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Sharp relations between the value of genus and Polya orders of entire functions with
asymmetrically distributed zeros are obtained.

ß. Â. Âàñèëüêèâ, Î. ß. Áðîäÿê. Cîîòíîøåíèÿ ìåæäó âåëè÷èíîé ðîäà è ïîðÿäêàìè Ïîéÿ

öåëûõ ôóíêöèé ñ àñèìåòðè÷åñêèì ðàñïðåäåëåíèåì íóëåé // Ìàò. Ñòóäi¨. � 2009. � Ò.31,
�1. � C.56�64.

Óñòàíîâëåíû òî÷íûå ñîîòíîøåíèÿ ìåæäó âåëè÷èíîé ðîäà è ïîðÿäêàìè Ïîéÿ öåëûõ
ôóíêöèé ñ àñèììåòðè÷åñêèì ðàñïðåäåëåíèåì íóëåé.

Âñòóï. Îñíîâíèìè õàðàêòåðèñòèêàìè, ùî îïèñóþòü çðîñòàííÿ öiëî¨ ôóíêöi¨ f(z) 6≡
const ïðè |z| → +∞ ¹ ôóíêöi¨ ([1, 3])

M(r, f) = max
|z|=r
|f(z)|, T (r, f) =

1

2π

∫ 2π

0

log+ |f(reiθ)|dθ,

äå log+ x = max{0, log x}, x > 0. Äîáðå âiäîìî, (äèâ., íàïðèêëàä, [3], c.54 ) ùî äëÿ âñiõ
α > 1, r > 0

T (r, f) ≤ logM(r, f) ≤ α + 1

α− 1
T (αr, f). (1)

Â ñâîþ ÷åðãó, øâèäêiñòü çðîñòàííÿ ôóíêöié logM(r, f) i T (r, f) îïèñóþòü çâè÷àéíèìè
ïîðÿäêàìè òà ïîðÿäêàìè çà Ïîéÿ âiäïîâiäíî. Íàãàäà¹ìî ¨õ îçíà÷åííÿ. Íåõàé λ(r) �
ôóíêöiÿ çðîñòàííÿ, òîáòî äîäàòíà íåñïàäíà íåîáìåæåíà, âèçíà÷åíà íà (0,+∞) ôóí-
êöiÿ. Âåëè÷èíè (äèâ. [1], ãë.1, §1, [8])

µ[λ] = lim inf
r→+∞

log+ λ(r)

log r
, ρ[λ] = lim sup

r→+∞

log+ λ(r)

log r

íàçèâàþòü íèæíiì ïîðÿäêîì òà ïîðÿäêîì ôóíêöi¨ λ, à âåëè÷èíè

µ∗[λ] = lim inf
r,A→+∞

log λ(Ar)− log λ(r)

logA
, ρ∗[λ] = lim sup

r,A→+∞

log λ(Ar)− log λ(r)

logA
� íèæíiì ïîðÿäêîì òà ïîðÿäêîì çà Ïîéÿ ôóíêöi¨ λ. Ïðè öüîìó (äèâ. [1], c.13, [8, 9])

0 ≤ µ∗[λ] ≤ µ[λ] ≤ ρ[λ] ≤ ρ∗[λ] ≤ +∞
i âñi ìîæëèâi êîìáiíàöi¨ çíàêiâ �<� i �=� ó öèõ ñïiââiäíîøåííÿõ ìîæíà ðåàëiçóâàòè.
Ðiâíîñèëüíå îçíà÷åííÿ âåëè÷èí ρ∗[λ] òà µ∗[λ] ïîëÿãà¹ â òîìó (äèâ. [1], c.43, [8]), ùî
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òî÷íà âåðõíÿ (íèæíÿ) ãðàíü ïîðÿäêiâ ïiêiâ Ïîéÿ äëÿ äàíî¨ ôóíêöi¨ λ çáiãà¹òüñÿ ç ρ∗[λ]
(ç µ∗[λ] âiäïîâiäíî). Òî÷íi îçíà÷åííÿ, ôîðìóëþâàííÿ, à òàêîæ äîâåäåííÿ öüîãî ôàêòó
ìîæíà çíàéòè â [8]. Çàóâàæèìî (äèâ. [1], c.44), ùî

ρ∗[λ] < +∞⇔ λ(2r) = O(λ(r)), r → +∞. (2)

Ñêðiçü íàäàëi, ôóíêöi¨ çðîñòàííÿ λ äëÿ ÿêèõ ρ∗[λ] < +∞ íàçèâàòèìåìî ôóíêöiÿìè
ïîìiðíîãî çðîñòàííÿ (moderate growth).

