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Let f(z) =
∑+∞
k=0 akz

nk (z ∈ C) be an entire function such that (∃ ρ ∈ [1/2; 1])(∃ ∆ >

0, D > 0) : |k − ∆nρk| < D (k ≥ k0), and K(f) = {f(z, t) =
∑+∞
k=0 akZk(t)znk : t ∈ [0; 1]},

where (Zk(t)) is a multiplicative system on [0; 1]. It is established that for all ε > 0 there

exists a set E ⊂ R+, ln�measE
def=
∫
E∩[1,+∞)

dr
r < +∞, such that for all r ≥ r0(t), r /∈ E the

inequality

Mf (r, t) ≤ µf (r)(lnµf (r))(2ρ−1)/4+ε

holds almost surely in K(f), where Mf (r, t) = max{|f(z, t)| : |z| = r}, µf (r) = max{|ak|rnk :
k ≥ 0}, r ∈ R+.

Î. Á. Ñêàñêèâ. Ñëó÷àéíûå ëàêóíàðíûå ñòåïåííûå ðÿäû è íåðàâåíñòâî Âèìàíà // Ìàòå-
ìàòè÷íi Ñòóäi¨. � 2008. � Ò.30, �1. � C.101�106.

Ïóñòü f(z) =
∑+∞
k=0 akz

nk (z ∈ C) � öåëàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ (∃ ρ ∈
[1/2; 1])(∃ ∆ > 0, D > 0) : |k − ∆nρk| < D (k ≥ k0), è K(f) = {f(z, t) =

∑+∞
k=0 akZk(t)znk :

t ∈ [0; 1]}, ãäå (Zk(t)) � ìóëüòèïëèêàòèâíàÿ ñèñòåìà íà [0; 1]. Äîêàçàíî, ÷òî äëÿ êàæäîãî

ε > 0 ñóùåñòâóåò ìíîæåñòâî E ⊂ R+, ln�measE
def=
∫
E∩[1,+∞)

dr
r < +∞, òàêîå, ÷òî äëÿ

âñåõ r ≥ r0(t), r /∈ E, ïî÷òè íàâåðíîå â K(f) èìååò ìåñòî íåðàâåíñòâî

Mf (r, t) ≤ µf (r)(lnµf (r))(2ρ−1)/4+ε,

ãäå Mf (r, t) = max{|f(z, t)| : |z| = r}, µf (r) = max{|ak|rnk : k ≥ 0}, r ∈ R+.

1. Âñòóï. Äîáðå âiäîìî (äèâ., íàïðèêëàä, [1, 2]), ùî äëÿ êîæíî¨ öiëî¨ ôóíêöi¨
f(z) =

∑+∞
n=0 anz

n iñíó¹ ìíîæèíà E = E(f) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè
(
∫
E∩[1;+∞)

d ln r < +∞) òàêà, ùî äëÿ êîæíîãî ε > 0 i äëÿ âñiõ r ∈ [r0(ε); +∞) \ E
âèêîíó¹òüñÿ íåðiâíiñòü Âiìàíà

Mf (r) ≤ µf (r) ln1/2+ε µf (r), (1)

äå Mf (r) = max{|f(z)| : |z| = r}, µf (r) = max{|an|rn : n ≥ 0}. Â êëàñi öiëèõ ôóíêöié,
çîáðàæóâàíèõ ëàêóíàðíèìè ñòåïåíåâèìè ðÿäàìè

f(z) =
+∞∑
k=0

akz
nk , nk ∈ Z+,
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íåðiâíiñòü (1) ìîæå áóòè óòî÷íåíà (äèâ., íàïðèêëàä, [3, 4]). Çîêðåìà, ç îòðèìàíîãî â [3]
äëÿ öiëèõ ðÿäiâ Äiðiõëå ðåçóëüòàòó âèïëèâà¹, ùî çà óìîâè

(∃∆ ∈ (0; +∞))(∃ρ ∈ [1/2; 1])(∃D > 0) : |n(t)−∆tρ| ≤ D (t ≥ t0), (2)

äå n(t) =
∑

nk≤t 1 � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (nk), íåðiâíiñòü

Mf (r) ≤ µf (r) ln(2ρ−1)/2+ε µf (r), (3)

âèêîíó¹òüñÿ äëÿ êîæíîãî ε > 0 i äëÿ âñiõ r ∈ [1; +∞) \ E1, E1 = E1(ε) � ñêií÷åííî¨
ëîãàðèôìi÷íî¨ ìiðè. Ïðè ρ = 1 ç íåðiâíîñòi (3) îòðèìó¹ìî íåðiâíiñòü Âiìàíà, à äëÿ
ρ < 1 � ¨¨ óòî÷íåííÿ.

