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This paper is devoted to the development of Petrenko's theory of growth of meromorphic
functions and its connection with strong asymptotic values of entire and meromorphic functions.
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The theory of value distribution of meromorphic functions was founded in the 1920's
in the papers of a Finnish mathematician Rolph Nevanlinna. The fundamental role in this
theory was played by two functions. The �rst of them:

m(r, a, f) =


1

2π

∫ 2π

0

log+
∣∣f(reiθ)− a

∣∣−1
dθ for a 6=∞,

1

2π

∫ 2π

0

log+ |f(reiθ)|dθ for a =∞,

measures the mean proximity of f(z) to the value a (here ln+ x = max(lnx, 0)). The second
one:

N(r, a, f) =

∫ r

0

[n(t, a, f)− n(0, a, f)]
dt

t
+ n(0, a, f) log r

counts the a-points of f(z) (here n(t, a, f) is the number of a-points of f(z) in the disc
{z : |z| ≤ t}, with due count of multiplicity).

The �rst fundamental theorem of Nevanlinna states that the sum of those two functions
is to some degree independent of the choice of value a ∈ C, that is for a �xed f and r →∞
choosing a di�erent value a changes the sum m(r, a, f) +N(r, a, f) by a bounded term.
Theorem A ([22]). For a meromorphic function f(z) and for a point a ∈ C the following

equality holds

m(r, a, f) +N(r, a, f) = T (r, f) +O(1) (r →∞). (1)

The function T (r, f) := m(r,∞, f) + N(r,∞, f) is called the Nevanlinna characteristic
function of the meromorphic function f(z).

The second fundamental theorem of Nevanlinna shows that for most of values a the main
role in the invariant sum (1) belongs to the counting function N(r, a, f).
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Theorem B ([22]). Let {ak}qk=1 ∈ C be a �nite set. The following inequality is true
q∑

k=1

m(r, ak, f) ≤ 2T (r, f) +O(ln(rT (r, f))

as r →∞ possibly except for r in a set of �nite linear measure.

The quality

δ(a, f) = lim inf
r→∞

m(r, a, f)

T (r, f)

is called the Nevanlinna de�ciency of the meromorphic function f(z) at the point a ∈ C.We
refer to the set

D(f) = {a ∈ C : δ(a, f) > 0}
as the set of de�cient values of f(z). The �rst fundamental theorem of Nevanlinna implies
that for all a ∈ C we have 0 ≤ δ(a, f) ≤ 1. The second fundamental theorem, on the other
hand, means that the set D(f) is at most countable and

∑
a∈C δ(a, f) ≤ 2.

1. The growth of functions meromorphic in the plane. In 1969 V.P.Petrenko posed
a question: how will Nevanlinna's theory change if we measure the proximity of the mero-

morphic function f(z) to the value a applying di�erent metrics? In order to �nd an answer
he introduced the function of deviation:

L(r, a, f) =

{
sup

{
log+ |f(z)| : |z| = r

}
for a =∞,

sup
{

log+
∣∣f(z)− a

∣∣−1
: |z| = 1

}
for a 6=∞.

The quantity

β(a, f) = lim
r→∞

L(r, a, f)

T (r, f)
is called the magnitude of deviation and

Ω(f) = {a ∈ C : β(a, f) > 0}
the set of positive deviations of f(z).

It is easy to notice that for all a ∈ C we have δ(a, f) ≤ β(a, f). Therefore D(f) ⊂ Ω(f).

In the case of meromorphic functions of �nite lower order λ := lim
r→∞

log T (r, f)

log r
properties

of β(a, f) are very similar to properties of δ(a, f). V. P. Petrenko obtained also the sharp
upper estimate for the value β(a, f) and some estimate for the sum

∑
a∈C β(a, f).

Theorem 1 ([23]). If f(z) is a meromorphic function of �nite lower order λ, then for all

a ∈ C we have

β(a, f) ≤ B(λ) :=

{
πλ

sinπλ
if λ ≤ 0.5 , (2)

πλ if λ > 0.5 . (3)∑
a∈C β(a, f) ≤ 816π(λ+ 1)2.

