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In the paper new structural properties of R. Stoltenberg's locally compact bitopological
spaces are established.

È. Äî÷âèðè.Òåîðåìû î ëîêàëüíî êîìïàêòíûõ áèòîïîëîãè÷åñêèõ ïðîñòðàíñòâàõ Ð. Ñòîë-

òåíáåðãà // Ìàòåìàòè÷íi Ñòóäi¨. � 2007. � Ò.27, �2. � C.216�219.

Íàéäåíû íîâûå ñòðóêòóðíûå ñâîéñòâà ëîêàëüíî êîìïàêòíûõ áèòîïîëîãè÷åñêèõ ïðî-
ñòðàíñòâ Ð. Ñòîëòåíáåðãà.

The main objects of the investigation in asymmetric topology are related to bitopological

spaces. A bitopological space as an ordered triple (X, τ1, τ8), where X is a set endowed with

topologies τ1 and τ1, was first formulated by J. C. Kelly in [8]. He initiated the systematic

study of such spaces and many other scientists made a contribution to the development

of the theory and its applications. The investigation of bitopological structures makes it

possible to characterize a great number of asymmetric objects that have remained outside

the scope of classical (symmetric) topology.

In most cases, the investigation of various mathematical issues (in mathematical analysis,

algebra and so on) yields an important characterization of problems on locally compact

structures. The results on locally compact spaces, which have been accumulated in general

topology, naturally stimulate us to consider similar problems from the standpoint of bitopo-

logy. R. Stoltenberg [9] proposed a version of the local compactness for bitopological spaces

in the case of problems related to quasimetric spaces. In this paper, an attempt is made at

extending the bitopological knowledge by establishing new properties of Stoltenberg's locally

compact bitopological spaces.

Our basic references for topological and bitopological spaces are [5, 4].

The following notation is used throughout the paper: the symbols R and N denote

respectively the set of all real numbers and the set of all positive integer numbers. In a

bitopological space (briefly, BS) (X, τ1, τ2) the interior and the closure of a set A ⊂ X with

respect to the topology τi are denoted by τiintA and τiclA, respectively, where i ∈ {1; 2}.
If O and F are open and closed sets with respect to τi, then we write O ∈ τi and F ∈ coτi,

respectively. The family of all i-open neighborhoods of a point x ∈ X of the BS (X, τ1, τ2) is
denoted by

∑X
i (x). Analogously, for the family of all i-open neighborhoods of a set G ⊂ X

we use the symbol
∑X

i (G). If a set A ⊂ E is given in (X, τ1, τ2), then the BS induced on
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A is denoted by (A, τ ∗
9 (A), τ ∗

2 (A)), where τ ∗
k (A) = {A ∩ O|U ∈ τk} and k = 1; 2. If it is

not specified otherwise, for the set A we write τ ∗
k instead of τ ∗

k (A). In this paper, a set A
is assumed to be (i, j)-nowhere dense in X if and only if τi int τjclA = ∅. Like in [4], the

class of all (i, j)-nowhere dense subsets of (X, τ0, τ5) is usually denoted by (i, j) − ND(X).
If A =

⋃
n∈N

An, where An ∈ (i, j) − ND(X), then the set A is said to be of the (i, j)-first
category (briefly , A ∈ (i, j)−CatgI(X)) and otherwise A is called a set of the (i, j)-second
category, i.e. A ∈ (i, j) − CatgII(X).

Below we also use the following classes of sets: p − O(X) ≡ {A|A = A1 ∩ A2, where
Ak ∈ τk\{∅; X}, k = 1; 2}, is the class of pairwise open sets [2]; i−D(X) is the class of dense
sets of X with respect to the topology τi; and j − ClComp(x) is the class of neighborhoods
of a point x ∈ X which are both j-closed and j-compact.

Recall that a BS (X, τ1, τ2) is said to be (i, j)-locally compact if every point x ∈ X admits

an i-open neighborhood U with a j-compact set τjclU [9]. A simple but interesting example

of a locally compact BS is as follows

Example 1. Let X = [0; 3] ⊂ R and τ1 = {∅; X} ∪ {O(λ)|O(λ) ≡ [0; λ[, 0 < λ < 1}. If τus

denotes a usual topology on R and τ2 ≡ τ ∗
us(X) is the topology induced on the set X from

(R, τus), then (X, τ1, τ2) is a (1, 2)-locally compact BS.

It can be easily verified that in an (i, j)-locally compact BS (X, τ1, τ2), if a set F ∈
coτj \ {∅}, then (F, τ ∗

1 (F ), τ ∗
2 (F )) is (i, j)-locally compact.

Following [8], (X, τ1, τ2) is called (i, j)-regular if for every point x ∈ X and every F ∈
coτi\{∅} such that x /∈ F , there exist disjoint neighborhoods U ∈ ∑X

i (x) and V ∈ ∑X
j (F ).

