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Let X be a Banach space and T'(¢),0 < ¢t < oo, be a one parameter C-semigroup of
bounded linear operators on X. In this paper, we give a characterization for the generator of
an exponentially bounded positive contractive C-semigroup. Further, sufficient conditions for
a C-semigroup to be compact are presented.

1. Ans-ITapud, P. Xamun. O zenepamopazr nososcumervhonx C-nosyzpynn u 3aMEUGHUE O
komnaxmuwnx C-noayepynnaz // Maremarnani Crynii. — 2007. — T.27, Ne2. — C.189-195.

ITycrs X — GamaxoBo npocrpanctso u T(t),0 < ¢t < oo, — oxHomapamerpuyeckas C-
TTIOTYTPYTTNa OTPAHMYEHHBIX JTUHEHHBIX ornepaTopoB Ha X. B craThbe maercss xapakKTepus3alus
TEeHEPATOPA IKCIIOHEHIIMAIBHO OMPAHUYEHHON MOJOKUTEIHLHON CxKuUMatomeil C-moayrpymb.
[IpuBomsTCsSt MOCTATOYHBIE YCIOBUST KOMIAKTHOCTH C-ITOTyTPYIIIEL.

Introduction. Let X be a Banach space, L(X) the space of bounded linear operators
on X, and C' an injective bounded linear operator on X. A strongly continuous family,
T(t), 0 <t < oo, of bounded linear operators on X is called a C-semigroup, if T(0) = C
and CT(s+t) = T(s)T(t) for all 0 < s,t < oo. If C' = I, the identity operator on X, then
the C-semigroup is just a strongly continuous semigroup in the ordinary sense. 7'(¢) is called
exponentially bounded if there exist M < oo and w € R such that HT(t)H < Me*'. The
operator A defined by
Az =C™! (1imw)
tl0 t
with
D(A) = {:c e X: lglrng(t)x —Cw

is called the generator of T'(t). The complex number A is in po(A), the C-resolvent of A, if
(A — A) is injective and R(C) C R(A — A). C-semigroups have been given more attention
lately. We refer to [1], [2], [4], [5] and [6] for generators and basic structure of C-semigroups.

Let X be an ordered real Banach space with generating closed positive convex cone X .
An operator B € L(X) is called positive if B(X") C X . A C-semigroup T'(t), t € [0, 00), is
called positive if T'(t) is positive for all £ € [0,00). A C-semigroup T'(t) is called compact, if
T(t) is a compact operator on X for all ¢ € (0, c0).

The main object of this paper is to characterize the generator of a positive contractive
C-semigroup. Sufficient and necessary conditions for a C-semigroup to be compact are
presented.

exists and is in R(C)

2000 Mathematics Subject Classification: 47D60, 47B10, 47B65.
Keywords: Banach space, generator, exponentially bounded positive comtractive C-semigroup

doi:10.30970/ms.27.2.189-195
(© Sh. Al-Sharif, R. Khalil, 2007


andriyko
Typewriter
Keywords: Banach space, generator, exponentially bounded positive comtractive C-semigroup

andriyko
Typewriter
doi:10.30970/ms.27.2.189-195


190 SH. AL-SHARIF, R. KHALIL

Throughout this paper, X is a Banach space and L(X) is the space of bounded linear
operators on X. For a densely defined linear operator A on X, we let o0(A) denote the
spectrum of A, while p(A) denotes the resolvent set of A.

I. Positive C-Semigroups. Let X be an ordered real Banach space with generating closed
positive convex cone X " and ¢ < 7 as the ordered relation. An element z € X is called
positive if 0 < z. BEach element 2 € X admits a decomposition z = u — v with u,v € X .
We refer to [3] and [8] for basic structure of ordered Banach spaces.
Now we introduce the concept of C-dispersive operators.

Definition. Let X be an ordered real Banach space with generating closed cone X, and C
be a positive bounded linear operator on X. An operator A with domain and range in X is
said to be C-dispersive if for every A > 0 and, x € D(A), the inequality inf {HC’(/\ —A)x +
uH, u € X+} > )\inf{HC:chuH, u € X+} holds.