Ç iíøîãî áîêó (äèâ., íàïðèêëàä, [5, 6, 7]) ó íåðiâíîñòi (1) ìàéæå íàïåâíî (ì.í.)
ó éìîâiðíiñíîìó ïðîñòîði Øòåéíãàóñà (Ω,A, P ) ïîêàçíèê 1/2 ìîæíà çàìiíèòè íà 1/4.
Òóò Ω = [0; 1], A � σ-àëãåáðà áîðåëåâèõ ïiäìíîæèí [0; 1], à P � ìiðà Ëåáåãà. Âëàñíå, â [6]
äîâåäåíî, ùî â êëàñi âèïàäêîâèõ öiëèõ ôóíêöié K0(f,Z) = {f(z, t) =

∑+∞
n=0 anZn(t)zn :

t ∈ [0; 1]}, äå Z = (Zn(t)) � ìóëüòèïëiêàòèâíà ñèñòåìà (ÌÑ, îçíà÷åííÿ äèâ. [6]) òàêà, ùî
|Zn(t)| = 1 ì.í., à (an) � ïîñëiäîâíiñòü òåéëîðîâèõ êîåôiöi¹íòiâ äîâiëüíî¨ ôiêñîâàíî¨ öi-
ëî¨ ôóíêöi¨ f, äëÿ êîæíîãî ε > 0 iñíó¹ ìíîæèíà E2 = E2(ε, t) ñêií÷åííî¨ ëîãàðèôìi÷íî¨
ìiðè òàêà, ùî äëÿ âñiõ r ≥ r0(ε, t) (r /∈ E2) ì.í. âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) ≤ µf (r) ln1/4+ε µf (r),

äå Mf (r, t) = max{|f(z, t)| : |z| = r}. Òîáòî, ÿê i ó âèïàäêó ëàêóíàðíîãî ñòåïåíåâîãî
ðÿäó, ùî çàäîâîëüíÿ¹ óìîâó (2) ç ρ ∈ [1/2; 1), ó âèïàäêó âèïàäêîâîãî ñòåïåíåâîãî ðÿ-
äó êëàñè÷íà íåðiâíiñòü Âiìàíà äîïóñêà¹ iñòîòíå óòî÷íåííÿ. Ó öüîìó çâ'ÿçêó âèíèêà¹
çàïèòàííÿ ïðî âçà¹ìíèé âïëèâ âèïàäêîâî¨ êîìïîíåíòè òà ëàêóíàðíîñòi íà íåðiâíiñòü
Âiìàíà. Ó öié ñòàòòi çíàéäåìî âiäïîâiäü íà ñôîðìóëüîâàíå çàïèòàííÿ ó âèïàäêó êëàñó

K(f,Z) = {f(z, t) =
+∞∑
k=0

akZk(t)z
nk : t ∈ [0; 1]},

äå f(z) =
∑+∞

k=0 akz
nk � öiëà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó (2) ç ρ ∈ (1/2; 1).

2. Îñíîâíèé ðåçóëüòàò. Äîâåäåìî òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé f öiëà ôóíêöiÿ, Z ¹ ÌÑ i |Zn(t)| = 1 ì.í. Òîäi ì.í. â K(f,Z) äëÿ âñiõ
r ∈ (1; +∞) çîâíi äåÿêî¨ ìíîæèíè E(ε, t, f) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè ïðàâèëüíà
íåðiâíiñòü

Mf (r, t) ≤ µf (r)(lnµf (r))
(2ρ−1)/4+ε.

Äîâåäåííÿ. ßê i â [7] ðîçãëÿíåìî

Mf (r) =
+∞∑
k

|ak|rnk , g(r) = ln Mf (r), A(r) =
dg(r)

d ln r
, B2(r) =

dA(r)

d ln r
.