Â öié ñòàòòi ìè âñòàíîâèìî òî÷íi ñïiââiäíîøåííÿ ìiæ âåëè÷èíîþ ðîäó öiëî¨ ôóíêöi¨
f ç ñïåöiàëüíèì ðîçïîäiëîì íóëiâ (äèâ. óìîâó (10)) òà ïîðÿäêàìè çà Ïîéÿ ¨¨ õàðàêòå-
ðèñòèê T (r, f) i logM(r, f). Íàøi ìiðêóâàííÿ áàçóþòüñÿ íà åëåìåíòàðíèõ, àëå, íà íàø
ïîãëÿä, âàæëèâèõ òâåðäæåííÿõ (äèâ. ëåìè 1 òà 2) i ïðîñòîìó ïîïåðåäíüîìó àíàëiçi (äèâ.
ëåìó 3) êîåôiöi¹íòiâ Ôóð'¹-Ñòiëüòü¹ñà

nk(r,Z) =
∑

|aj |≤r

(
aj
|aj|

)k
ïîñëiäîâíîñòi íóëiâ Z = {aj} öiëî¨ ôóíêöi¨ f , ÿêi âõîäÿòü ó çîáðàæåííÿ (äèâ. ñïiââiä-
íîøåííÿ (7)) êîåôiöi¹íòiâ lk(r, f) ðîçâèíåííÿ â ðÿä Ôóð'¹

log f(reiθ) =
∑+∞

k=−∞
lk(r, f)eikθ

ôóíêöi¨ log f , âèçíà÷åíî¨ ó ñåíñi ñïiââiäíîøåííÿ

log f(z) : =

∫ z

0

f ′(ξ)

f(ξ)
dξ + log f(0), z ∈ C \

+∞⋃
j=1

{z = taj : t ≥ 1, aj ∈ f−1(0)}.

Îòðèìàíi íàìè ðåçóëüòàòè ìîæíà ðîçãëÿäàòè ÿê äîïîâíåííÿ äî ðåçóëüòàòiâ, îòðèìàíèõ
â ðîáîòàõ [10]�[16].

1. Îçíà÷åííÿ i äîïîìiæíi òâåðäæåííÿ. Íåõàé Z = {aj} � ïîñëiäîâíiñòü âiäìiííèõ
âiä íóëÿ êîìïëåêñíèõ ÷èñåë ç ¹äèíîþ òî÷êîþ ñêóï÷åííÿ íà íåñêií÷åííîñòi ðîäó q − 1,
òîáòî q = min{p ∈ N :

∑+∞
j=1 |aj|−p < +∞}. Íåõàé òàêîæ ([1, 3])

n(r,Z) =
∑

|aj |≤r
1, N(r,Z) =

∫ r

0

n(t,Z)

t
dt, r > 0,

� ëi÷èëüíà òà íåâàíëiííîâà ëi÷èëüíà ôóíêöi¨ ïîñëiäîâíîñòi Z. Êðiì òîãî, íåõàé

λ(r) = rq−1

∫ r

0

n(t,Z)

tq
dt+ rq

∫ +∞

r

n(t,Z)

tq+1
dt, r > 0, (3)

� ôóíêöiÿ çðîñòàííÿ Áîðåëÿ-Âàëiðîíà (äèâ. [1], c.35).
Äëÿ ôóíêöi¨ λ(r) ìà¹ìî òàêó ëåìó.

Ëåìà 1. ßêùî λ(r) � ôóíêöiÿ çðîñòàííÿ Áîðåëÿ-Âàëiðîíà (3), òî

q − 1 ≤ µ∗[λ] ≤ ρ∗[λ] ≤ q.

Äîâåäåííÿ. Ìà¹ìî λ(r) = (q − 1)rq−1

∫ r

0

N(t,Z)

tq
dt + qrq

∫ +∞

r

N(t,Z)

tq+1
dt. Çàóâàæèìî,

ùî

rλ′(r) = (q − 1)2rq−1

∫ r

0

N(t,Z)

tq
dt+ q2rq

∫ +∞

r

N(t,Z)

tq+1
dt−N(r,Z).



58 ß. Â. ÂÀÑÈËÜÊIÂ, Î. ß. ÁÐÎÄßÊ

Îòæå, q−1 ≤ rλ′(r)/λ(r) ≤ q äëÿ âñiõ q ∈ N, r > 0. Çâiäñè òà ç ðiâíîñòi log(λ(Ar)/λ(r)) =

=

∫ Ar

r

tλ′(t)

λ(t)

dt

t
âèïëèâà¹, ùî q−1 ≤ log λ(Ar)− log λ(r)

logA
≤ q äëÿ âñiõ r > 0, A > 1. Òîìó

q − 1 ≤ µ∗[λ] ≤ ρ∗[λ] ≤ q, ùî çàâåðøó¹ äîâåäåííÿ ëåìè 1.

Íàñòóïíi äâà î÷åâèäíi ñïiââiäíîøåííÿ äëÿ ôóíêöi¨ çðîñòàííÿ Áîðåëÿ�Âàëiðîíà (3)
áóäóòü âèêîðèñòàíi íàìè â ïîäàëüøîìó

rq−1 = o(λ(r)) i λ(r) = o(rq) (r → +∞). (4)

Íåõàé f(z) � öiëà ôóíêöiÿ ç íóëÿìè Z(f) = {aj} i log f(z) =
∑+∞

k=1 γkz
k â äåÿêîìó

îêîëi òî÷êè z = 0, f(0) = 1. Íåõàé òàêîæ ïðè r > 0 i k ∈ Z

lk(r, f) =
1

2π

∫ 2π

0

e−ikθ log f(reiθ)dθ, ck(r, f) =
1

2π

∫ 2π

0

e−ikθ log |f(reiθ)|dθ,

nk(r, f) : = nk(r,Z(f)), n(r, f) : = n0(r, f), N(r, f) =

∫ r

0

n(t, f)t−1dt.

