x, η1), . . . , ϕn(x, ηn)).

Now we consider the vector δ = (δ1, ..., δn) such that suppδ ⊆ Σ, and suppose that
δi = +1 or δi = −1 (i ∈ Σ). The number of δ vectors is 2|Σ|. Let us denote the vectors in
di�erent numbers by δj (j ∈ {1, ..., 2|Σ|}).

We denote by Rδ = Rδ(ϕ;H) the set⋃
0<ηj≤Hj ,j∈Σ

{
yΣ : ci ≤

yiδi
ϕi(x; ηi)

≤ c∗i ; ci, c
∗
i > 0 are constants, i ∈ Σ

}
,

where yΣ ∈ En, y
Σ
i = 0 if i ∈ en \ Σ.
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The set x + Rδ(ϕ,H) is called a "ϕ-semi horn" with vertex at a point x. In the special
case when Σ∗ = Σ = en, a "ϕ-semi horn" turns into a "ϕ-horn" (see O.V. Besov [1]).

We say that a domain G satis�es the condition of "ϕ-semi horn" according to the variable

xj, j ∈ Σ, if there exists a �nite number of the open sets G1, . . . , Gγ and vectors δ1, . . . , δγ,
respectively, such that for every i ∈ {1, . . . , γ} we have Gj ⊂ G and

x+Rδj(ϕ,H) ⊂ G
for every x ∈ Gj. In this case we write G ∈ A(ϕ;H; Σ).

Suppose that G ∈ A(ϕ;H; Σ) and the set of the open sets G1, . . . , Gγ and the vectors
δ1, . . . , δγ are such that for every i ∈ {1, . . . , γ} we have Gj ⊂ G and x+Rδj(ϕ,H) ⊂ G for
every x ∈ Gj. We say that a function b = b(x) > 0, x ∈ G, satis�es condition (B) if for every
number j ∈ {1, . . . , γ} we have

cj ≤
b(x)

b(x+ y)
≤ C∗j , x ∈ Gj, y ∈ Rδj ,

where ci, c
∗
i > 0 are constants.

For convenience, further, we deal with Σ = en and Σ∗ ⊆ en.
Now consider the s-dimensional (1 ≤ s ≤ n− 1) surface Γs, which is de�ned by the equati-

ons

x1 = x1, x2 = x2, . . . xs = xs, xs+1 = ψs+1(x1, . . . , xs), . . . xn = ψn(x1, ..., xs), (3)

where the function ψi(x
∗) (x∗ = (x1, ..., xs), i = s + 1, ..., n) is de�ned on the domain Ωs

of space the Es and has bounded partial derivatives of �rst order. We denote the surfaces
having such properties by A1).

The surface Γs + z∗∗ is an s-dimensional surface and is connected to the surface Γs with
the following equations

x1 = x1, x2 = x2, . . . xs = xs, xs+1 = ψs+1(x∗) + zs+1, . . . xn = ψn(x∗) + zn,

where ψi(x
∗) (i = s + 1, ..., n) is the same function as in the equations of surface Γs in

statement (3), z∗∗ = (0, ..., 0, zs+1, ..., zn). Let us assume that if Γs ⊂ ∂G then z∗∗ =
(0, ..., 0, zs+1, ..., zn) is chosen such that Γs + z∗∗ ⊂ G.

If Γs ⊂ G then for all λ ∈ Z+
n(∫

Γs

|Dλf |Γs|pdΓs

)1/p

≤
(∫

Ωs

|Dλf(P (x∗))|p |F |pdx∗
)1/p

≤ C
(∫

Ωs

|Dλf(P (x∗))|pdx∗
)1/p

.

(4)
Here F is the Jacobian matrix of the map P (x∗) = (x1, ..., xs, ψs+1(x1, ..., xs), ..., ψn(x1, ...,
xs)).

If the surface Γs does not belong to G (Γs 6⊂ G) then by the de�nition Γs ⊂ ∂G and(∫
Γs

∣∣Dλf
∣∣
Γs

∣∣pdΓs

)1/p

= lim
|z∗∗|→0

(∫
Γs+z∗∗

∣∣Dλf
∣∣
Γs+z∗∗

∣∣pd (Γs + z∗∗)
)1/p

,

where P (x∗) + z∗∗ = (x1, . . . , xs, ψs+1(x∗) + zs+1, . . . , ψn(x∗) + zn).

