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Conditions on the exponents of an entire Dirichlet series F (z) =
∑∞

n=0 ane(σ+it)λn , are
found, under which the asymptotic inequalities lnM(σ) ≤ T1σ

p1 + T2σ
p2 + (τ + o(1))σp and

lnµ(σ) ≤ T1σ
p1 + T2σ

p2 + (τ + o(1))σp as σ → +∞ are equivalent, where M(σ) = sup{|F (σ +
it)| : t ∈ R}, µ(σ) = max{|an| exp(σλn) : n ≥ 0} and p1 > 1, 0 < p < p2 < p1, T1 > 0, T2 ∈
R\{0}, τ ∈ R\{0}.
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Íàéäåíû óñëîâèÿ íà ïîêàçàòåëè öåëîãî ðÿäà Äèðèõëå F (z) =
∑∞

n=0 ane(σ+it)λn , ïðè
êîòîðûõ àñèìïòîòè÷åñêèå íåðàâåíñòâà lnM(σ) ≤ T1σ

p1 + T2σ
p2 + (τ + o(1))σp è lnµ(σ) ≤

T1σ
p1 +T2σ

p2 +(τ +o(1))σp ïðè σ → +∞ ðàâíîñèëüíû, ãäå M(σ) = sup{|F (σ+ it)| : t ∈ R},
µ(σ) = max{|an| exp(σλn) : n ≥ 0}, à p1 > 1, 0 < p < p2 < p1, T1 > 0, T2 ∈ R\{0} è
τ ∈ R\{0}.

1. Âñòóï. Íåõàé Λ = (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë, λ0 = 0,
n(t) =

∑
λn≤t 1 � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (λn), à S(Λ) � êëàñ öiëèõ ðÿäiâ Äiðiõëå

F (s) =
∞∑

n=1

an exp{zλn}, z = σ + it. Ïðèéìåìî M(σ, F ) = sup{|F (σ + it)| : t ∈ R}, i

íåõàé µ(σ, F ) = max{|an| exp{σλn} : n ≥ 1} � ìàêñèìàëüíèé ÷ëåí ðÿäó, à ν(σ, F ) =
max{n : µ(σ, F ) = |an| exp{σλn}} � éîãî öåíòðàëüíèé iíäåêñ. Çðîñòàííÿ öiëîãî ðÿäó
Äiðiõëå îòîòîæíþ¹òüñÿ çi çðîñòàííÿì ôóíêöi¨ ln M(σ, F ), à çâ'ÿçîê ìiæ çðîñòàííÿì
ln M(σ, F ) i ïîâîäæåííÿì êîåôiöi¹íòiâ an ïåðåâàæíî âèâ÷àþòü ó äâà åòàïè. Ñïî÷àòêó
âñòàíîâëþþòü çâ'ÿçîê ìiæ çðîñòàííÿì ôóíêöi¨ ln µ(σ, F ) i ïîâîäæåííÿì êîåôiöi¹íòiâ
an, à ïîòiì äîñëiäæóþòü óìîâè íà ïîêàçíèêè λn, çà ÿêèõ ln M(σ, F ) i ln µ(σ, F ) ìàþòü
îäíàêîâå çðîñòàííÿ â òié ÷è iíøié øêàëi çðîñòàííÿ. Ó òåðìiíàõ òðè÷ëåííî¨ ñòåïåíåâî¨
àñèìïòîòèêè çâ'ÿçîê ìiæ çðîñòàííÿì ln µ(σ, F ) i ïîâîäæåííÿì ïîñëiäîâíîñòåé (an) i (λn)
äîñëiäæåíî â [1], äå äîâåäåíî òàêó òåîðåìó.
Òåîðåìà À ([1]). Íåõàé p1 > 1, 0 < p < p2 < p1, T1 > 0, T2 ∈ R\{0}, τ ∈ R\{0}
i τ ∗ = τI{p:p≥2p2−p1}(p) − (T2p2)2

2T1p1(p1−1)
I{p:p≤2p2−p1}(p), äå IE(p)- õàðàêòåðèñòè÷íà ôóíêöiÿ

ìíîæèíè Å, òîáòî IE(p) = 1 äëÿ p ∈ Å i IE(p) = 0 äëÿ p /∈ Å. Òîäi äëÿ òîãî, ùîá
ln µ(σ, F ) = T1σ

p1 + T2σ
p2 + (τ + o(1))σp, σ → +∞,

íåîáõiäíî, à ó âèïàäêó, êîëè p ≥ 2p2 − p1, i äîñèòü, ùîá äëÿ áóäü-ÿêîãî ε > 0:
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1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
( λn