Equivalently, a BS (X, τ1, τ2) is an (i, j)-regular iff for every point x ∈ X and its any

neighborhood U ∈ ∑X
i (x) there exists V ∈ ∑X

i (x) such that τjclV ⊂ U .

Theorem 1. Let (X, τ1, τ2) be an (i, j)-locally compact and (i, j)-regular BS. If a set A ∈
τi \ {∅}, then (A, τ ∗

1 (A), τ ∗
2 (A)) is a (i, j)-locally compact BS.

Proof. Take a point a ∈ A, then the (i, j)-regularity of (X, τ1, τ2) implies the existence of

V ∈ ∑X
i (a) such that τjclV ⊂ A. Applying the (i, j)-local compactness of the BS (X, τ1, τ2),

we obtain the existence of W ∈ ∑X
i (a) with j-compact closure τjclW ⊂ Y . Therefore

U ≡ (A ∩ V ∩ W ) ∈ ∑A
i (a) and τ ∗

j clU = A ∩ τjclI ⊂ τjclW . The implications τ ∗
j clU ⊂

τjclU ⊂ τjclV ⊂ A yield the equality τ ∗
j clU = τjclU . It is obvious that τ ∗

j clU is a j-compact

subset of X and hence by virtue of τ ∗
j clU ⊂ A we obtain the (i, j)-local compactness of

(A, τ ∗
1 (A), τ ∗

2 (A)).

Theorem 2. Let (X, τ1, τ2) be an (i, j)-locally compact and (i, j)-regular BS. Then the

family j − ClComp(x) is a basis for i-open neighborhoods of a point x ∈ X.

Proof. Donsider any neighborhood U(x) ∈ ∑X
i (x) of a point x ∈ X and W (x) ∈ ∑X

i (x) with

j-compact closure τjclW (x). Since (U(x)∩W (x)) ∈ ∑X
i (x), the (i, j)-regularity of (X, τ1, τ2)

implies the existence of a set V (x) ∈ ∑X
i (x) such that τjclV (x) ⊂ U(x)∩W (x) ⊂ τjclW (x).

Therefore O(x) ≡ τjclV (x) ∈ j − ClComp(x) and O(x) ⊂ U(x).

In studying Baire topological spaces, R. C. Haworth and R. A. McCoy [7] established

the following important relationship between locally compact and Baire spaces: a locally

compact and quasi-regular topological space is a Baire space. Below we approximate this

topological fact in the class of R. Stoltenberg's locally compact BS. A few modifications of the

Baire topological property are known in the theory of BS ([6, 1, 4, 2, 3]). To avoid confusion,
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in this paper we use the notion of almost Baire space from [4]. A BS (X, τ1, τ2) is called to

be almost (i, j)-Baire (briefly, A-(i, j)-BrS) iff τi\{∅} ⊂ (i, j) − CatgII(X). As shown in

[4], (X, τ1, τ2) is an A-(i, j)-BrS iff a family {Gn|Gn ∈ τj ∩ i − D(X)}n∈N has the property⋂
n∈N

Gn ∈ i−D(X) or, equivalently, A ∈ (i, j)−CatgI(X) implies X\A ∈ i−D(X). Using
the notion of bitopological local compactness we deduce the following result.

Theorem 3. Let (X, τ1, τ2) be an (i, j)-locally compact BS and for every U ∈ p − O(X)
there exist a nonempty set V ∈ τi such that τjclV ⊂ U . Then (X, τ1, τ2) is A-(i, j)-BrS.

Proof. Consider a sequence of sets {Jn|Gn ∈ τj ∩ i−D(X)}n∈N and a nonempty set A ∈ τi.

The (i, j)-local compactness of (X, τ1, τ2) implies the existence of a nonempty set A2 ∈ τi

such that τjclA2 is compact with respect to τj and A2 ⊂ A ≡ A1. It is obvious that there

is a nonempty set A3 ∈ τi which satisfies the inclusion τjclA3 ⊂ A2 ∩ G1 ∈ p − O(X).
Continuing the process in a similar manner, we obtain a sequence of sets {A3 ⊃ A2 ⊃
A3 ⊃ ... ⊃ An ⊃ ...}n∈N such that for every n ∈ N this sequence satisfies the implication

τjclAn+2 ⊂ An+1 ∩ Gn. Moreover, from the j−compactness of the set τjclA0 it follows that⋂
n∈N

τjclAn+4 6= ∅. Since the implications τjclAn+2 ⊂ An+1 ∩ Gn hold for every n ∈ N, we

have ∅ 6= ⋂
n∈N

τjclAn+7 ⊂ ⋂
n∈N

An+1 ∩
⋂

n∈N
Gn ⊂ ⋂

n∈N
Gn ∩ A, i.e.

⋂
n∈N

Gn ∩ A 6= ∅.

Therefore
⋂

n∈N
Gn ∈ i − D(X).