Let the vectors λ = (λ1, . . . , λn) and {mi,k = (mi,k
1 , ...,mi,k

n ) : i ∈ Σ∗0, k ∈ {1, 2, ..., N}}
have non-negative integer coordinates and also satisfy the following conditions:

i) ek ⊆ supp m0,k ⊆ en, {i} ∪ ek ⊆ supp mi,k ⊆ en(i ∈ Σ∗, k ∈ {1, 2, ..., N});

ii) λj < m0,k
j if j ∈ ek, λj ≥ m0,k

j if j ∈ en\ek;
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iii) λj < mi,k
j if j ∈ {i} ∪ ek, λj ≥ mi,k

j if j ∈ en \ ({i} ∪ ek) (i ∈ Σ∗, k ∈ {1, . . . , N}).

We put γj = 0 if j ∈ {1, ..., s}, γj = 1
p
if j ∈ {s + 1, ..., n}. Now assume that H =

(H1, . . . , Hn) ∈ En is a vector with the components Hj = hj > 0 if j ∈ en \ Σ∗, and
Hj = T > 0 if j ∈ Σ∗.

Theorem. Suppose that
1) di�erentiable functions τj = τj(ηj), ηj ∈ (0, Hj], (j ∈ {1, . . . , n}) are such that τ ′j(ηj) > 0,
lim

ηj→0+
τj(ηj) = 0, and∫ hj

0

[τj(vj)]
mi,kj −λj−γj

dτj(vj)

τj(vj)
<∞ (i ∈ Σ∗0, k ∈ {1, . . . , N}, j ∈ ek),∫ T

0

∏
j∈Σ∗

[τj(t)]
mi,kj −λj−γj

dτ i(t)

τi(t)
<∞ (i ∈ Σ∗0, k ∈ {1, . . . , N});

2) G ∈ A(ϕ;H; en), where ϕ = (b1τ1, ..., bnτn), and functions bj (j ∈ {1, . . . , n}) satisfy
condition (B);

3) f ∈
⋂
i∈Σ∗0

N⋂
k=1

L〈m
i,k〉

p (G; gik), 1 < p <∞, where gik(x) :=
n∏
j=1

[bj(x)]m
i,k
j −λj−γj , x ∈ G, (i ∈ Σ∗0,

k ∈ {1, ...., N}).
If Dλf |Γs ∈ Lp(Γs) then the following inequality holds

‖Dλf |Γs‖Lp(Γs) ≤ C
∑
i∈Σ

∗
0

N∑
k=1

Wiks (h, T ) ||gikDmi,kf ||Lp(G).

Here C > 0 is a constant independent of f, and for i = 0 we have

W0ks (h;T ) =
∏

j∈(en\Σ∗) \ek∩{s+1,...,n}

[
τj(hj)

]m0,k
j
−λj−

1
p ∏
j∈Σ∗∩{s+1,...,n}

[τj(T )]
m

0,k
j
−λj−

1
p

×

×
∏

j∈(en\Σ) \ek∩{1,...,s}

[
τj(hj)

]m0,k
j
−λj ∏

j∈Σ∗∩{1,...,s}

[τj(T )]
m

0,k
j
−λj ∏

j∈ek∩{s+1,...,n}

×

×
hj∫

0

[
τj(vj)

]m 0,k
j
−λj−

1
p dτ j(vj)

τj(vj)

∏
j∈ek∩{1,...,s}

hj∫
0

[
τj(vj)

]m0,k
j
−λj dτ j(vj)

τj(vj)
,

and for i 6= 0

Wiks (h;T ) =
∏

j∈(en\Σ∗) \ek∩{s+1,...,n}

[
τj(hj)

]mi,kj −λj− 1
p ∏
j∈(en\Σ∗) \ek∩{1,...,s}

[
τj(hj)

]mi,kj −λj
×

×
T∫

0

∏
j∈Σ∗∩{s+1,...,n}

[τj(t)]
m
i,k
j
−λj−

1
p

∏
j∈Σ∗∩{1,...,s}

[τj(t)]
m
i,k
j
−λj dτ i(t)

τi(t)
×

×
∏

j∈ek∩{s+1,...,n}

hj∫
0

[
τj(vj)

]mi,kj −λj− 1
p dτ j(vj)

τj(vj)

∏
j∈ek∩{1,...,s}

hj∫
0

[
τj(vj)

]mi,kj −λj dτ j(vj)

τj(vj)
.