Example 1.1. Let X = C(K), the space of continuous functions on the compact metric
space K with Hf” = sup’f(t) (K). The closed generating cone for X is
teK

T={feC(K): f(x) >0,z € K} Each f € X admits a decomposition f = f* — f~,
where f*(z) = sup{f(z); 0} and f~(z) = (—f(z))*. It is clear that both f* and f~ € X"
and [[f]| = sup|£(£)] = sup(f*(£) + f7(8)) = sup [ (&) + S~ (O)] = [|7* + /7|

A C-semigroup T'(t), 0 < ¢ < oo, is of contractions if || T(t)z|| < ||Cz|| for all ¢ > 0 and
x € X. In this section, we give a characterization of the generator of contraction positive
C-semigroup.

Now, we state and prove the main result of this paper.

Theorem 1.2. Let X be an ordered real Banach space with generating closed cone X .
= inf{”u—i—v” T =u—v, U,V € X+} and HC’xH =
inf { HCu—i—C’uH r=u—v, U,V E X+}. If A is a densely defined linear operator with domain
and range in X such that (O, oo) C p(A) and C' is a positive bounded linear operator on

X, then the operator A generates a strongly continuous positive contraction C'-semigroup if
and only if A satisfies: (i) CA C AC, (ii) C(D(A)) is dense in R(C); (iii) A is C-dispersive.

Proof. Suppose that A generates a positive contraction C-semigroup 7'(¢). Then by Theorem 4.3,
([5]), (7) and (i7) are satisfied.

To prove (iii). Let z € X and A\ > 0. Define, R(\)x = [e T (s)zds. Since T(t) is

positive for all ¢ > 0, we see that R(\) is positive.
Since T'(t) is a contraction C-semigroup, then for A > 0 we have,

o0 o0

row] = [ [ ras] < [ e reu]as < e @

But by Lemma 2.8([4]), we have R(\)z = (A — A)"'Cx, so, for u € X" and = € D(CA
we have AHCx+R(A ul| = A[C(A=A) (A= Az + R(X uH = A(R()\)(A A)z+ R(A\)u)||
= | AR\ (A = A)z + u)]|. Using (1) we get A||Cz + R(A\)u|| < [|C(A — A)x + C’uH
HC’ A — A)ZL' + UH where, v = C'u is positive. But R()) is a posmve operator. It follows that
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R(N)u is positive, and so /\HC’x + wH < HC’()\ — A)x + v||, where, w,v € X", This implies
inf {HC’()\ —A)x + ’UH, v E X+} > \inf {HC:C + uH, u € X+}. Thus A is C-dispersive.
Conversely. Define another norm on R(C), HH1 as follows
HC’le = max(inf{HC’x—i—u , U E X+},inf{H —Cr+u|, ue X+}).

It is known, [1], that p(y) = inf{|ly +ul, u € X"} is the canonical half-norm on X and
max (p(y),p(—y)) is a norm on R(C) satisfying HC’le < HCZL‘H for all x € X.

Now, if (Cmn) is a Cauchy sequence in (X, HHl), then there exist double sequences
(un,m), (’Unm) in X" such that lim Han —Cxpy + uan =0, and lim Hme —Cux, +

van = 0. Hence T nvm—>oo

n}:blz}ooHunm + Uan < ngrilooHan —Cxp + uan + n}érilooHme —Czx, + ’Uan =0.
Sin(;e Hu — UH = inf {Ha + bH cu—v=a-—">b, abe X*}v, we get liIB Hunm - van = 0.
Thus liril Huan = hril Hfuan = 0. Further liril HC:C,L—menHm: Ooliril HC’xn—C’xm—i-
Un,m _”J:Lmoﬁ < . },lgloo’rgx”oi me+un7mH + HunmnHm: CE)O Thus (C:cn) is angauoghy sequence in