Î÷åâèäíî, ùî äëÿ âñiõ r > 0 i k ∈ Z

|nk(r, f)| ≤ n(r, f). (5)

Ñïiââiäíîøåííÿ äëÿ ck(r, f) i lk(r, f) ïðè k ∈ Z+, r > 0 ìàþòü âèãëÿä (äèâ. [4]�[7])

l0(r, f) = c0(r, f) = N(r, f),

ck(r, f) =
1

2
γkr

k+
1

2k

∑
|aj |≤r

[( r
aj

)k
−
(aj
r

)k]
=

1

2
γkr

k+
1

2

∫ r

0

[(r
t

)k
+
( t
r

)k]nk(t, f)

t
dt, (6)

lk(r, f) = γkr
k +

1

k

∑
|aj |≤r

(
r

aj

)k
− 1

k
nk(r, f) = γkr

k + rk
∫ r

0

nk(t, f)

tk+1
dt. (7)

Ñïiâñòàâëÿþ÷è (6) òà (7) íåñêëàäíî çàóâàæèòè, ùî ïðè k ∈ N, r > 0 âèêîíó¹òüñÿ

lk(r, f) = 2ck(r, f) +
1

k

∑
|aj |≤r

(
aj
r

)k
− 1

k
nk(r, f) = 2ck(r, f)−

∫ r

0

(
t

r

)k
nk(t, f)

t
dt.

Ó ñòàòòi [7] (íåðiâíiñòü (13)) çà äîïîìîãîþ öi¹¨ ðiâíîñòi âñòàíîâëåíî òàêå òâåðäæåííÿ.

Ëåìà 2. Íåõàé f(z) 6≡ const � öiëà ôóíêöiÿ, f(0) = 1. Òîäi äëÿ âñiõ k ∈ N, r > 0

|lk(r, f)| ≤ 4T (r, f)−N(r, f) ≤ 4T (r, f). (8)

Äëÿ p ∈ N, 0 < ε ≤ π
2p
, 0 ≤ η ≤ π

2p
− ε ðîçãëÿíåìî ñåêòîð

Dp(η) =
{
z = reiθ ∈ C : r ≥ 0, |θ| ≤ η

}
.

Îçíà÷åííÿ 1. ßêùî ïðè äåÿêèõ p ∈ N, 0 < ε ≤ π
2p
, 0 ≤ η ≤ π

2p
− ε i âñiõ r > 0

âèêîíó¹òüñÿ ∑
|aj |≤r, aj /∈Dp(η)

1 ≤ sin(pε)

2(1 + sin(pε))
n(r,Z), (9)

òî áóäåìî ãîâîðèòè, ùî ó ôóíêöi¨ f(z) íóëi (p, η, ε)−àñèìåòðè÷íî ðîçïîäiëåíi.
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Çîêðåìà, ÿêùî âñi íóëi Z(f) = {aj} öiëî¨ ôóíêöi¨ f(z) ëåæàòü â Dp(η), òî f ìà¹
(p, η, ε)-àñèìåòðè÷íî ðîçïîäiëåíi íóëi. Çàóâàæèìî, ùî óìîâà (9) ðiâíîñèëüíà äî óìîâè∑

|aj |≤r, aj /∈Dp(η)
1 ≤ sin(pε)

2 + sin(pε)

∑
|aj |≤r, aj∈Dp(η)

1.

Ïðàâèëüíà òàêà åëåìåíòàðíà ëåìà.

Ëåìà 3. Íåõàé ïîñëiäîâíiñòü Z = {aj} ⊂ C \ {0}, limj→+∞ |aj| = +∞ òàêà, ùî äëÿ íå¨
âèêîíó¹òüñÿ óìîâà (9) ïðè äåÿêèõ p ∈ N, 0 < ε ≤ π

2p
, 0 ≤ η ≤ π

2p
− ε i âñiõ r > 0. Òîäi

äëÿ âñiõ r > 0, k ∈ {1, 2, ..., p}

Re nk(r,Z) ≥ 1

2
sin(pε)n(r,Z), (10)

|Im nk(r,Z)| ≤ 1

2

√
3 + cos2(pε)n(r,Z). (11)

Äîâåäåííÿ. Íåõàé aj = |aj|eiθj . Âðàõîâóþ÷è óìîâó (9) i òå, ùî ôóíêöiÿ cos θ ïàðíà i
ñïàäà¹ íà [0, π/2], äëÿ âñiõ r > 0 i k ∈ {1, 2, ..., p} ìà¹ìî

Re nk(r,Z) =
∑

|aj |≤r, aj∈Dp(η)

cos(kθj) +
∑

|aj |≤r, aj /∈Dp(η)

cos(kθj) ≥ sin(pε)
∑

|aj |≤r, aj∈Dp(η)

1−

−
∑

|aj |≤r, aj /∈Dp(η)

1 = sin(pε)n(r,Z)− (1 + sin(pε))
∑

|aj |≤r, aj /∈Dp(η)

1 ≥ 1

2
sin(pε)n(r,Z),

òîáòî îòðèìó¹ìî (10). Ñïiââiäíîøåííÿ (11) íåãàéíî âèïëèâàþòü ç ñïiââiäíîøåíü (5) òà
(10).