TRACE PROPERTIES IN NORMED SPACES 87

Remark. Special cases of this theorem were examined in papers [2], [4], [6], [9].

Proof. We write the integral in the form (see [8])

Dλf (x) =
N∑
k=1

C0k (h;T )
∏
j∈ek

hj∫
0

[τj (vj)]
m0,k
j −λj dτ j (vj)

τj (vj)
×

× 1

mes (Rδ ∩ En)0k

∫
En

∏
j∈en

[bj (x+ y)]
m

0,k
j
−λj

Dm0,k

f (x+ y) φ0kδ dy+

+
∑
i∈Σ∗

N∑
k=1

Cik (h)

T∫
0

∏
j∈Σ∗

[τj (t)]
m
i,k
j
−λj dτ i (t)

τi (t)

∏
j∈ek

hj∫
0

[τj (vj)]
m
i,k
j
−λj
×

×
dτ j(vj)

τj(vj)

1

mes (Rδ ∩ En)ik

∫
En

∏
j∈en

[bj(x+ y)]
m
i,k
j
−λj

Dmi,kf(x+ y) φikδdy. (5)

Here

C0k (h;T ) = (−1)|m
0.k−λ| 2|ek|

∏
j∈(en\Σ∗) \ek

[τj (hj)]
m

0,k
j
−λj ∏

j∈Σ∗

[τj (T )]
m

0,k
j
−λj

,

Cik (h) = (−1)|m
i.k−λ| 21+|ek| ∏

j∈(en\Σ∗) \ek
[τj (hj)]

m
i,k
j
−λj

,

mes (Rδ ∩ En)0k =
∏
j∈en

bj(x)
∏

j∈(en\Σ∗) \ek
τj (hj)

∏
j∈Σ∗

τj (T )
∏
j∈ek

τj (vj) ,

mes (Rδ ∩ En)ik =
∏
j∈en

bj(x)
∏

j∈(en\Σ∗) \ek
τj (hj)

∏
j∈Σ∗

τ j (T )
∏
j∈ek

τj (vj)

(i ∈ Σ∗, k = 1, ..., N) and φ0kδ, φikδ are known kernel functions.
For convenience, we rewrite (5) as follows

Dλf(x) =
N∑
k=1

Q0k(x;h;T )

∫
En

F0k(x+y)φokδdy+
∑
i∈Σ∗

N∑
k=1

Qik(x;h;T )

∫
En

Fik(x+y)φikδdy, (6)

where

Q0k (x;h;T ) = (−1)
|m0,k−λ|

2|ek|
∏
j∈ek

ηj∫
0

[τj(vj)]
m

0,k
j
−λj−γj dτ j(vj)

τj(vj)
×

×

∏
j∈(en\Σ∗)\e

k

[
τj(hj)

]m0,k
j
−λj−γj ∏

j∈Σ∗
[τj(T )]

m
0,k
j
−λj−γj

[mes (Rδ ∩ En)0k]
1−γj

,

Qik (x;h;T ) = (−1)
|m0,k−λ|

21+|ek|
T∫

0

∏
j∈Σ∗

[τj(t)]
m
i,k
j
−λj−γj dτ i(t)

τi(t)
×
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×
h∫

0

∏
j∈ek

[
τj(vj)

]mi,kj −λj−γj dτ j(vj)
τj(vj)

.

∏
j∈(en\Σ∗)\e

k

[
τj(hj)

]mi,kj −λj−γj
[mes (Rδ ∩ En)ik]

1−γj
,

Fik = Dmi.kf
∏
j∈en

[bj]
m
i,k
j
−λj−γj

. (7)

Let G =
⋃M
q=1 Uq and Uq+Rδq ⊂ G. Thus, subset Uq satis�es the condition of "ϕ-semi horn".