Äëÿ âèïàäêîâî¨ âåëè÷èíè ξ ç ðîçïîäiëîì éìîâiðíîñòåé P{ξ = nk} = |ak|rnk/Mf (r) ìàòå-
ìàòè÷íå ñïîäiâàííÿ Mξ = A(r), à äèñïåðñiÿ Dξ = B2(r). Òîìó çà íåðiâíiñòþ ×åáèøîâà
äëÿ C > 0 îòðèìà¹ìî

Σ(r, C) :=
∑

|nk−A(r)|≥C

|ak|rnk ≤Mf (r)

(
B(r)

C

)2

. (4)

Íàì áóäóòü ïîòðiáíi òàêi äîïîìiæíi òâåðäæåííÿ (äèâ. [7], ëåìè 2�5, 7).
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Ëåìà 1. Äëÿ êîæíîãî ε > 0 iñíó¹ ìíîæèíà E ⊂ [1; +∞) ñêií÷åííî¨ ëîãàðèôìi÷íî¨
ìiðè òàêà, ùî E ⊃ E1 (E1 � ìíîæèíà çîâíi ÿêî¨ âèêîíó¹òüñÿ íåðiâíiñòü (3)) i äëÿ âñiõ
r ∈ [1; +∞) \ E

A(r) ≤ g0(r)(ln g0(r))
1+ε, A(r) ≤ lnµf (r)(ln lnµf (r))

1+ε,

B2(r) ≤ A(r)(lnA(r))1+ε, B2(r) ≤ A(r)(ln lnµf (r))
1+ε/2, B2(r) ≤ lnµf (r)(ln lnµf (r))

2+ε.

Çàóâàæèìî, ùî, ó âèïàäêó, êîëè α(t) = o(t) (t→ +∞), çà óìîâîþ (2)

n(t+ α(t))− n(t− α(t)) = (2 + o(1))∆ρtρ−1α(t) (t→ +∞).

Âèáèðàþ÷è â (4) ñïî÷àòêó C(r) =
√

2B(r), îòðèìó¹ìî ïðè r → +∞ (r /∈ E)

Mf (r) ≤
∑

|nk−A(r)|<
√

2B(r)

+Σ(r, C(r)) ≤ n(A(r)+
√

2B(r))−n(A(r)−
√

2B(r))µf (r)+
Mf (r)

2
,

çâiäêè,

Mf (r) ≤ (1 + o(1))4∆ρµf (r)(A(r))ρ−1
√

2B(r) < 6∆ρµf (r)(A(r))ρ−1B(r).

Çàñòîñîâóþ÷è îñòàííþ íåðiâíiñòü äî (4), îòðèìó¹ìî ïðè r → +∞ (r /∈ E)

Σ(r, C1(r)) ≤ 6∆ρµf (r)(A(r))ρ−1(B(r))3(C1(r))
−2, (5)

äå C1(r) � äîâiëüíà äîäàòíà ôóíêöiÿ. ßêùî òåïåð C1(r) âèáðàòè òàê, ùîá
C2

1(r) > 6∆ρ(A(r))ρ−1(B(r))3, òî ïðè r → +∞ (r /∈ E) îòðèìà¹ìî

Σ(r, C1(r)) < µf (r). (6)

Íåõàé C2
1(r) = (lnµf (r))

ρ+1/2(ln lnµf (r))
(ρ+2)(1+ε). Çà ëåìîþ 1 ïðè r → +∞ (r /∈ E) ìà¹ìî

6∆ρµf (r)(A(r))ρ−1(B(r))3 < (A(r))ρ+1/2(ln lnµf (r))
3/2(1+ε) ≤

≤ (lnµf (r))
ρ+1/2(ln lnµf (r))

(ρ+2)(1+ε) = C2
1(r),

òîìó (6) âèêîíó¹òüñÿ ç C2
1(r) = (lnµf (r))

ρ+1/2(ln lnµf (r))
(ρ+2)(1+ε).

Íåõàé N = N(r) = n(A(r) +C1(r))− n(A(r)−C1(r)). Òîäi, ç îäíîãî áîêó, çà óìîâîþ
(2) i çà ëåìîþ 1 ïðè r → +∞ (r /∈ E) ìà¹ìî

N(r) ≥ 2∆ρC1(r)(A(r) + C1(r))
ρ−1 − 2D ≥ ∆ρ(lnµf (r))

3
2
ρ− 3

4 (ln lnµf (r))
3
2
ρ(1+ε), (7)

à ç iíøîãî áîêó,

N(r) ≤ n(A(r) + C1(r)) ≤ ∆(A(r) + C1(r))
ρ +D < 2∆(lnµf (r))

ρ(ln lnµf (r))
ρ(1+ε),

òîáòî
lnN(r) ≤ ln lnµf (r) (r → +∞, r /∈ E), (8)

ïîçàÿê ρ < 1.
Íàñòóïíó ëåìó ([7], ëåìà 8) çàñòîñîâóâàòèìåìî äî ôóíêöi¨

l(r) = µf (r)(lnµf (r))
1
2
(ρ− 1

2
)+ 2

3
ε.