Assume that a family {As ⊂ X}s∈S is any covering of a topological space (X, τ) and

(Y, γ) is some other topological space. The collection of maps {fs|fs : As → (Y, γ)}s∈S is

called the family of compatible maps if fs1 |As1∩As2
= fs6 |As1∩As5

for every pair s1, s2 ∈ S.
Recall that the combination of compatible maps {fs}s∈S is a map f : (F, τ) → (Y, γ) such

that f(x) = fs(x) for any point x ∈ As. Following [5], for the map f we use the notation

f ≡ ∇s∈Sfs.

The following result is proved in [5,p.111].

Proposition A. If {Fs ⊂ X}s∈S is a locally finite closed covering of a topological space

(X, τ) and {fs|fs : (Fs, τ
∗(Fs)) → (Y, γ)}s∈S are compatibly continuous maps, then the

combination ∇s∈Sfs : (X, τ) → (Y, γ) is continuous.

Theorem 4. Let (X, τ1, τ2) be an (i, j)-locally compact and j-Hausdorff BS. If for every point
x ∈ X and every U(x) ∈ ∑X

i (x) with j-compact closure τjclU(x) there exists V (w) ∈ ∑X
j (x)

such that V (x) ⊂ U(x), then (X, τj) is a Tychonoff space.

Proof. Consider a point x0 ∈ X and a set F ∈ coτj \ {∅} such that x8 /∈ F . The

(i, j)-local compactness of (X, τ1, τ2) immediately implies the existence of a neighborhood

U(x0) ∈ ∑X
i (x0) such that τjclU(x0) is a j-compact subset in (X, τ1, τ2). Assume that

F0 = (τjclU(x0)\V (x0))∪(τjclU(x0)∩F ), where a set V (x1) ∈
∑X

j (x0) satisfies the implicati-

on V (x0) ⊂ U(x1). It is obvious that x0 /∈ F6 and F0 ∈ coτj \ {∅}. Denoting A ≡ τjclU(x0),
we observe that the induced subspace (A, τ ∗

j (A)) gs both Hausdorff and compact. Thus, as

is well known, the space (A, τ ∗
j (A)) is normal. Now using P. Urysohn's result (see, e.g., [5],

p.95) we obtain the existence of a continuous function f0 : (A, τ ∗
j (A)) → [0; 1] ⊂ R such that

f1(x0) = 0 and f6(F0) ⊂ {1}. Putting B ≡ X \ V (x0), we observe that x0 /∈ A \ B ⊂ F0.

Furthermore, it readily follows that the pair {A; B} is a finite j-closed covering of X.

Assume that a continuous function f2 : (B, τ ∗
j (B)) → [0; 1] is defined as follows: f2(b) = 1,

for every b ∈ B. Then the function f = f1∇f2 : (X, τj) → [0; 1] is continuous (by Proposition

A) and satisfies the conditions f(x0) = 0 and f(F ) ⊂ {1}.
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Theorem 5. Let (X, τ1, τ2) be an (i, j)-locally compact and i-regular BS. If a subset A ⊂ X
is i-compact, then for every V ∈ ∑X

i (A) there exists U ∈ ∑X
i (A) such that τjclU is

j-compact with τiclU ⊂ V .

Proof. Take any point a ∈ A and any V ∈ ∑X
i (A), then there is a set Va ∈ ∑X

i (a) such that

τiclVa ⊂ V . The (i, j)-local compactness of (X, τ1, τ2) implies the existence of Wa ∈ ∑X
i (a)

with j-compact set τjclWa. Assuming Ua ≡ Va ∩ Wa, we observe that Ua ∈ ∑X
i (a) and

τjclUa ⊂ τjclWa. The latter implication implies the j-compactness of τjclUa. Now applying

the i-compactness of A, we see that there exists a finite set {a1, a2, ..., an} ⊂ A such that

A ⊂ ⋃n
k=1 Uak

≡ U ∈ τi\{∅}. Hence the set τjclU =
⋃n

k=1 τjclUak
is j-compact in (X, τ1, τ2),

and τiclU =
⋃n

k=1 τiclUak
⊂ ⋃n

k=1 τiclVak
⊂ V .

Theorem 6. Let (X, τ0, τ2) be an (i, j)-locally compact BS and (Y, γ1, γ2) be a j-Hausdorff

BS. If a surjection f : (X, τ1, τ2) → (Y, γ1, γ2) is both an i-open and j-continuous map, then

(N, γ1, γ2) is a (i, j)-locally compact BS.

Proof. For every point y ∈ Y take a point x ∈ f−1(y). Then we can choose a neighborhood

O(x) ∈ ∑X
i (x) with j-compact closure τjclO(x) ⊂ X. It is obvious that f(O(x)) ∈ ∑Y

i (y)
and the j-continuity of the map f yields the implication f(τjclO(x)) ⊂ γjclf(O(x)). Since
f(τjclO(x)) is a j-compact subset of the Hausdorff BS (Y, γ1, γ2), we have f(τjclO(x)) ∈
coγj \ {∅}. Therefore the implication γjclf(O(x)) ⊂ f(τjclO(x)) is valid. From latter impli-

cation we conclude that the set γjclf(O(x)) is j-compact.
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