For the subset Uq + Rδq we consider the auxiliary function Fq = F
(
Dλf ;U q +Rδq

)
. This

function coincides with the function Dλ in the region {Uq +Rδq} ∩ {Γs + z∗∗}.
Then

Fq = F
(
Dλf ;U q +Rδq

)
= Q0k [P (x∗) + z∗∗;h ;T ]

∫
En

F̃0kq [P (x∗) + z∗∗ + y]φ0kδqdy+

+
N∑
k=1

∑
i∈Σ∗

Qik [P (x∗) + z∗∗;h;T ]

∫
En

F̃ikq [P (x∗) + z∗∗ + y]φikδqdy. (8)

where F̃ikq = χ(Uq +Rδq)Fikq, χ(Uq +Rδq) is the characteristic function of Uq +Rδq .

If in statement (6) we put δ = δq and compare with (8), then it is easy to see that the
functions Dλf and Fq coincide at the intersection of the surface Γs + z∗∗ and the subset
Uq +Rδq .

If we consider inequalities (4), then∥∥∥ Dλ f |
Γs+z∗∗

∥∥∥
Lp(Γs+z∗∗)

≤ C
∥∥ Dλf (P (·) + z∗∗)

∥∥
Lp(Es)

≤
∑
i∈Σ

∗
0

N∑
k=1

M∑
q=1

‖Fikq‖Lp(Es) .

Here at �rst we evaluate ‖Fikq‖Lp(Es) and set δq = (1, ..., 1) for convenience.

Denote the vector y =
(
y1, ..., ys, ys+1, ..., yn

)
by y = (y′, y′′), where y′ = (y1, ..., ys)

and y′′ = (ys+1, ..., yn). Let us denote the set of all points y′, whose coordinates satisfy the
inequality xk ≤ yk ≤ xk + bk(P (x∗) + z∗∗), τk(ηk) (k = 1, ..., s), by Ω∗s (...) , and the set of
all points y′′, whose coordinates satisfy the inequality

ψk (x∗) + zk ≤ yk ≤ zk + ψk (x∗) + bk (P (x∗) + z∗∗) τk (ηk) , k ∈ {s+ 1, . . . , n},

by Ω∗∗n−s (...) . Here

mesΩ∗s(...) =
∏

j∈{1,...,s}

bj(P (x∗) + z∗∗)τj(ηj),mesΩ∗∗n−s(...) =
∏

j∈{s+1,...,n}

bj(P (x∗) + z∗∗)τj(ηj).

Since the functions bj and the seå G satisfy condition (B) and have the �nite property
of the kernel function,

∣∣∣F̃ikq∣∣∣ ≤ C
∏

j∈(en\Σ∗)\ek

[
τj(hj)

]mi,kj −λj−γj T∫
0

∏
j∈Σ∗

[τj(t)]
m
i,k
j
−λj−γj dτi(t)

τi(t)

∏
j∈ek

hj∫
0

[
τj(vj)

]mi,kj −λj−γj
×

×
dτ j(vj)

τj(vj)

1{
mesΩ∗s (...)mesΩ∗∗n−s (...)

} 1−γj

∫
Ω∗s(...)

dy′
∫

Ω∗n−s(...)

|Fikq(y′; y′′)| dy′′. (9)
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If we use the H�older inequality for the last integral of inequality (9), then we obtain∫
Ω∗n−s(...)

|Fikq(y′; y′′)| dy′′ ≤ C ‖Fikq(y′; .)‖Lp(En−s)

{
mesΩ∗∗n−s(...)

}1− 1
p .

Hence,

∣∣∣F̃ikq∣∣∣ ≤ C
∏

j∈(en\Σ∗)\e
k

[
τj(hj)

]mi,kj −λj−γj T∫
0

∏
j∈Σ∗

[τj(t)]
m
i,k
j
−λj−γj dτ i(t)

τi(t)
×

×
h∫

0

∏
j∈ek

[
τj(vj)

]mi,kj −λj−γj dτ j(vj)

τj(vj)
.

1

mesΩ∗s(...)

∫
Ω∗s(...)

‖Fkq(y′; .)‖Lp(En−s)
dy′. (10)

In addition, using the H�older inequality for the last integral of inequality (10), we have∫
Ω∗s(...)