T1p1

)p1/(p1−1)

+ T2

( λn

T1p1

)p2/(p1−1)

+ (τ ∗ + ε)
( λn

T1p1

)max{p, 2p2−p1}
p1−1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

( λnk

T1p1

)p1/(p1−1)

+ T2

( λnk

T1p1

)p2/(p1−1)

+ (τ ∗ − ε)
( λnk

T1p1

)max{p, 2p2−p1}
p1−1

i λnk+1
− λnk

= o
(
λ

p1+max{p, 2p2−p1}−2
2(p1−1)

nk

)
, k →∞.

Äîâåäåìî òàêó òåîðåìó.
Òåîðåìà 1. ßêùî

ln n(t) = o(tp/p1), t → +∞, (1)

òî ñïiââiäíîøåííÿ ln µ(σ, F ) = T1σ
p1 +T2σ

p2 +(τ + o(1))σp i ln M(σ, F ) = T1σ
p1 +T2σ

p2 +
(τ + o(1))σp, σ → +∞, ¹ ðiâíîñèëüíèìè.
Íà iñòîòíiñòü óìîâè (1) â òåîðåìi 1 âêàçó¹ òàêà òåîðåìà.
Òåîðåìà 2. Äëÿ òîãî, ùîá äëÿ êîæíî¨ ôóíêöi¨ F ∈ S(Λ) ñïiââiäíîøåííÿ
ln µ(σ, F ) ≤ T1σ

p1 + T2σ
p2 + (τ + o(1))σp i ln M(σ, F ) ≤ T1σ

p1 + T2σ
p2 + (τ + o(1))σp,

σ → +∞, áóëè ðiâíîñèëüíèìè, äîñèòü, à ó âèïàäêó, êîëè p ≥ 2p2 − p1, i íåîáõiäíî, ùîá
ïîñëiäîâíiñòü Λ çàäîâîëüíÿëà óìîâó (1).

2. Äîâåäåííÿ òåîðåìè 1 i äîñòàòíîñòi óìîâè (1) ó òåîðåìi 2. Ñïî÷àòêó äîâåäåìî
òàêå çàãàëüíå òâåðäæåííÿ.
Òâåðäæåííÿ 1. Íåõàé T1 > 0, p1 > 1, 0 < p < pm < · · · < p2 < p1, Tj ∈ R (j = 1, . . . ,m)
i T ∈ R. Òîäi, ÿêùî âèêîíó¹òüñÿ óìîâà (1), òî ç àñèìïòîòè÷íî¨ íåðiâíîñòi

ln µ(σ, F ) ≤
m∑

j=1

Tjσ
pj + (T + o(1))σp, σ → +∞, (2)

âèïëèâà¹ àñèìïòîòè÷íà íåðiâíiñòü

ln M(σ, F ) ≤
m∑

j=1

Tjσ
pj + (T + o(1))σp, σ → +∞. (3)

Äîâåäåííÿ òâåðäæåííÿ 1. Ó äîâåäåííi òåîðåìè 1 ç [2] âñòàíîâëåíî, ùî

M(σ, F ) ≤ µ(σ, F )

(
n(2λν(σ+1,F )) +

∫ ∞

2λν(σ+1,F )

e−t/2dn(t)

)
. (4)

Îñêiëüêè p/p1 < 1, òî ç óìîâè (1) âèïëèâà¹ çáiæíiñòü iíòåãðàëó
∫∞

0
e−t/2dn(t) i, îòæå,∫ ∞

2λν(σ+1,F )

e−t/2dn(t) → 0, σ → +∞. (5)
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Ç iíøîãî áîêó, ln µ(σ + 2, F )− ln µ(σ + 1, F ) =
∫ σ+2

σ+1
λν(t,F )dt ≥ λν(σ+1,F ) i òîìó ç îãëÿäó

íà óìîâó (1)

ln n(2λν(σ+1,F )) = o
(
λ

p/p1

ν(σ+1,F )

)
= o

(
lnp/p1 µ(σ + 2, F )

)
, σ → +∞. (6)

Ç (4) � (6) i (2) ëåãêî îòðèìó¹ìî

ln M(σ, F ) ≤ ln µ(σ, F ) + ln n(2λν(σ+1,F )) + o(1) ≤ ln µ(σ, F ) + o
(
lnp/p1 µ(σ + 2, F )

)
≤

≤
m∑

j=1

Tjσ
pj + (T + o(1))σp + o(σp), σ → +∞, (7)

òîáòî ìà¹ìî àñèìïòîòè÷íó íåðiâíiñòü (3).