(X, HH) But X is complete. It follows that (m, HHl) is complete. By the Open Mapping
Theorem there exists § > 0 such that (5HC$H < HCle Since A is C-dispersive,
inf{||C(A = A)z +ul|, ue X'} > Ainf {|Cx+ul|, ue X+}.
Thus A||Cz||, < [|C(A— A)z|| and so, 6A||Cz|| < ||C(A— A)z||, and so C(X — A) is one-one.
Since D(A) is dense, it follows that the operator A is closable. To see that: let y € X and
x, be a sequence in D(A) such that lim z, =0, lim Az, =y. Density of D(A) in X gives

a sequence y,, in D(A) such that Hyn n—_)yoﬂ <1 Buntj):i)nce 5AHC’$H < HC(/\ —A)x }, we have
HC’(/\:vn + Ym) — AC(x, + A_lym)H > 5)\H0xn + C’/\_lymH = 5HC’)\xn + C’ymH As n — oo,
we have, HCym—y—)\_lACym)H > (5HCymH. As A — oo, we have, HCym—CyH > (5HCymH.

c :
But, 6[[Cym| < [|Cym = Cyl| < |[C[l]lym = y]| = 7% Hence, [|y|| = lim [jyn[| = 0, and

y = 0. Consequently, A is closable and the inequality 5AHC’$H < HC’()\ — Z)x” holds true.
Further, (A — A) is one-one.

Since (0,00) C p(A), it follows that (A — A)D(A) = X for all A > 0. Hence, if y € X,
there exists a sequence x, € D(A) such that y, = (A — A)x, converges to y. But R(\, A)

is bounded . Thus z,, = R(\, A)y, is convergent, say to x. Since A is closed, it follows that
x € D(A) and (A — A)r =y. Hence (A — A)D(A) = X.

Now, let z € D(A) and € > 0. Then, by the property of the space and the positivity of the
linear operator C, there exists u,v € X such that A\z—Az = u—v. So \Cz—ACz = Cu—Cv
and H/\C’x—ZC’xH > HOU—l—CUH —¢. Since (A — A)D(A) = X, then there exist g, h € D(A)
such that u = A\g — Ag and v = Ah — Ah. Since A is C-dispersive, its closure A is C-
dispersive too. Consequently, inf{HC’()\ — A)g + bH, b e X+} > )\inf{HC’g + zH, z € X+}.
But C(A—A)g € X . It follows that inf{[|C(A—A)g+b]|, b € X } = 0 and so inf{||Cg+2
z € X'} =0 which implies that Cg € X" . Similarly Ch € X . Since

A=A Crx=Cu—Cv=(\—A)Cg—(A—A)Ch=(\—A)C(g—h),
and A\ — A is one-one, it follows that Cz = C(g — h).

Now |[ACz — ACz|| > ||Cu+Cv||—e = ||(A=A)Cg+ (A= A)Ch||—e = |[|[(A=A)C(g+
h)||—e > Ainf {||C(g+h)+2b||, b€ X"} —c > Ainf {||Cg+b+Ch+b|, be X"} —e. Since
|2+0|| = ||z—0||, 2,b € X, it follows that |A\Cz—ACz|| > \||Cg—Ch||—e = A||Cz|| —e.

I
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Since ¢ is arbitrary, we conclude that H/\(]x — Z(Jx” > )\HC’xH

Now for A > 0, we have

|Cx|| = [[(A = A)(A = A)~'Ca|| = [|C(A = A)(A = A)'z|| > Al|(A = A)~'Cx,

which implies by Theorem 4.3 ([5]), that A generates a contraction C-semigroup.

For z € X', we have |Cz| = ||C(A=A)(A—A)~ xH But A is C- dlsperswe Then,
inf {||[Cz +b]|, b € X'} = inf{||[C(A — A)(N = A)7 Lz +b]|, b € X'} > Ainf{||(A -
A)7ICx + ZH, z € X+}. Positivity of Cx implies that inf {HCx + bH, b e X+} = 0 and so
inf{||A—=A)"'Ca+z|, z € X"} =0. Hence (A—A)~'Cxz is positive and so (A— A)~! leaves
X" invariant. Now, inf {|Cz+0b|, be X+} = inf{||C(A — A)*(A = A) 2z +b||, b e X"}
> Mnf{||(A = A) (A= A)2Cz + 2|, 2 € X'} > Xinf{||(\ — A)~2Cz + 2||, 2 € X" }. Since
Cx is positive, it follows that (A — A)~2 leaves CX " invariant. Using induction, one gets
(A—A)™ CX" C CX". But by Theorem 3.2 ([6]), T'(t)x = lim (1 — £A)""C. It follows
that 7T'(t) is a positive C-semigroup. o O