Çàóâàæåííÿ 1. À. À. Ãîëüäáåðã ââiâ i äîñëiäèâ ([10, 17], äèâ. òàêîæ [3], c.338) êëàñè
ìåðîìîðôíèõ ôóíêöié ç ðîçäiëåíèìè íóëÿìè i ïîëþñàìè . Íàãàäà¹ìî öå îçíà÷åííÿ,
ïðè÷îìó, îáìåæèìîñÿ ëèøå âèïàäêîì öiëèõ ôóíêöié. Íåõàé f(z) � öiëà ôóíêöiÿ ç

íóëÿìè Z = {aj}, f(0) = 1, p ∈ N, η ∈ [0, π/2p) i Sp(η) =
⋃p−1
ν=0

{
z = reiθ ∈ C : r ≥

0,
∣∣∣θ − 2ν

p
π
∣∣∣ ≤ η

}
. ßêùî âèêîíó¹òüñÿ

∑
aj /∈Sp(η) |aj|−p < +∞, òî ãîâîðÿòü, ùî íóëi ó

ôóíêöi¨ f(z) (p, η)−ðîçäiëåíi.

Âèêîíóþòüñÿ òàêi òâåðäæåííÿ

Òåîðåìà À ([3], c.338). ßêùî ó öiëî¨ ôóíêöi¨ f(z), f(0) = 1, íóëi (p, η)-ðîçäiëåíi, òî
iñíó¹ ãðàíèöÿ limr→+∞ r

−pT (r, f), ñêií÷åííà àáî íåñêií÷åííà.

Íàñëiäîê B ([3], c.338, c.341). Íåõàé íóëi f(z), f(0) = 1, (p, η)-ðîçäiëåíi. Òîäi:
i) ÿêùî µ[T ] < p, òî ρ[T ] ≤ p;
ii) ÿêùî lim infr→+∞ r

−pT (r, f) < +∞, òî p
∫ +∞

0
t−p−1n(t, f)dt ==

∑+∞
j=1 |aj|−p < +∞;

iii) ÿêùî
∫ +∞

0
t−p−1n(t, f)dt = +∞, òî rp = o(T (r, f)), r → +∞.

Íàñëiäîê C ([3], c.342). Íåõàé f(z) � öiëà ôóíêöiÿ ñêií÷åííîãî íèæíüîãî ïîðÿä-
êó µ[T ] ç äîäàòíèìè íóëÿìè. Òîäi ðiñò f(z) íå âèùèé âiä ìiíiìàëüíîãî òèïó ïîðÿäêó
E(µ[T ]) + 1. ßêùî µ[T ] íàòóðàëüíå ÷èñëî, òî iñíó¹ ñêií÷åííà àáî íåñêií÷åííà ãðàíèöÿ
limr→+∞ r

−µ[T ]T (r, f). Ïðèíàéìíi çàâæäè ÷èñëà ρ[T ] i µ[T ] íàëåæàòü äî îäíîãî âiäðiçêà
[l − 1, l], l ∈ N. Òóò E(x) � öiëà ÷àñòèíà ÷èñëà x.
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Îñêiëüêè ç óìîâè (9) íåãàéíî âèïëèâàþòü íåðiâíîñòi∑
|aj |≤r, aj∈Dp(η)

1 ≥ 2 + sin(pε)

2(1 + sin(pε))
n(r,Z) ≥ 3

4
n(r,Z),

òî çà î÷åâèäíèõ çìií ó äîâåäåííÿõ ç [10] îòðèìó¹ìî, ùî âñi íàâåäåíi âèùå ðåçóëüòàòè
À. À. Ãîëüäáåðãà ¹ ïðàâèëüíèìè i äëÿ öiëèõ ôóíêöié ç àñèìåòðè÷íî ðîçïîäiëåíèìè
íóëÿìè. Êðiì òîãî, îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 4. Íåõàé f(z) � öiëà ôóíêöiÿ, íóëi Z(f) = {aj} ÿêî¨ (p, η, ε)-àñèìåòðè÷íî ðîç-
ïîäiëåíi ïðè äåÿêèõ p ∈ N, 0 < ε ≤ π

2p
, 0 ≤ η ≤ π

2p
− ε, f(0) = 1. Òîäi äëÿ âñiõ

r > 0, k ∈ {1, 2, ..., p}

|lk(r, f)| ≥ 1

2
sin(pε)

∫ r

0

(r
t

)k n(t, f)

t
dt+ rkRe γk.