The value B(λ) is called Paley's constant. In 1932 Paley stated a conjecture that inequali-
ty (3) holds for an entire function f(z) and a =∞. This statement was proved by Govorov
in 1969 [13]. It should be mentioned here that estimate (2) follows from a result of Gol'dberg
and Ostrovskii [9].

In 1990 together with Shcherba we received a sharp estimate of the sum of deviations,
which is an analogue to an estimate of the sum of de�ciencies. In this way we solved the
problem stated by Petrenko in his monographic book [24].
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Theorem 2 ([21]). If f(z) is a meromorphic function of �nite lower order λ then∑
a∈C β(a, f) ≤ 2B(λ).

Notice that in case of λ = n
2
where n is a positive integer number, the estimate in

Theorem 2 is exact. It is attained for the function constructed by F. Nevanlinna [10]. In
order to obtain Theorem 2 we applied the method of T ∗−function of Baernstein, di�erent
from Petrenko's method.

We should mention here an interesting result by Eremenko.

Theorem 3 ([5]). Let f(z) be a meromorphic function of �nite lower order λ such that∑
(a) β(a, f) = 2B(λ). Then for the order: ρ = λ = n

2
for n ∈ {2, 3, ...} and if a ∈ Ω(f)

then β(a, f) = π.

The de�nitions of the de�ciency and deviation imply that the set of de�cient values
is a subset of the set of positive deviations. An interesting question was, how those sets
di�er from each other. The �rst example of a meromorphic function of �nite order such that
β(0, f) > δ(0, f) = 0 was shown by Grishin in 1975 [14]. In 1981 Sodin [26] proved that there
exists a meromorphic function of any chosen positive order without Nevanlinna's defective
values and with any chosen at most countable set of positive deviations. Following this path
Gol'dberg, Eremenko and Sodin obtained the ultimate result in 1987.

Theorem 4 ([11, 12]). Let E1 ⊂ E2 ⊂ C be at most countable sets and ρ > 0 any positive

number. There exists a meromorphic function of order ρ such that D(f) = E1,Ω(f) = E2.

The value

∆(a, f) = lim
r→∞

m(r, a, f)

T (r, f)

is called Valiron's de�ciency and V (f) = {a ∈ C : ∆(a, f) > 0}, the set of Valiron's de�cient
values. It is easy to see that D(f) ⊂ V (f).

Valiron proved that contrary to the set of Nevanlinna's de�ciencies, V (f) may be of
cardinality continuum [10]. However, the set V (f) is exceptional and of zero logarithmic
capacity [22]. There appeared an interesting question about the relationship between the set
of positive deviations and the set of Valiron's de�cient values. The solution of this problem
is due to Shea and was presented by Fuchs [7] (see also [24]).

Theorem 5. Let f(z) be a meromorphic function of �nite lower order λ. Then for each

a ∈ C we have

β(a, f) ≤ B(λ,∆) :=

{
πλ
√

∆(2−∆) if λ /∈ Λ(∆),
πλ

sinπλ
(1− (1−∆) cosπλ) if λ ∈ Λ(∆),

where Λ(∆) =
{
λ : 0 ≤ λ ≤ 0.5, sin πλ

2
<
√

∆
2

}
, ∆ = ∆(a, f).

Corollary. For meromorphic functions f of �nite lower order the following inclusion

Ω(f) ⊂ V (f) holds.

The estimate in Theorem 5 is sharp. The appropriate example of a meromorphic function
was given by Ryzhkov [25].

If β(a, f) > 0 and a ∈ C then a meromorphic function f(z) approaches fast the value
a in appropriate components. It could be expected that in those components the derivative
f ′(z) approaches 0. Hence a natural question is if the sum

∑
a6=∞ β(a, f) can be estimated

by ∆(0, f ′). This problem was solved by the author in 1999.
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Theorem 6 ([18]). For a meromorphic function of �nite lower order λ the inequality∑
a6=∞ β(a, f) ≤ 2B(λ,∆(0, f ′)) holds, where B(λ,∆) is the value de�ned in Theorem 5.