Remark 1.3. One can prove Theorem 1.3 by replacing the condition HCxH
inf{HCu + C’UH r=u—v, u,vE X+} by the assumption CX™ = X .

The proof goes as follows.

Proof. Now: let € D(A) and £ > 0. Then by the property of the space and the positivity
of the linear operator C, there exists u,v € X' such that A\Cz — ACz = u — v and H)\Cx —

ZC’xH > Hu + UH —¢. Since OX* = XJr there exist sequences (xn) ( n) in X" such that
lim C'z,, = uw and lim C'y,, = v. Hence hm C(xy, +yn) = u+v and llm C’(xn Yn) = U — .

Té?):ftlnlﬂty of the TrngI?Om implies that hTrLr?HC (Tn + Yn H = Hu + UH and lim HC yn)” =
1= o]
Now for € > 0 there exist N such that for all n > N we have —¢ < HC Tn + Yn H — Hu—i—

o|| <eor —e+ |lutv|| <||Can+yn)| < ||u+v| +e. Since (A = A)D(A) = X, for each
n > N, there exist g,, h, € D(A) such that x, = \g, — Ag, and y,, = Ah,, — Ah,,. Since A
is C-dispersive, its closure A is C-dispersive too, and so for each n > N, we have
inf {||C(A — A)g, +b||, be X"} > Ainf{||Cg, + 2], z € X"},
Since C(A — A)g, € X', it follows that inf{||C(A — A)g, + b||, b € X"} = 0 and so
inf{Han + zH, z € X+} = 0 which implies that Cg, € X ". Similarly Ch, € X . Now
AN-A)Cr=u—v= TLILIEOC(QU” —Yn) = TLILIEO(/\ — A)C(gn — hy).
Since A — A is a closed operator, one has
A= A)Cx = nlggo(/\ — A)CO(gn — hn) = (N — Z)T}LHQOC(Q” — hy).
But A — A is one-one. It follows that Oz = nlgl(f)l@C’(gn — hy).

Now || A\Cz—ACz|| > [Ju+tv||—e > ||(A=A)Cgn+(A=A)Chy||—2¢ = [[(A=A)C(gn+hn)|| -
2 > Minf{||C(gn + hn) "} —2e > Ainf{[|Cyg, "} - 2e.
Since Hz + bH > Hz — bH, z,be X', it follows that H)\C:c — ZC.’/UH > )\Han — ChnH — 2

and as n goes to infinity we have H)\Cx — ZC.’/UH > )\HC’xH — 2¢e. Since ¢ is arbitrary we
conclude that H)\Cx ACxH > )\HC’xH Further HCxH = H (A—A)(\—A) leH = HC (A—
AAN=A) 2| > /\H A — A)"'Cz||. Using Theorem 4.3 ([5]), we obtain that A generates a
contraction C-semigroup. The rest of the proof goes as the proof of the theorem. O
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II. Compact C-Semigroups. In this section we present necessary conditions and sufficient
conditions for a C-semigroup to be compact.

Proposition 2.1. Let T'(t) be a strongly continuous C-semigroup of bounded linear opera-
tors on a Banach space X. If T'(t) is compact for some t, > 0, then CT'(t) is compact for all
t > tp.

Proof. Suppose T'(ty) is compact for some tg > 0. Then, CT(t) = CT(t —to +ty) = T(t —
t0)T (to). Thus CT'(t) is compact for all ¢ > . O

Theorem 2.2. Let T'(t) be a strongly continuous exponentially bounded C'-semigroup of
bounded linear operators on a Banach space X. If T'(t) is compact for all t > t, for some
to > 0, then the map t — CT(t) is continuous from the big in the uniform operator topology
for all t > t,.