Çàóâàæèìî, ùî
ln l(r) = (1 + o(1)) lnµf (r) (r → +∞).
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Ëåìà 2 ([7], ëåìà 8). Íåõàé l(r) � íåïåðåðâíà, çðîñòàþ÷à äî +∞ íà (1; +∞) ôóíêöiÿ, à
E ⊂ (1; +∞) ìíîæèíà òàêà, ùî ¨¨ äîïîâíåííÿ ìiñòèòü âiäêðèòó íåîáìåæåíó íà (1; +∞)
ìíîæèíó. Òîäi iñíó¹ íåñêií÷åííà ïîñëiäîâíiñòü 1 < r1 ≤ ... ≤ rn → +∞ (n→ +∞) òàêà,
ùî:

(1) (∀n ∈ N) : rn /∈ E;

(2) (∀n ∈ N) : ln l(rn) ≥ n
2
;

(3) ÿêùî (rn; rn+1) ∩ E 6= (rn, rn+1), òî l(rn+1) ≤ el(rn);

(4) ìíîæèíà òèõ iíäåêñiâ, äëÿ ÿêèõ âèêîíó¹òüñÿ òâåðäæåííÿ ï.(3), ¹ íåîáìåæåíîþ.

Íåõàé íàäàëi E � ìíîæèíà ç ëåìè 1, (rn) � ïîñëiäîâíiñòü ç ëåìè 2, à Fn � ìíîæèíà
òèõ t ∈ [0; 1], äëÿ ÿêèõ ïðè r = rn

W (r, t) ≡ max

{∣∣∣ ∑
−C1(r)<nk−A(r)≤C1(r)

akr
nkeinkψZk(t)

∣∣∣ : 0 ≤ ψ ≤ 2π

}
≥ AβSN(r) ln1/2N(r),

äå S2
N(r) =

∑
−C1(r)<nk−A(r)≤C1(r) |ak|2r2nk . Çàñòîñó¹ìî òåïåð òàêó ëåìó.

Ëåìà 3 ([6], ëåìà 4). Íåõàé Z = (Zk(t)) ¹ MC, ÿêà ðiâíîìiðíî îáìåæåíà ÷èñëîì 1. Òîäi
äëÿ êîæíî¨ ïîñëiäîâíîñòi êîìïëåêñíèõ ÷èñåë (bk) i äëÿ êîæíîãî β > 0

P

(
max

0≤ψ≤2π

∣∣∣∣ n∑
k=0

bke
ikψZk(t)

∣∣∣∣ ≥ Aβσn ln1/2 n

)
≤ 1

nβ
, n ≥ 2,

äå Aβ � ñòàëà, çàëåæíà ëèøå âiä β, à σ2
n =

∑n
k=0 |bk|2.

Çà äîïîìîãîþ íåðiâíîñòi (7) ç β òàêèì, ùî 1/β = 1
2
(3

2
ρ − 3

4
), çà ëåìîþ 2 äëÿ âñiõ

äîñèòü âåëèêèõ n îòðèìó¹ìî

Nβ(rn) ≥ ∆ρ(lnµf (rn))2(ln lnµf (rn))
3
2
βρ(1+ε) ≥ (ln l(rn))2 ≥

(
n
2

)2
, òîìó

+∞∑
n=1

N−β(rn) < +∞.

Ñêîðèñòàâøèñü òåïåð ëåìîþ 3, îòðèìà¹ìî, ùî
+∞∑
n=1

P(Fn) < +∞. Çà ëåìîþ Áîðåëÿ-

Êàíòåëi (äèâ. òàêîæ [7]) çâiäñè âèïëèâà¹, ùî ñåðåä ïîäié Fn ç éìîâiðíiñòþ, ùî äîðiâíþ¹
îäèíèöi, âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü ïîäié. Òîáòî, ìàéæå íàïåâíî çà t ∈ [0; 1]
iñíó¹ òàêå n0(t), ùî äëÿ âñiõ n ≥ n0(t) îòðèìó¹ìî t /∈ Fn. Oòæå, ìàéæå íàïåâíî çà
t ∈ [0; 1] ïðè n ≥ n0(t)

W (rn, t) < AβSN(rn) ln1/2N(rn) ≤ Aβ
(
µf (rn)M(rn)

)1/2
ln1/2N(rn),

çâiäêè çà íåðiâíîñòÿìè (3) i (8) îòðèìó¹ìî

W (rn, t) < Aβµf (rn)(lnµf (rn))1/2(ρ−1/2+ε)(ln lnµf (rn))1/2 ≡ V (rn).