For meromorphic functions of in�nite lower order the quantity β(a, f) may be in�nite.
For instance, β(∞, exp ez) = ∞. Therefore, in this case the result of Bergweiler and Bock
from 1994 is especially interesting.

Theorem 7 ([1]). For a meromorphic function of in�nite lower order

lim
r→∞

log+ sup{|f(z)| : |z| = r}
rT ′−(r, f)

≤ π,

where T ′−(r, f) is the left derivative of the Nevanlinna characteristic function.

It should be added that in order to obtain this result, Bergweiler and Bock introduced
for functions of in�nite lower order a similar parallel to Polya's peaks. In connection with
the above theorem, Eremenko in 1997 introduced the quantity

b(a, f) = lim
r→∞

L(r, a, f)

A(r, f)
,

where A(r, f)π is the spherical area, counting multiplicities of the covering, of the image on
the Riemann's sphere of the disc {z : |z| ≤ r} under f. The theorem of Bergweiler and Bock
implies that (∀a ∈ C) : b(a, f) ≤ π. In 1997 Eremenko received an analogue of the estimate
of the de�ciency sum for the quantity b(a, f).

Theorem 8 ([4]). For a meromorphic function such that the set {a ∈ C : b(a, f) > 0}
contains more than one point, the following inequality holds

∑
a∈C b(a, f) ≤ 2π.

We mention here that in 1998 the author received an estimate of the sum
∑
a∈C

b(a, f) via

the quantity ∆(0, f ′).

Theorem 9 ([17]). Let f(z) be a meromorphic function of in�nite lower order. Then ∀a ∈ C :
b(a, f) ≤ π

√
∆(a, f)(2−∆(a, f)), and also∑

a6=∞ b(a, f) ≤ 2π
√

∆(0, f ′)(2−∆(0, f ′)).

It has already been stated here that the �rst fundamental theorem implies the inequality
m(r, a, f) ≤ T (r, f) +O(1) (r →∞), and the second fundamental theorem implies∑q

k=1 m(r, ak, f) ≤ 2T (r, f) +O(log(rT (r, f)) (r →∞, r /∈ E, measE <∞).
In 1998 the author posed a question whether it is possible to obtain analogues of these relati-
onships for the uniform metric. In order to formulate the subsequent results, it is necessary
to de�ne notions of upper and lower logarithmic density of a set.

Let E ⊂ (0,∞) be a measurable set. The quantities

logdensE = lim
R→∞

1

lnR

∫
E∩[1,R]

dt

t
, logdensE = lim

R→∞

1

lnR

∫
E∩[1,R]

dt

t

are called respectively upper and lower logarithmic density of the set E.

Theorem 10 ([16]). Let f(z) be a meromorphic function of �nite lower order λ and order ρ.
Let also 0 < γ <∞ and a, ak ∈ C, 1 ≤ k ≤ q. We put

E1(γ) = {r : L(r, a, f) < B(γ)T (r, f)}, E2(γ) = {r :

q∑
k=1

L(r, ak, f) < 2B(γ)T (r, f)}.

Then

logdens En(γ) ≥ 1− λ

γ
, logdens En(γ) ≥ 1− ρ

γ
, n ∈ {1, 2},

where B(γ) was de�ned in Theorem 1.
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In 1986 the following extension of the second fundamental theorem of Nevanlinna was
shown by Frank and Weissenborn.

Theorem 11 ([6]). Let f(z) be a transcendental meromorphic function. Then for distinct

rational functions q1(z), ..., qk(z) we have

m(r, f) +
k∑
ν=1

m
(
r,

1

f − qν

)
≤ (2 + o(1))T (r, f)

as r →∞ possibly except for a set of �nite linear measure.

Also in 1986 Steinmetz proved a more general result.

