
Ìàòåìàòè÷íi Ñòóäi¨. Ò.31, �1 Matematychni Studii. V.31, No.1

ÓÄÊ 519.512

I. V. Krasikova

A NOTE ON NARROW OPERATORS IN L∞

I. V. Krasikova. A note on narrow operators in L∞, Mat. Stud. 31 (2009), 102�106.

A usual technique used in various investigations on narrow operators does not work in the
case when the domain space is L∞. We show that the example of a narrow projection in an
r.i. function space E on [0, 1] with an absolutely continuous norm onto a subspace E1 ⊂ E
isometric to E constructed by A. Plichko and M. Popov extends to the case of E = L∞. We
also prove that a sum of two narrow operators in L∞ need not be narrow, answering to a
question of O. Maslyuchenko, V. Mykhaylyuk and M. Popov.
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Îáû÷íàÿ òåõíèêà, èñïîëüçóåìàÿ â ðàçëè÷íûõ èññëåäîâàíèÿõ îá óçêèõ îïåðàòîðàõ, íå
ðàáîòàåò, êîãäà îïåðàòîðû çàäàíû íà ïðîñòðàíñòâå L∞. Â çàìåòêå äîêàçàíî, ÷òî ïðèìåð
óçêîé ïðîåêöèè â ëþáîì ïåðåñòàíîâî÷íî-èíâàðèàíòíîì ïðîñòðàíñòâå E íà [0, 1] ñ àáñî-
ëþòíî íåïðåðûâíîé íîðìîé íà ïîäïðîñòðàíñòâî E1 ⊂ E, èçîìåòðè÷íîå ïðîñòðàíñòâó E,
ïîñòðîåííûé À. Ïëè÷êî è Ì. Ïîïîâûì, ðàñïðîñòðàíÿåòñÿ íà ñëó÷àé E = L∞. Äîêàçàíî
òàêæå, ÷òî ñóììà óçêèõ îïåðàòîðîâ â L∞ íå îáÿçàíà áûòü óçêèì îïåðàòîðîì. Ýòî � îòâåò
íà âîïðîñ À. Ìàñëþ÷åíêî, Â. Ìèõàéëþêà è Ì. Ïîïîâà.

1. Introduction. The notation and terminology on Banach spaces are standard and will
follow that of [6], [7], and on vector lattices we follow mainly [2]. By BE we denote the
closed unit ball of a Banach space E; the symbols L(X, Y ) and L(X) stand for the spaces
of all linear bounded operators acting from X to Y and from X to X respectively. By Lp we
denote the space Lp(λ) with the Lebesgue measure λ on the Borel σ-algebra B on [0, 1].

For convenience of the notation, throughout the paper we consider operators on L∞ only,
but nevertheless all results automatically can be extended to operators on L∞(µ) with any
�nite non-atomic measure µ.

First narrow operators were introduced and considered acting from a symmetric (in other
terminology, rearrangement invariant, r.i. in short) function space E to a Banach space (or,
more general, to an F -space) X by Plichko and Popov in [9]. Although the assumption of
absolute continuity of the norm in E is not used in the de�nition, it essentially have been
used in all the investigations on narrow operators for a long time. So, there were no result
on narrow operators acting from L∞ before [8].

In their general direction, narrow operators were considered as a generalization of compact
operators, still having some of their properties (see [1], [9]). Nevertheless, a compact (actually,
rank-one) operator T ∈ L(L∞) need not be narrow (see [8]). Let us represent an example
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from [8]. Let B be the Boolean algebra of the Borel subsets of [0, 1] equals up to measure
null sets, and U be any ultra�lter on B. Then the linear functional fU : E → R de�ned by

fU(x) = lim
A∈U

1

µ(A)

∫
A

xdµ

is obviously bounded and not narrow. Indeed, for each x ∈ L∞ of the form x = χ(A)−χ(B)
where [0, 1] = A t B one has fU(x) = ±1 depending of whether A ∈ U or B ∈ U . The
reason why fU is not narrow is that it is not order-to-norn continuous. A positive result on
narrowness of operators from L∞ is also obtained in [8]: every AM -compact order-to-norm
continuous linear operator T : L∞(µ)→ X is narrow for any Banach space X.