Òâåðäæåííÿ öi¹¨ ëåìè íåãàéíî âèïëèâà¹ ç ñïiââiäíîøåíü (7), (10) i åëåìåíòàðíî¨ íåðiâ-
íîñòi |lk(r, f)| ≥ Re lk(r, f).

2. Îñíîâíi ðåçóëüòàòè. Ñïî÷àòêó çàóâàæèìî, ùî äîâiëüíà ïîñëiäîâíiñòü äîäàòíèõ
÷èñåë Z = {aj}, lim

j→+∞
aj = +∞ ¹ (p, η, ε)-àñèìåòðè÷íî ðîçïîäiëåíîþ äëÿ äîâiëüíèõ p ∈

N, 0 < ε ≤ π
2p
, 0 ≤ η ≤ π

2p
− ε. Ïðè öüîìó, nk(r,Z) = n(r,Z) äëÿ âñiõ r > 0, k ∈ Z. Òîìó

âàðòèé óâàãè òàêèé åêñòðåìàëüíèé âèïàäîê, ÿêèé ðîçãëÿíåìî â íàñòóïíîìó òâåðäæåííi.

Òåîðåìà 1. Íåõàé Z = {aj} � äîâiëüíà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë ðîäó q−1, q ∈ N,

f(z) = eP (z)Π(z), (12)

äå Π(z) =
∏+∞

j=1 E
(
z
aj
, q − 1

)
� êàíîíi÷íèé äîáóòîê Âåé¹ðøòðàñà ðîäó q − 1, à P (z) =

γ1z + γ2z
2 + ...+ γqz

q, {γ1, ..., γq} ⊂ C. Òîäi T (r, f) òà logM(r, f) ¹ ôóíêöiÿìè ïîìiðíîãî
çðîñòàííÿ i ñïðàâåäëèâi íàñòóïíi ñïiââiäíîøåííÿ:
1o ÿêùî γq = 0, òî

q − 1 ≤ µ∗[T ] ≤ ρ∗[T ] ≤ q, (13)

q − 1 ≤ µ∗[logM ] ≤ ρ∗[logM ] ≤ q; (14)

2o ÿêùî γq 6= 0, òî ïðè r → +∞

T (r, f) ∼ |γq|
π
rq, logM(r, f) ∼ |γq|rq. (15)

Äîâåäåííÿ. Âèïàäîê γq = 0. Ç íåðiâíîñòi (1), çîáðàæåííÿ (12), îöiíêè êàíîíi÷íîãî äî-
áóòêó Âåé¹ðøòðàñà Π(z) ðîäó q − 1 ([18], c.53, [3], c.78) i ïåðøîãî ñïiââiäíîøåííÿ ç (4)
âèïëèâà¹, ùî ïðè r → +∞

T (r, f) ≤ logM(r, f) ≤ (Cq + o(1))λ(r) ≤ (Cq + 1)λ(r), (16)

äå Cq � äåÿêà äîäàòíà ñòàëà, à λ(r) � ôóíêöiÿ çðîñòàííÿ Áîðåëÿ-Âàëiðîíà (3).
Çàóâàæèìî (äèâ. [2]), ùî äëÿ êàíîíi÷íîãî äîáóòêó Âåé¹ðøòðàñà Π(z) êîåôiöi¹íòè

αk ðîçâèíåííÿ log Π(z) =
∑+∞

k=1 αkz
k â îêîëi òî÷êè z = 0 îá÷èñëþþòüñÿ çà ôîðìóëàìè

αk = 0 äëÿ 1 ≤ k ≤ q − 1 i αk = − 1
k

∑+∞
j=1 a

−k
j äëÿ k ≥ q. Òîäi , ç îãëÿäó íà (12) òà (7),

äëÿ âñiõ r > 0 ìà¹ìî

lk(r, f) = γkr
k + rk

∫ r

0

n(t,Z)

tk+1
dt, 1 ≤ k ≤ q − 1;
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lk(r, f) = −1

k

∑
aj>r

(
r

aj

)k
− 1

k
n(r,Z) = −rk

∫ +∞

r

n(t,Z)

tk+1
dt, q ≤ k.

Ç öèõ ðiâíîñòåé, ïåðøîãî ñïiââiäíîøåííÿ ç (4), ëåìè 2 i íåðiâíîñòi |lq−1(r, f)| ≥
rq−1

∫ r
0
t−qn(t,Z)dt− |γq−1|rq−1 äëÿ äîñòàòíüî âåëèêèõ r âèïëèâà¹

1

2
λ(r) ≤ (1 + o(1))λ(r) ≤ |lq−1(r, f)|+ |lq(r, f)| ≤ 8T (r, f) ≤ 8 logM(r, f),

òîáòî

logM(r, f) ≥ T (r, f) ≥ 1

16
λ(r). (17)

Âðàõîâóþ÷è (16) òà (17), äëÿ âñiõ A > 1 i äîñòàòíüî âåëèêèõ r îòðèìó¹ìî

log T (Ar, f)− log T (r, f) ≤ log λ(Ar)− log λ(r) +B1,

à òàêîæ log T (Ar, f) − log T (r, f) ≥ log λ(Ar) − log λ(r) + B2, äå B1, B2 � äåÿêi ñòàëi.
Îòæå, äëÿ âñiõ äîñòàòíüî âåëèêèõ A i r

log T (Ar, f)− log T (r, f)

logA
=

log λ(Ar)− log λ(r)

logA
+ o(1).