Çâiäñè çà íåðiâíiñòþ (6), äëÿ ìàéæå âñiõ t ∈ [0; 1] i âñiõ n ≥ n1(t), äå n1(t) ≥ n0(t), ìà¹ìî

M(rn, t) ≤ W (rn, t) + Σ(rn, C1(rn)) < V (rn) + µf (rn) ≤

≤ µf (rn)(lnµf (rn))1/2(ρ−1/2)+2ε/3 = l(rn). (9)
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Íåõàé òåïåð r /∈ E, r ≥ rn1(t). Òîäi iñíó¹ n, äëÿ ÿêîãî r ∈ (rn, rn+1). Îñêiëüêè (rn, rn+1)∩
E 6= (rn, rn+1), òî çà ëåìîþ 2, l(rn+1) ≤ el(rn) ≤ el(r). Òîìó äëÿ âñiõ äîñèòü âåëèêèõ
r /∈ E i ìàéæå íàïåâíî çà t ∈ [0; 1], çà íåðiâíiñòþ (9) îòðèìó¹ìî

Mf (r, t) ≤Mf (rn+1, f) ≤ l(rn+1) ≤ el(r) ≤ µf (r)(lnµf (r))
1/2(ρ−1/2)+ε.

Òåîðåìó 1 äîâåäåíî.

3. Íåïîêðàùóâàíiñòü òåîðåìè 1. Ïðàâèëüíå òàêå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë (nk) çàäîâîëüíÿ¹ óìîâó (2), à Z =
(Zk) ¹ ÌÑ i |Zk| = 1 ì.í. çà t ∈ [0; 1]. Òîäi iñíó¹ öiëà ôóíêöiÿ âèãëÿäó f(z) =

∑+∞
k=1 fkz

nk

òàêà, ùî ì.í. â K(f,Z) äëÿ âñiõ r ≥ r0 ¹ ïðàâèëüíîþ íåðiâíiñòü

Mf (r, t) ≥ µf (r)(lnµf (r))
1/2(ρ−1/2).

Äîâåäåííÿ. Çàóâàæèìî ñïî÷àòêó, ùî äëÿ ïîñëiäîâíîñòi (2nk) âèêîíó¹òüñÿ óìîâà
|n2(t)− 2−ρ∆| ≤ D, äå n2(t) � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (2nk). à òàêîæ, ùî

t−(ρ−1/2)
(
n2(t+

√
t ln2(t+ 1))− n2(t−

√
t ln2(t+ 1))

)
→ +∞ (t→ +∞).

Ó öüîìó âèïàäêó ç ðåçóëüòàòó, äîâåäåíîãî â [4] äëÿ öiëèõ ðÿäiâ Äiðiõëå âèïëèâà¹, ùî
iñíó¹ öiëà ôóíêöiÿ g(z) =

∑+∞
k=1 gkz

2nk , bk ≥ 0 (k ≥ 1), äëÿ ÿêî¨

Mg(r)

µg(r)
(lnµg(r))

−(ρ−1/2) → +∞ (r → +∞). (10)

Âèáèðàþ÷è fk =
√
gk i ðîçãëÿäàþ÷è öiëó ôóíêöiþ f(z) =

∑+∞
k=1 fkz

nk , çà ðiâíiñòþ Ïàð-
ñåâàëÿ îòðèìó¹ìî

+∞∑
k=1

|Zk(t)|2(fk)2r2nk =
1

2π

∫ 2π

0

|f(reiϕ, t)|2dϕ ≤ (Mf (r, t))
2.

Çâiäñè, ïîçàÿê |Zk(t)| = 1 ì.í., à µg(r) = (µf (r))
2, çà íåðiâíiñòþ (10) îòðèìó¹ìî, ùî ì.í.

çà t ∈ [0; 1] ïðè r → +∞

Mf (r, t)

µf (r)
(lnµf (r))

−1/2(ρ−1/2) ≥
√
Mg(r)µf (r)(lnµf (r))

−1/2(ρ−1/2) =

= 21/2(ρ−1/2)

√
Mg(r)

µg(r)
(lnµg(r))−(ρ−1/2) → +∞

ïðè r → +∞. Òåîðåìó 2 äîâåäåíî.
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