The most interesting phenomena concerning narrow operators is that if an r.i. function
space E on [0, 1] has un unconditional basis (e.g., the spaces Lp with 1 < p < ∞) then
each operator T ∈ L(E) is a sum of two narrow operators and, on the other hand, the sum
of two narrow operators from L(L1) is narrow [9]. In a recent paper [8] O. Maslyuchenko,
V. Mykhaylyuk and M. Popov explained this phenomena by showing that the sum of two
regular (i.e. a di�erence of two positive operators) narrow operators in E is narrow for a
large class of vector lattices E containing Lp with 1 ≤ p < ∞. Moreover, they proved that
the set Nr(E) of all narrow regular operators in E is a band in the lattice Lr(E) of all regular
operators in E. Since all operators from L(L1) are regular, this implies the above fact on the
sum of two narrow operators in L1. On the other hand, examples of narrow operators in Lp

with 1 < p <∞ with non-narrow sum involve non-regular operators.
Concerning the space L∞, it is known that the set Nr(L∞) of all narrow regular operators

in L∞ is not a band in the lattice Lr(L∞) of all regular operators in L∞ [8]. The authors
asked a question, whether a sum of two narrow operators (regular, or not necessary regular)
in L∞ is narrow? In Section 3 we answer this question for not necessary regular operators.
Section 2 is devoted to an example of a �very� non-compact narrow operator in L∞, a narrow
projection to an in�nite dimensional subspace of L∞.

2. An example of a narrow projection in L∞ onto a subspace isometric to L∞. Let
(Ω,Σ, µ) be a measure space with a σ-�nite non-atomic measure µ and E be a rearrangement
invariant Banach function space 1 (or, more general, K�othe function F -space) on (Ω,Σ, µ).
Recall that a continuous linear operator T ∈ L(E,X) from E to a Banach space (or, more
general, F -space) X is called narrow if for every A ∈ Σ and every ε > 0 there is an x ∈ E
such that x2 = χ(A),

∫
Ω
xdµ = 0 and ‖Tx‖ < ε.

As it was shown in [9], in every symmetric space E with an absolutely continuous norm
on [0, 1] there exists a narrow projection onto a subspace isometric to E. We show that the
same is true for L∞. Moreover, the example is the same, the conditional expectation operator
with respect to a suitable sub-σ-algebra. But the technique used in [9] failed in this case,
because it essentially is based on absolute continuity of the norm. Actually, we prove more.

Let E be a K�othe function F -space on [0, 1]. According to [8], a continuous linear operator
T ∈ L(E,X) from E to an F -space X is called strictly narrow if for every A ∈ B there is an
x ∈ kerT such that x2 = χ(A) and

∫
[0,1]

xdλ = 0. Obviously, every strictly narrow operator
is narrow.

Theorem 1. There exists a sub-σ-algebra F of the Borel σ-algebra B on [0, 1] such that

for every p ∈ [1,∞] the conditional expectation operator E with respect to F is a strictly

narrow projection of Lp onto a subspace isometric to Lp.

r.i., in short
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In our proof we consider the same sub-σ-algebra as in [9, p. 57] and, as in the proof of
the corresponding statement from [9], for convenience we consider the space Lp[0, 1]2 instead
of Lp. It will be the same by the Carath�eodory theorem [5, p. 121]. First we need the following
lemma.

Lemma 1. Let A ⊆ [0, 1]2 be any measurable subset. Then there is a measurable function

ϕA : [0, 1]→ [0, 1] such that

λ
(
Ax ∩

[
0, ϕA(x)

])
=

λ(Ax)

2
(1)

for almost all x ∈ [0, 1] where Ax =
{
y ∈ [0, 1] : (x, y) ∈ A

}
.

Proof of Lemma 1. Using Fubini's theorem and standard arguments, one can show that since
A ⊆ [0, 1]2 is measurable, the set Ax is measurable for almost all x ∈ [0, 1] (in the sequel, for
simplicity of the notation we consider these values of x only). Now set

Mx =
{
y ∈ [0, 1] : λ

(
Ax ∩

[
0, y
])

=
λ(Ax)

2

}
.

Standard arguments show that Mx is a closed nonempty set for almost all values of x. Then
we �nally set ϕA(x) = maxMx.

Proof of Theorem 1. Consider the following sub-σ-algebra F = B ×
{

[0, 1]
}
of the Borel σ-

algebra B × B on [0, 1]2. Then the conditional expectation operator P : Lp[0, 1]2 → Lp[0, 1]2

acting as Px = E(x/F) at an elements x ∈ Lp[0, 1]2 is the integration over the second
variable

Px =

∫
[0,1]

x(s, t) dλ(t).