Theorem 12 ([27]). Let {aν}kν=1 be a set of pairwise distinct functions such that T (r, aν) =
o(T (r, f)) (r →∞) for 1 ≤ ν ≤ k. Then

m(r, f) +
k∑
ν=1

m
(
r,

1

f − aν

)
≤ (2 + o(1))T (r, f)

as r →∞ possibly except for a set of �nite linear measure.

In 2007 together with Ciechanowicz we examined the structure of the set of positive
deviations from rational functions for entire functions. We obtained the following theorems.

Theorem 13 ([2]). Let f(z) be a transcendental entire function of �nite lower order λ, order
ρ and let 0 < γ <∞. Let also {qν(z)}kν=1 be distinct rational functions. We put

E(γ) =
{
r :

k∑
ν=1

L(r, qν , f) < B(γ)T (r, f)
}
.

Then we have

logdensE(γ) ≥ 1− λ

γ
and logdensE(γ) ≥ 1− ρ

γ
.

Corollary. Let f(z) be a transcendental entire function of �nite lower order λ, and let M

denote the set of all rational functions. Then we have
∑

q∈M β(q, f) ≤ B(λ).

Theorem 14. Let f(z) be a meromorphic function of �nite lower order λ and let Pd denote
the set of all polynomials p(z) such that deg p ≤ d. Then

β(∞, f) +
∑

p∈Pd
β(p, f) ≤ (d+ 2)B(λ).

In 2008 together with Kaluzhynova we examined the structure of the set of positive
Eremenko's deviations from rational functions for entire functions of in�nite lower order. We
obtained the following theorem.

Theorem 15 ([15]). For an entire function f(z) of in�nite lower order we have∑
q∈M b(q, f) ≤ π.

2. Strong asymptotic values and strong asymptotic spots of entire and meromor-
phic functions. Let us �rst remind the de�nition of an asymptotic value of a meromorphic
function. A number a ∈ C is called an asymptotic value of a meromorphic function f(z) if
there exists a continuous curve Γ ⊂ C given by the equality z = z(t), 0 ≤ t <∞, z(t)→∞
(t→∞), such that limz→∞, z∈Γ f(z) = limt→∞ f(z(t)) = a.
In this case the pair {a,Γ} is called an asymptotic spot. Two asymptotic spots {a1,Γ1} and
{a2,Γ2} are considered to be equal if a1 = a2 = a and there exists a sequence of continuous
curves γk such that one end of γk belongs to Γ1, the other belongs to Γ2 and
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lim
k→∞

min{|z| : z ∈ γk} =∞, lim
z→∞, z∈

⋃
γk

f(z) = a.

If we discuss entire functions of �nite lower order it is necessary to mention a theorem
obtained by Denjoy, Carleman and Ahlfors.

Theorem 16 ([10]). An entire function of �nite lower order λ cannot possess more than

max([2λ], 1) di�erent asymptotic spots.

For entire functions of in�nite lower order the set of asymptotic spots may be in�nite. It
is easy to see that it is true for the function f(z) = exp(ez).

In 1999 we introduced the notion of a strong asymptotic spot for an entire function.
De�nition. We say that an a ∈ C is a strong asymptotic value of an entire function f(z) if
there exists a continuous curve Γ : z = z(t), 0 ≤ t <∞, z(t)→∞ as t→∞ such that

lim
t→∞

log |f(z(t))− a|−1

log M(|z(t)|, f)
= 1 if a 6=∞, lim

t→∞

log |f(z(t))|
log M(|z(t)|, f)

= 1 if a =∞,

where M(r, f) = max{|f(z)| : |z| = r}. If a is a strong asymptotic value of f(z) then the
asymptotic spot {a,Γ} is called a strong asymptotic spot.

We obtained sharp estimates for the number of strong asymptotic spots {a,Γ} of entire
functions through the values β(∞, f) and b(∞, f).

Theorem 17 ([19]). Let f(z) be an entire function, not identically constant. Suppose

that f(z) is of �nite lower order λ and that there are p di�erent strong asymptotic spots

{∞,Γj}, j ∈ {1, 2, ..., p}. Then p ≤
{

max {1, [πλ/β(∞, f)]} if λ ≤ 0.5,
[πλ/β(∞, f)] if λ > 0.5,

where [x] is the integer part of x.