Ç îñòàííüîãî ñïiââiäíîøåííÿ çà ëåìîþ 1 îòðèìó¹ìî (13). Òàê ñàìî îòðèìó¹ìî é ñïiâ-
âiäíîøåííÿ (14).

Âèïàäîê γq 6= 0. Îñêiëüêè lq−1(r,Π) = rq−1
∫ r

0
n(t,Z)
tq

dt, lq(r,Π) = −rq
∫ +∞
r

n(t,Z)
tq+1 dt, òî ç

ëåìè 2 i îöiíêè êàíîíi÷íîãî äîáóòêó Âåé¹ðøòðàñà ðîäó q − 1 íåãàéíî âèïëèâà¹, ùî

1

8
λ(r) ≤ 1

8
(lq−1(r,Π) + |lq(r,Π)|) ≤ T (r,Π) ≤ logM(r,Π) ≤ Cqλ(r).

Çâiäñè, ç îãëÿäó íà äðóãå ñïiââiäíîøåííÿ ç (4), ïðè r → +∞ îòðèìó¹ìî

T (r,Π) = o(rq), logM(r,Π) = o(rq).

Ïîäàëüøi âèêëàäêè åëåìåíòàðíi i ìè ¨õ íå íàâîäèìî.
I, íàðåøòi, áåðó÷è äî óâàãè ñïiââiäíîøåííÿ (13)�(15) òà (2), ðîáèìî âèñíîâîê, ùî

õàðàêòåðèñòèêè T (r, f) i logM(r, f) ìàþòü ïîìiðíå çðîñòàííÿ, ùî çàâåðøó¹ äîâåäåííÿ
òåîðåìè 1.

Ïðàâèëüíîþ ¹ òàêà òåîðåìà.

Òåîðåìà 2. Íåõàé f(z) � öiëà ôóíêöiÿ ç (p, η, ε)-àñèìåòðè÷íî ðîçïîäiëåíèìè íóëÿìè
Z(f) = {aj} ïðè äåÿêèõ p ∈ N, 0 < ε ≤ π

2p
, 0 ≤ η ≤ π

2p
− ε, f(0) = 1. Íåõàé, êðiì

òîãî, ïîñëiäîâíiñòü íóëiâ Z(f) ìà¹ ñêií÷åííèé ðiä q − 1, q ∈ N òà f(z) = eP (z)Π(z), äå
Π(z) � êàíîíi÷íèé äîáóòîê Âåé¹ðøòðàññà ðîäó q − 1, à P (z) = γ1z + γ2z

2 + ... + γsz
s,

s = max{p, q}, {γ1, ..., γs} ⊂ C. Òîäi ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ:
1o ÿêùî q ≤ p i γq = γq+1 = ... = γp = 0, òî ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ (13) i (14).
2o ÿêùî q ≤ p i iñíóþòü ν ∈ {q, q + 1, ..., p} òàêi, ùî γν 6= 0, òî

T (r, f) ∼ |γl|
π
rl, logM(r, f) ∼ |γl|rl (r → +∞), (18)
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äå l = max{ν : γν 6= 0};
3o ÿêùî p ≤ q − 1 i γq = 0, òî

p ≤ µ[f ] ≤ ρ[f ] ≤ q, (19)

äå µ[f ] : = µ[T ] = µ[logM ], ρ[f ] : = ρ[T ] = ρ[logM ];
4o ÿêùî æ p ≤ q − 1 i γq 6= 0, òî ïðè r → +∞ ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ (15).

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê q ≤ p. Íåõàé γq = γq+1 = ... = γp = 0. Òîäi
ñïiââiäíîøåííÿ (16) âèêîíóþòüñÿ i â öüîìó âèïàäêó. Äàëi, îñêiëüêè

lq(r, f) = −rq
∫ +∞
r

nq(t,Z)

tq+1 dt, òî ç ñïiââiäíîøåííÿ (10) âèïëèâà¹, ùî

|lq(r, f)| ≥ rq
∫ +∞

r

Re nq(t,Z)

tq+1
dt ≥ 1

2
sin(pε)rq

∫ +∞

r

n(t,Z)

tq+1
dt.

Çâiäñè òà ç ëåìè 4 çíàõîäèìî |lq−1(r, f)|+ |lq(r, f)| ≥ 1

2
sin(pε)λ(r) + rq−1Re γq−1. Òîäi çà

ëåìîþ 2, âðàõîâóþ÷è ïåðøå ñïiââiäíîøåííÿ ç (4), äëÿ äîñòàòíüî âåëèêèõ r ìà¹ìî

logM(r, f) ≥ T (r, f) ≥ 1

32
sin(pε)λ(r).