It is well known and that P is a projection of norm 1 in Lp with any p ∈ [1,∞] (for
1 ≤ p < ∞ see [4, p. 123], and the case p = ∞ is obvious). It is evident that the range of
P is the subspace of all functions x ∈ Lp[0, 1]2 depending only of the �rst variable which
is isometric to Lp. Thus, it remains to prove that P is strictly narrow. Let A ⊆ [0, 1]2 be a
measurable set. Using Lemma 1, choose a function ϕA : [0, 1] → [0, 1] such that (1) holds.
Then we set

z(x, y) =


1, if (x, y) ∈ A and y ≤ ϕA(x);
−1, if (x, y) ∈ A and y > ϕA(x);
0, if (x, y) /∈ A

Obviously, z2 = χ(A). Besides, ∫
[0,1]2

z(x, y) dλ(x) dλ(y) =

= λ{(x, y) ∈ A : y ≤ ϕA(x)} − λ{(x, y) ∈ A : y > ϕA(x)}

and

λ{(x, y) ∈ A : y ≤ ϕA(x)} =

∫
[0,1]

λ
(
Ax ∩

[
0, ϕA(x)

])
dλ(x) =
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[0,1]

λ(Ax)

2
dλ(x) =

1

2

∫
[0,1]

λ(Ax)dλ(x) =
1

2
λ(A).

The above equalities imply that λ{(x, y) ∈ A : y > ϕA(x)} = λ(A)/2, i.e.∫
[0,1]2

z(x, y)dλ(x)dλ(y) = 0.

Finally, we obtain

Pz(x, y) =

1∫
0

z(x, y′)dλ(y′) =

∫
[0, ϕA(x)]

z(x, y′)dλ(y′) +

∫
[ϕA(x),1]

z(x, y′)dλ(y′) =

=

∫
[0, ϕA(x)]∩Ax

dλ(y′) −
∫

[ϕA(x),1]∩Ax

dλ(y′) =

= λ([0, ϕA(x)] ∩ Ax)− λ([ϕA(x), 1] ∩ Ax) =
1

2
λ(Ax)− 1

2
λ(Ax) = 0.

3. A sum of two narrow operators in L∞ need not be narrow.

Lemma 2. For each p ∈ [1,∞) the identity embedding Jp : L∞ → Lp is a sum of two narrow

operators T, S : L∞ → Lp.

Proof. Suppose �rst that p > 1. According to [9], the identity map Ip : Lp → Lp is a sum
of two narrow operators P,Q ∈ L(Lp). We set T = P ◦ Jp and S = Q ◦ Jp. Now we prove
that T and S are narrow operators. Indeed, given any measurable set A ⊆ [0, 1] and ε > 0,
choose an x ∈ Lp so that x2 = χ(A),

∫
[0,1]

xdλ = 0 and ‖Px‖ < ε. Since x ∈ L∞, we have

that ‖Tx‖ = ‖Px‖ < ε, thus, T is narrow. Likewise, S is narrow. Besides,

T + S = P ◦ Jp +Q ◦ Jp = (P +Q) ◦ Jp = Jp.

Now let p = 1. Remark that J1 = J ◦ J2 where J : L2 → L1 is the identity embedding.
Let J2 = T + S where T, S : L∞ → L2 narrow operators. By [9], J ◦ T and J ◦ S are narrow
operators from L∞ to L1. Thus,

J1 = J ◦ (T + S) = J ◦ T + J ◦ S

is the desired expansion.

Theorem 2. A sum of two narrow operators in L∞ need not be narrow.

Proof. Since by the Mazur theorem, C[0, 1] is universal space for all separable Banach spaces
[3] and C[0, 1] is isometrically embedded into L∞, the last space is universal as well. Let
U : L2 → L∞ be any isomorphic embedding and T, S ∈ L(L∞, L2) be any narrow operators
such that T + S = J2 where J2 : L∞ → L2 be the identity embedding (see Lemma 2).
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According to [9], the operators U ◦ T and U ◦ S are narrow members of L(L∞). We show
that their sum V is not narrow. Indeed,

V = U ◦ T + U ◦ S = U ◦ J2,

whence for each x ∈ L∞ with x2 = χ[0,1] one has

‖V x‖ ≥ ‖U−1‖−1‖J2x‖ = ‖U−1‖−1

∫
Ω

x2dµ = ‖U−1‖−1,

and thus V is not narrow.

It is still unknown whether a sum of two regular narrow operators in L∞ is narrow.
Besides, we do not know whether the condition

∫ 1

0
xdλ = 0 in the de�nition of a narrow

operator is essential for operators acting from L∞. Remark that in an r.i. function space E
on [0, 1] with an absolutely continuous norm this condition is unnecessary [9].

I express many thanks to prof. M.M. Popov for valuable remarks.
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