Proof. Let || T(s)|]] < M for 0 < s < 1. Then for t > to, the set U, = {T'(t)x : ||z| < 1} is
relatively compact. Now: for & > 0, the collection W = {B(T(t)z, m) lz] < 1}isan

open cover for the compact set U,. So W has a finite subcover. Thus there exist z1 , 25 , ..., Tn

N
in X such that |J B(T'(t)z, m) covers Uy. That means for each x € X ; [|z|| < 1 there
i=1
€
exists j (j depends on x), 1 < j < N such that ||T(t)z — T(t)z;|| < ————=. But 7'(¢)
M+ C)

is strongly continuous. So there exists hy , 0 < hy < 1 such that ||T(t + h)x; — T'(t)x;|| <
e/(2]|C]]) for 0 < h<hy and all j,1<j < N.
Now, for 0 < h < hg, and z € X ; ||z]| < 1, set J = ||CT(t + h)x — CT(t)z||. Then:

J = ||CT(t+ h)x — CT(t + h)z; + CT(t + h)z; — CT(t)z; + CT(t)z; — CT(t)z||
<||CT(t+ h)x — CT(t + h)ay|| + ||CT(t + h)x; — CT(t)a;|| + || CT(t)x; — CT(t)x|
< ||T®T(h)x —T@)T (h)x; || + ||C|||T(t + h)x; — T(t)x; || + ||C||||T(#)z; — T ()|

< |lTm)||||T )z - T(t)xjH +|C|T @+ h)x; — T(t)ay|| + ||C||[|T(t)2; — T(t)z]|

€ € H(JHe e €
<M———+||C + =-+-=c
2(M + ||C|) | HQH(JH 2M+|lc|) 2 2
Thus CT'(t) is continuous in the uniform operator topology. O

Theorem 2.3. Let T'(t) be a strongly continuous exponentially bounded C'-semigroup of
bounded linear operators on a Banach space X. If T(t) is compact for some t, > 0, then the
map t — C*T(t) is continuous from the big in the uniform operator topology for all t > tg.

Proof. Since T'(to) is compact, by Proposition 2.1 it follows that CT(t) is compact for all
t > to. The rest of the proof is similar to the proof of Theorem 2.2 by taking U; = {CT(t)x

ol <13 and W = {B(CT(0)z., )« izl < 13- 0

Corollary 2.4. Let T'(t) be a strongly continuous exponentially bounded C'-semigroup such
that T'(t) is compact for some t, > 0. If Rang(C) is closed then the map t — T(t) is
continuous from the big in the uniform operator topology.
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Proof. Since T'(t) is compact for some to > 0, by Theorem 2.3, it follows that C?T'(t) is
continuous in the uniform operator topology. Further, since C' is a bounded one-one linear
operator with a closed range, the Open Mapping Theorem implies that C~! is bounded.
Hence T'(t) is continuous in the uniform operator topology. O

Theorem 2.5. Let T'(t) be a strongly continuous C-semigroup of bounded linear operators
on a Banach space X with generator A such that HT(t)H < Me*t. If T(t) is compact for all
t >0, then C*R(\, A) is compact for all A € p(A).

Proof. Let A € p(A), A € Rand A > w. Then by Theorem 3.3, ([4]) we have
CRO\, A = RO\, A)Car = [ T (s)a ds.
Define R,(\, A)x = C [~ e T (s)ads = [~ e*)‘sC'Tg(s—t—l—t)xds = [ *)‘ST(S )T (t)xds
(t) [7 e T (s — t)zds. Since T'(t) is compact and the operator P, P(z f e T (s

t)zds is a bounded operator in L(X) for A\ > w and all ¢ > 0, the operators Rt()\ A) is
compact for all t > 0 and all A € R, A > w > 0. Further,