Ç öèõ íåðiâíîñòåé òà ç (16), ÿê i ïðè äîâåäåííi òåîðåìè 1, îòðèìó¹ìî (13) i (14).
Íåõàé òåïåð l = max{ν : γν 6= 0, ν ∈ {q, q + 1, ..., p}}. Îñêiëüêè

lq−1(r,Π) = rq−1

∫ r

0

nq−1(t,Z)

tq
dt, lq(r,Π) = −rq

∫ +∞

r

nq(t,Z)

tq+1
dt,

òî ç ñïiââiäíîøåííÿ (10) âèïëèâà¹, ùî |lq−1(r,Π)| + |lq(r,Π)| ≥ 1
2

sin(pε)λ(r). Çâiäñè, à
òàêîæ ç ëåìè 2 i îöiíêè êàíîíi÷íîãî äîáóòêó Âåé¹ðøòðàññà ðîäó q − 1, â ñâîþ ÷åðãó,
ìà¹ìî

1

16
sin(pε)λ(r) ≤ T (r,Π) ≤ logM(r,Π) ≤ Cqλ(r).

Îòæå, ç îãëÿäó íà äðóãå ñïiââiäíîøåííÿ ç (4), ïðè r → +∞ îòðèìó¹ìî

T (r,Π) = o(rq), logM(r,Π) = o(rq).

Òîäi ç òîãî, ùî ([19]) ρ[T ] = max{µ[T ], ρ[n]}, íåãàéíî âèïëèâà¹ ðiâíiñòü µ[T ] = ρ[T ] = l,

òîáòî T (r, f) ∼ |γl|
π
rl, logM(r, f) ∼ |γl|rl (r → +∞). Îòæå, ìè îòðèìàëè (18).

Ðîçãëÿíåìî òåïåð âèïàäîê p ≤ q − 1, γq = 0. Çàóâàæèìî, ùî
∫ +∞

0
t−p−1n(t,Z)dt =

+∞. Çà ëåìîþ 4 äëÿ äîñòàòíüî âåëèêèõ r ìà¹ìî

|lp(r, f)| ≥ 1

2
sin(pε)rp

∫ r

0

n(t,Z)

tp+1
dt+ rpRe γp =

= rp
∫ r

0

n(t,Z)

tp+1
dt

(
1

2
sin(pε) +

Re γp∫ r
0
t−p−1n(t,Z)dt

)
≥ 1

4
sin(pε)rp

∫ r

0

n(t,Z)

tp+1
dt.

Òîìó, ç îãëÿäó íà ñïiââiäíîøåííÿ (8), ïðè r → +∞

logM(r, f) ≥ T (r, f) ≥ 1

16
sin(pε)rp

∫ r

0

n(t,Z)

tp+1
dt ≥ rp.

Ç öi¹¨ íåðiâíîñòi, îçíà÷åííÿ íèæíüîãî ïîðÿäêó òà ç (1) âèïëèâà¹, ùî µ[f ] = µ[logM ] =
µ[T ] ≥ p, òîáòî îòðèìó¹ìî (19), îñêiëüêè ñïiââiäíîøåííÿ ρ[f ] = ρ[logM ] = ρ[T ] ≤ q ¹
î÷åâèäíèìè.

I, íàðåøòi, íåõàé p ≤ q − 1 i γq 6= 0. Ó öüîìó âèïàäêó íåîáõiäíå òâåðäæåííÿ ëåãêî
âèïëèâà¹ ç òîãî, ùî T (r,Π) ≤ logM(r,Π) ≤ Cqλ(r) = o(rq) (r → +∞).
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3. Çàâåðøàëüíi çàóâàæåííÿ.

i) Òâåðäæåííÿ ïóíêòiâ 1o, 2o òà 4o òåîðåìè 2 ðàçîì ç òâåðäæåííÿì (2) ãàðàíòóþòü
ïîìiðíiñòü çðîñòàííÿ õàðàêòåðèñòèê T (r, f) i logM(r, f) öiëèõ ôóíêöié f ó öèõ
âèïàäêàõ.

ii) Ç òâåðäæåíü ïóíêòó iii) íàñëiäêó Â, äðóãîãî ñïiââiäíîøåííÿ ç (4) òà íåðiâíîñòåé
(19) âèïëèâà¹, ùî ôóíêöiÿ f , ÿêà çàäîâîëüíÿ¹ óìîâè ïóíêòó 3o òåîðåìè 2, ìà¹ ùî-
íàéìåíøå ìàêñèìàëüíèé òèï ïðè íèæíüîìó ïîðÿäêó p i ùîíàéáiëüøå ìiíiìàëüíèé
òèï ïðè ïîðÿäêó q. Ïèòàííÿ ïðî ïîìiðíiñòü çðîñòàííÿ õàðàêòåðèñòèê T (r, f) òà
logM(r, f) ó öüîìó âèïàäêó çàëèøà¹òüñÿ âiäêðèòèì.

iii) Òåîðåìà 1 äîçâîëÿ¹ óòî÷íèòè òàêèé ðåçóëüòàò (Abi-Khuzam F. F. [12]).