In other words, a value a ∈ C is called a strong asymptotic value if the speed with which
f(z) approaches this value on an asymptotic curve is equivalent with logM(r, f).

Theorem 18 ([19]). If f(z) is an entire function of in�nite lower order and f(z) has p
di�erent strong asymptotic spots {∞,Γj}, j ∈ {1, 2, ..., p}, then p ≤ [π/b(∞, f)].

Corollary. If f(z) is an entire function satisfying the condition b(∞, f) > 0, then the set of

di�erent strong asymptotic spots {∞,Γj} of f(z) is �nite.

We can easily see that the set of strong asymptotic spots {∞,Γj} is in�nite for the
function exp ez. Therefore the condition b(∞, f) > 0 is essential. We also note that the
estimates in Theorems 16 and 17 are exact.

In 1987 Eremenko proved the following result.

Theorem 19 ([3]). For every 0 ≤ ρ ≤ ∞ there exists a meromorphic function of order ρ,
for which the set of asymptotic values is C.

In 2004 we introduced the notions of a strong asymptotic value and a strong asymptotic

spot of a meromorphic function.
De�nition.We say that a ∈ C is an α0−strong asymptotic value of a meromorphic function

f(z) if there exists a continuous curve Γ : z = z(t), 0 ≤ t < ∞, z(t) → ∞ (t → ∞), such
that

lim
t→∞

log |f(z(t))− a|−1

T (|z(t)|, f)
= α(a) ≥ α0 if a 6=∞, lim

t→∞

log |f(z(t))|
T (|z(t)|, f)

≥ α0 > 0 if a =∞,
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where T (r, f) is Nevanlinna's characteristic function of f(z).
If a is an α0−strong asymptotic value of a meromorphic function f(z), then the asymp-

totic spot {a,Γ} is called an α0−strong asymptotic spot. In other words, a is an α0−strong
asymptotic value if the speed with which f(z) approaches this value is equivalent to its
Nevanlinna's characteristics.

If a is an α0−strong asymptotic value of a meromorphic function f(z) then the value of
deviation β(a, f) ≥ α0. Therefore Theorem 1 implies that the number of strong asymptotic

values of a meromorphic function of �nite lower order λ in this case does not exceed 816π(λ+1)
α0

.
From Theorem 2 it can be deduced that for such functions the number of strong asymptotic
values does not exceed 2πλ

α0
if λ ≥ 1

2
and 2πλ

α0 sinπλ
if λ < 1

2
.

We extended this result to the case of strong asymptotic spots of meromorphic functions
of �nite lower order.

Theorem 20 ([20]). Let f(z) be a meromorphic function of �nite lower order λ and {aj, Γj},
j ∈ {1, 2, ..., p}, be α0-strong asymptotic spots of f(z). Then

p ≤
{ [

2πλ/α0

]
, λ ≥ 0.5,[

2πλ/(α0 sin πλ)
]

, λ < 0.5,
where [x] is the integer part of x.

The example of the function f(z) = exp ez shows that the condition of �nite lower order
λ is important. The estimate is attained for λ = n

2
(n = 2, 3, ...) and α0 = π. In connection

with the inequality α(a) ≥ α0 > 0 it should be noted that Gol'dberg [8] showed that there
exists a meromorphic function of �nite lower order with in�nite set of asymptotic values,
asymptotic curves given by equalities {arg z = θn} and ful�lling the inequality

lim
r→∞

log |f(reiθn)− an|−1

T (r, f)
> 0.

De�nition. Let f(z) be an entire function. A rational function q(z) is called an A-strong

asymptotic function if there exists a continuous curve Γ : z = z(t), t0 ≤ t <∞, such, that

lim
t→∞

− log |f(z(t))− q(z(t))|
A(|z(t)|, f)

≥ α0 > 0.

Theorem 21. Let f(z) be an entire function of in�nite lower order. Then the number of

A-strong asymptotic rational functions is �nite and less or equal to π/α0.
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