Äîâåäåííÿ òåîðåìè 1. ßêùî âèáåðåìî m = 2 i T = τ , òî ç òâåðäæåííÿ 1 îòðèìà¹ìî
äîñòàòíiñòü óìîâè (1) ó òåîðåìi 2. Äàëi, ç íåðiâíîñòi (7) i íåðiâíîñòi Êîøi µ(σ, F ) ≤
M(σ, F ), ïðè σ → +∞, ìà¹ìî 0 ≤ ln M(σ, F ) − ln µ(σ, F ) = o

(
lnp/p1 µ(σ + 2, F )

)
=

o
(
lnp/p1 M(σ + 2, F )

)
= o

(
σp

)
, ÿêùî âèêîíó¹òüñÿ îäíå çi ñïiââiäíîøåíü, ùî ðîçãëÿäà-

þòüñÿ ó Òåîðåìi 1, à çâiäñè âèïëèâà¹ åêâiâàëåíòíiñòü öèõ ñïiââiäíîøåíü. Òåîðåìó 1
äîâåäåíî.

3. Äîâåäåííÿ òåîðåìè 2. Íàì çàëèøèëîñü äîâåñòè íåîáõiäíiñòü óìîâè (1). Äëÿ öüîãî
áóäåìî âèêîðèñòîâóâàòè òàêèõ äâà äîïîìiæíèõ òâåðäæåííÿ.
Ëåìà 1([2, 3]). ßêùî (µn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë i
lim

n→+∞
ln n/µn > 1, òî iñíó¹ ïiäïîñëiäîâíiñòü (µ∗k) ïîñëiäîâíîñòi (µn) òàêà, ùî

k ≤ exp{µ∗k} + 1 äëÿ âñiõ k ∈ N i kj ≥ exp{µ∗kj
} äëÿ äåÿêî¨ çðîñòàþ÷î¨ äî +∞ ïî-

ñëiäîâíîñòi (kj).
Ëåìà 2([1]). Íåõàé p ≥ 2p2 − p1. Àñèìïòîòè÷íà íåðiâíiñòü ln µ(σ, F ) ≤ T1σ

p1 + T2σ
p2 +

(τ + o(1))σp (σ → +∞) ïðàâèëüíà òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî ε > 0 iñíó¹
n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
( λn

T1p1

)p1/(p1−1)
+ T2

( λn

T1p1

)p2/(p1−1)
+ (τ ∗ + ε)

( λn

T1p1

) p
p1−1 ,

äå τ ∗ òàêå, ÿê ó òåîðåìi À.
Äîâåäåííÿ íåîáõiäíîñòi óìîâè (1). Ïðèïóñòèìî, ùî âîíà íå âèêîíó¹òüñÿ, òîáòî
lim

t→+∞
ln n/λp/p1

n > β > 0. Òîäi çà ëåìîþ 1 iñíó¹ ïiäïîñëiäîâíiñòü (λ∗k) ïîñëiäîâíîñòi (λn)

òàêà, ùî k ≤ exp
{
β
(
λ∗k

)p/p1
}

+ 1 äëÿ âñiõ k ∈ N i kj ≥ exp
{
β
(
λ∗kj

)p/p1
}
äëÿ äåÿêî¨

çðîñòàþ÷î¨ äî +∞ ïîñëiäîâíîñòi (kj). Ïðèéìåìî an = 0, ÿêùî λn 6= λ?
k, i an = a∗k, ÿêùî

λn = λ?
k, äå

ln a∗k = −T1(p1 − 1)
( λ?

k

T1p1

)p1/(p1−1)

+ T2

( λ?
k

T1p1

)p2/(p1−1)

+ τ ∗
( λ?

k

T1p1

) p
p1−1

,

Äëÿ öiëîãî ðÿäó Äiðiõëå ç òàêèìè êîåôiöi¹íòàìè çà ëåìîþ 2 ïðàâèëüíà àñèìïòîòè-
÷íà íåðiâíiñòü ln µ(σ, F ) ≤ T1σ

p1 + T2σ
p2 + (τ + o(1))σp (σ → +∞) .