[e%¢) [e%¢) t
|Ri(X A) = CPROA)| = [[C [ e T(s)ds — C [ eT(s)ds|| < || [ e™CT(s)ds| <
t 0 0

t t
M||C|| [ e“=Nsds. Since lirS}rMHCH fe(w_)‘)sds =0, Ry(\, A) is compact for all ¢ > 0, it
t= 0

0
follows that C*R(\, A) is compact for all A € R, A > w > 0.
Since C*R(\, A) is compact for A € p(A) and A > w, the resolvent identity

C2R(1, A) = C*R(\, A4) + (A — w)C2R(\, A)R (i, A)
implies C2R(u, A) is compact that for any u € p(A). O

Theorem 2.6. Let (T(t)):>0 be a differentiable strongly continuous C-semigroup on a
Banach space X with generator A such that ||T(t)|| < Me“*. If: (i) R(C) is dense in X,

(ii) there exists Ay € p(A) such that R()\g, A) is compact, (iii) T(t) is uniformly continuous,
then T'(t) is compact for all t > 0.

Proof. Let Ao € p(A) and Ay = 0. Define B(t)x = fo s)x ds. Then B € L(X) and
AB(t)x = Afo s)xds = T(t)x — Cx = (T(t) — C’)x for all x € D(C'), Lemma 2.7 ([4]).
Hence —AB(t)x (O A)B(t)x = (C = T(t))z. So B(t)x = R(0, A)(C —T(t))x.
Since D(A) and R(C') are both dense in X, B(t) = R(0, A)(C—T(t)). But R(0, A) is compact.
So B(t) is compact for all ¢t > 0.

Now, since T'(t) is uniformly continuous, B'(t) exists and
B'(t) = hr% (B(t+h) — B(t)) = limn(B(t+2)—B(t)) = limn(R(0, A)(C—-T(t+1)) -
R(0, A)(C = T(t)) = limnR(0, A)(T(t) - T(t+2)).

Define: D,,(t) = nR(0,A)(T(t) — T(t + 2)). Since R(0, A) is compact, it follows that

t
D, (t) is compact for all £ > 0 and all n € N. But B'(t) = %/ T(s)ds =T(t), since T'(t)
0

is uniformly continuous. Thus 7'(¢) is compact for all £ > 0.
For )\ > 0, define S(t) = e *T'(t). Then if A is the generator of T'(t), then A — )¢ is
the generator of e 'T'(t). So if \g € p(A — \), then 0 € p(A). O
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Theorem 2.7. Let T'(t) be a strongly continuous C-semigroup of bounded linear operators
on a Banach space X with generator A such that HT(t)H < Me“t. If R(\, A) is compact for
all X € p(A) and T(t) is uniformly continuous, then T'(t) is compact for all t > 0.

Proof. Since R(A, A) is compact for all A € p(A) and T(t) € L(X) for all ¢t > 0, it
follows that AR(\, A)T'(t) is compact. But, for A € R and A > w, we have CR(\, A)x =

o0

R\ A)Cx = Ofe’AST(s)x ds. Theorem 3.3 ([4]) now implies (noting that C' is injective)
RO\ A) = C1 [ eMT(s)ds. Let J = [AR(\, A)T(t) — T(#)||. Then
0
J=|]AC! Zoe‘“T(s)T(t) ds—X Z’oe—AST(t) ds|| = [AC~! fe"“CT(s—i—t) ds—\ Z’oe—AST(t) ds|
— ACLC [T (s + ) ds — A [ €T (1) ds|| = |\ [ e=>(T(s + 1) — T(t)) ds|
0 0 0

< A‘:foe‘ksl\(T(SJﬂf) —T(t))|lds = bf@‘“l\(T(SH) —T(t))|!d5+T@‘ASI\(T(SH) —T(t))lds

e(w—X)b . e—Ab )
A—w A

b 0o
< sup [[(T(s+1t) = T®)| [eds + [eMM(e?F) 4 et)ds < e + Me*!(
0<s<b 0 b
which implies )\lim sup||AR(X, A)T'(t) — T(t)|| < e for every b > 0. Since b is arbitrary, we
get )\lim AR\, A)T'(t) — T'(t)|| = 0. Thus T'(t) is compact. O
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