∥∥∥F̃ikq(y′; .)∥∥∥
Lp(En−s)

dy′ ≤ C {mesΩ∗s(...)}
1− 1

p

( ∫
Ω∗s(...)

∥∥∥F̃ikq(y′; .)∥∥∥p dy′)1/p

.

Then ∥∥∥F̃ikq∥∥∥
Lp(Es)

≤ CWiks(h)

{∫
Es

dx′

mesΩ∗s(...)

∫
Ω∗s(...)

∥∥∥F̃ikq(y′; .)∥∥∥p
Lp(En−s)

dy′
}1/p

≤

≤ CWiks(h;T ) ‖Fikq‖Lp(En) .

Similarly, ∥∥∥F̃0k q

∥∥∥
Lp(Es)

≤ CW 0ks (h;T ) ‖F0kq‖Lp(En) . (11)

From inequalities of (10) and (11)∥∥∥Dλ f |
Γs+z∗∗

∥∥∥
Lp(Γs+z∗∗)

≤ C
∑
i∈Σ

∗
0

N∑
k=1

M∑
q=1

‖Fikq‖Lp(En) ≤ C
∑
i∈Σ

∗
0

N∑
k=1

Wiks(h;T )
M∑
q=1

‖Fikq‖Lp(En) ≤

≤ C
∑
i∈Σ

∗
0

N∑
k=1

Wiks(h;T )

∥∥∥∥∥ ∏
j∈en

[bj]
m
i,k
j
−λj−γj

Dmi,kf

∥∥∥∥∥
Lp(G)

. (12)

The constants C > 0, f , Hj and T0 are independent. Passing in inequality (12) to the limit
as |z∗∗| → 0, we obtain the following estimate∥∥∥Dλ f |

Γs

∥∥∥
Lp(G)

≤ lim
|z∗∗|→0

∥∥∥Dλ f |
Γs+z∗∗

∥∥∥
Lp(Γs+z∗∗)

≤ C
∑
i∈Σ

∗
0

N∑
k=1

Wiks(h;T )||gi,kDmi,kf ||Lp(G).

This completes the proof of the theorem.



90 RABIL MASHIYEV, ZEHRA YUCEDAG

REFERENCES

1. Besov O.V., Il'in V.P. and Nikolskii S.M. Integral representation of functions and embedding theorems.
� Moskow, 1996 (in Russian). (English transl. of 1st ed., Vol. 1, 2, Wiley (1979)).

2. Besov O.V. Sobolev's embedding theorem for a domain with irregular boundary// Siberian Math. J. � 2001.
� V.192, �3. � P.323�346.

3. Besov O.V. Integral representations of functions and embedding theorems for a domain with �exible horn

condition // Proc. Steklov Inst. Math. � 1985. � V.170. � P.12�30.

4. Dzabrayilov A.D., Mamedov R.S. Integral representations for functions from weighted spaces whose �indi-

ces� of di�erential�di�erence properties are given by (n + 1) free vectors // Dokl. Azerb. SSR. � 1981. �
V.37, �10. � P.8�11 (Russian).

5. Dzabrayilov A.D. The properties of functions on the boundary surfaces // Freie Uni. Berlin, Germany. 3rd
Internat. ISAAC Congr. (August 20-25, 2001).

6. Sobolev S.L. Applications of functional analysis in mathematical physics. � NGU, 1963, 3rd ed., Trans.
of Math. Monographs, 90, Amer. Math. Soc. provid. RI, 1991.

7. Il'in V.P. On some properties of class of di�erentiable functions de�ned in domain // Proc. Steklov Inst.
Math. � 1964. � V.94.

8. Mashiyev R.A. Integral representations of di�erentiable functions // AzNIINTI, 4B79, Dep. �291, 1984.

9. Kudryavtsev L.D. The variation of maddings of regions // in: Metrical Questions of the Theory of Functi-
ons and Mappings. �1. � Kyiv, 1969. � P.34�108 (Russian M.R. 44, 6924).

Dicle University,
Faculty of Science and Art Mathematics Department,
TR 21280 Diyarbakir,
Turkey
mrabil@dicle.edu.tr
zehra@dicle.edu.tr

Received 03.11.06

Revised 11.12.07