Íåõàé mj =
[
kj −

√
kj

]
. Òîäi íåâàæêî, ÿê â [2], âñòàíîâèòè, ùî λ∗mj

≥ λ∗kj
−δj, äå δj =

(1 + o(1))p1

βp

(
λ?

kj

)(p1−p)/p1

exp
{
− β

2

(
λ?

kj

)p/p1}
, j → ∞, i M(σ, F ) ≥

kj∑
k=mj

a∗k exp{σλ?
k} ≥

≥
√

kja
∗
kj

exp{σ(λ?
kj
− δj)} äëÿ σ > 0. Çâiäñè âèïëèâà¹, ùî
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ln M(σ, F ) ≥ 1

2
ln kj + ln a∗kj

+ σλ?
kj
− σδj ≥

β

2

(
λ?

kj

)p/p1

− T1(p1 − 1)
( λ?

kj

T1p1

)p1/(p1−1)

+

+T2

( λ?
kj

T1p1

)p2/(p1−1)

+ τ ∗
( λ?

kj

T1p1

)p/(p1−1)

+ σλ?
kj
− σδj. (8)

Íåõàé

σj =
( λ?

kj

T1p1

)1/(p1−1)

− T2p2

T1p1(p1 − 1)

( λ?
kj

T1p1

)(p2−p1+1)/(p1−1)

− pτ ∗

T1p1(p1 − 1)

( λ?
kj

T1p1

)(p−p1+1)/(p1−1)

Òîäi σjδj → 0 (j →∞) i ç (8) äiñòà¹ìî ln M(σj, F ) ≥ β

2

(
λ?

kj

)p/p1−T1(p1−1)
( λ?

kj

T1p1

)p1/(p1−1)
+

+T2

( λ?
kj

T1p1

)p2/(p1−1)
+ τ ∗

( λ?
kj

T1p1

)p/(p1−1)
+ T1p1

( λ?
kj

T1p1

)p1/(p1−1) − T2p2

p1 − 1

( λ?
kj

T1p1

)p2/(p1−1)−

− pτ ∗

p1 − 1

( λ?
kj

T1p1

)p/(p1−1)
+ o(1) = T1

( λ?
kj

T1p1

)p1/(p1−1)
+ T2

p1 − p2 − 1

p1 − 1

( λ?
kj

T1p1

)p2/(p1−1)
+

+
(τ ∗(p1 − p− 1)

p1 − 1
+

β

2

)( λ?
kj

T1p1

)p/(p1−1)

+ o(1), j →∞.

Ç iíøîãî áîêó, âèêîðèñòîâóþ÷è ëåìó 6 ç [1], ìà¹ìî

T1σ
p1

j + T2σ
p2

j + τσp
j = T1

(
λ?

kj

T1p1

) p1
p1−1

+
T2(p1 − p2 − 1)

p1 − 1

(
λ?

kj

T1p1

) p2
p1−1

+

+

(
(τ ∗ + o(1))(p1 − p− 1)

p1 − 1
+ o(1)

) (
λ?

kj

T1p1

) p
p1−1

, j →∞.

Ç äâîõ îñòàííiõ ñïiââiäíîøåíü áà÷èìî, ùî ñïiââiäíîøåííÿ ln M(σ, F ) ≤ T1σ
p1 +

T2σ
p2+(τ+o(1))σp (σ → +∞) íå âèêîíó¹òüñÿ, òîáòî óìîâà (1) ¹ íåîáõiäíîþ äëÿ òîãî, ùîá

äëÿ êîæíî¨ ôóíêöi¨ F ∈ S(Λ) çi ñïiââiäíîøåííÿ ln µ(σ, F ) ≤ T1σ
p1 + T2σ

p2 + (τ + o(1))σp

(σ → +∞) âèïëèâàëî ñïiâiäíîøåííÿ ln M(σ, F ) ≤ T1σ
p1 +T2σ

p2 +(τ +o(1))σp (σ → +∞).
Çàóâàæåííÿ. Ç äîâåäåííÿ òâåðäæåííÿ 1 ç îãëÿäó íà íåðiâíiñòü Êîøi áà÷èìî, ùî çà
óìîâè (1) ln M(σ, F ) − ln µ(σ, F ) = o (σp) , σ → +∞. Çâiäñè âèïëèâà¹, ùî çà óìîâè (1)
ðiâíîñèëüíèìè ¹ òàêîæ ñïiââiäíîøåííÿ

ln µ(σ, F ) =
m∑

j=1

Tjσ
pj +(T +o(1))σp, òà ln M(σ, F ) =

m∑
j=1

Tjσ
pj +(T +o(1))σp (σ → +∞).
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