Òåîðåìà (Abi-Khuzam F. F.). Íåõàé f(z) � öiëà ôóíêöiÿ ñêií÷åíîãî íåöiëîãî ïîðÿä-
êó ρ[f ] i íèæíüîãî ïîðÿäêó µ[f ] ç íóëÿìè Z(f) = {aj}. ßêùî ρ[f ]−µ[f ] > 1, òî iñíóþòü
ñòàëà γ ∈ (0, 1) i çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü {xn} òàêi, ùî

T (r, f) ≤ T (r,Πf ), xγn ≤ r ≤ xn,

äå Πf � êàíîíi÷íèé äîáóòîê ç íóëÿìè Z(Πf ) = {−|aj|}.

Òåîðåìà 3. Íåõàé Z = {aj} ⊂ C\{0} äîâiëüíà ïîñëiäîâíiñòü ðîäó q−1, q ≥ 2 òàêà, ùî

öiëà ôóíêöiÿ f(z) = eP (z)
∏+∞

j=1 E
(
z
aj
, q−1

)
, äå P (z) = γ1z+γ2z

2 + ...+γqz
q, {γ1, ..., γq} ⊂

C, ìà¹ íèæíié ïîðÿäîê µ[f ] < q − 1 i ïîðÿäîê ρ[f ] ∈ [q − 1, q]. Íåõàé òàêîæ F (z) =

eQ(z)
∏+∞

j=1 E
(

z
|aj | , q−1

)
, äå Q(z) = |γ1|z+ |γ2|z2 + ...+ |γq|zq. Òîäi iñíóþòü ñòàëà γ ∈ (0, 1)

i çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü {xn} òàêi, ùî

T (r, f) ≤ T (r, F ), xγn ≤ r ≤ xn. (22)

Äëÿ äîâåäåííÿ òåîðåìè 3 íàì áóäå ïîòðiáíà òàêà ëåìà ç [20] (äèâ. òàêîæ [19]).

Ëåìà (Whittaker J. M.). Íåõàé φ(r) � äîäàòíà çðîñòàþ÷à ôóíêöiÿ òàêà, ùî

lim
r→+∞

log φ(r)/ log r = α (0 ≤ α < +∞).

Òîäi äëÿ êîæíî¨ ïàðè ÷èñåë β, γ òàêèõ, ùî α < β, α/β < γ < 1, iñíó¹ çðîñòàþ÷à äî
+∞ ïîñëiäîâíiñòü (xn) òàêà, ùî φ(r) ≤ rβ (xγn ≤ r ≤ xn).

Äîâåäåííÿ òåîðåìè 3. Ñïî÷àòêó çàóâàæèìî, ùî γq = 0, áî ó ïðîòèëåæíîìó âèïàäêó
µ[f ] = ρ[f ] = q. Çà òåîðåìîþ 1 äëÿ ôóíêöi¨ F (z) ìà¹ìî q − 1 ≤ µ∗[F ] ≤ µ[F ] ≤ ρ[F ] ≤
≤ ρ∗[F ] ≤ q. Îòæå, µ[f ] < µ[F ]. Âèáåðåìî δ > 0 òàêå, ùî µ[f ] < µ[F ] − δ i γ òàêå, ùî
µ[f ]/(µ[F ] − δ) < γ < 1. Çà ëåìîþ Óiòòåêåðà ( φ(r) = T (r, f), α = µ[f ], β = µ[F ] − δ )
iñíó¹ ïîñëiäîâíiñòü {xn}, xn ↑ +∞ òàêà, ùî T (r, f) ≤ rµ[F ]−δ, xγn ≤ r ≤ xn. Îñêiëüêè
T (r, F ) ≥ rµ[F ]−δ äëÿ âñiõ äîñòàòíüî âåëèêèõ r, òî îòðèìó¹ìî íåðiâíiñòü (22).

Î÷åâèäíî, ùî ñïiââiäíîøåííÿ ïîäiáíå äî ñïiââiäíîøåííÿ (22) âèêîíó¹òüñÿ i äëÿ
logM(r, f), äå f öiëà ôóíêöiÿ f , ÿêà çàäîâîëüíÿ¹ óìîâè òåîðåìè 3. Âiäçíà÷èìî, ùî
äëÿ ìåðîìîðôíèõ ôóíêöié ïîðÿäêó ìåíøîãî çà îäèíèöþ áiëüø çàãàëüíi ñïiââiäíîøåí-
íÿ, çîêðåìà, é íåðiâíiñòü òèïó (22) äëÿ âñiõ r > 0, âïåðøå âñòàíîâèâ À. À. Ãîëüäáåðã
([21], äèâ. òàêîæ [18], ãë. 4, § 4. 5).
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