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Let X be a Banach space and T (t), 0 ≤ t < ∞, be a one parameter C-semigroup of
bounded linear operators on X. In this paper, we give a characterization for the generator of
an exponentially bounded positive contractive C-semigroup. Further, sufficient conditions for
a C-semigroup to be compact are presented.
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Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî è T (t), 0 ≤ t < ∞, � îäíîïàðàìåòðè÷åñêàÿ C-
ïîëóãðóïïà îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ íà X. Â ñòàòüå äàåòñÿ õàðàêòåðèçàöèÿ
ãåíåðàòîðà ýêñïîíåíöèàëüíî îãðàíè÷åííîé ïîëîæèòåëüíîé ñæèìàþùåé C-ïîëóãðóïïû.
Ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè C-ïîëóãðóïïû.

Introduction. Let X be a Banach space, L(X) the space of bounded linear operators

on X, and C an injective bounded linear operator on X. A strongly continuous family,

T (t), 0 ≤ t < ∞, of bounded linear operators on X is called a C-semigroup, if T (0) = C
and CT (s + t) = T (s)T (t) for all 0 ≤ s, t < ∞. If C = I, the identity operator on X, then
the C-semigroup is just a strongly continuous semigroup in the ordinary sense. T (t) is called
exponentially bounded if there exist M < ∞ and ω ∈ R such that

∥∥T (t)
∥∥ ≤ Meωt. The

operator A defined by

Ax = C−1
(
lim
t↓0

T (t)x − Cx

t

)
with

D(A) =

{
x ∈ X : lim

t↓0
T (t)x − Cx

t
exists and is in R(C)

}

is called the generator of T (t). The complex number λ is in ρC(A), the C-resolvent of A, if
(λ − A) is injective and R(C) ⊆ R(λ − A). C-semigroups have been given more attention

lately. We refer to [1], [2], [4], [5] and [6] for generators and basic structure of C-semigroups.

Let X be an ordered real Banach space with generating closed positive convex cone X
+
.

An operator B ∈ L(X) is called positive if B(X
+
) ⊆ X

+
. A C-semigroup T (t), t ∈ [0,∞), is

called positive if T (t) is positive for all t ∈ [0,∞). A C-semigroup T (t) is called compact, if

T (t) is a compact operator on X for all t ∈ (0,∞).
The main object of this paper is to characterize the generator of a positive contractive

C-semigroup. Sufficient and necessary conditions for a C-semigroup to be compact are

presented.
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Throughout this paper, X is a Banach space and L(X) is the space of bounded linear

operators on X. For a densely defined linear operator A on X, we let σ(A) denote the

spectrum of A, while ρ(A) denotes the resolvent set of A.

I. Positive C-Semigroups. Let X be an ordered real Banach space with generating closed

positive convex cone X
+

and “ ≤ ” as the ordered relation. An element x ∈ X is called

positive if 0 ≤ x. Each element x ∈ X admits a decomposition x = u − v with u, v ∈ X
+
.

We refer to [3] and [8] for basic structure of ordered Banach spaces.

Now we introduce the concept of C-dispersive operators.

Definition. Let X be an ordered real Banach space with generating closed cone X
+
, and C

be a positive bounded linear operator on X. An operator A with domain and range in X is

said to be C-dispersive if for every λ > 0 and, x ∈ D(A), the inequality inf
{∥∥C(λ − A)x +

u
∥∥, u ∈ X

+} ≥ λ inf
{∥∥Cx + u

∥∥, u ∈ X
+}

holds.

Example 1.1. Let X = C(K), the space of continuous functions on the compact metric

space K with
∥∥f

∥∥ = sup
t∈K

∣∣f(t)
∣∣ for all f ∈ C(K). The closed generating cone for X is

X
+

= {f ∈ C(K) : f(x) ≥ 0 , x ∈ K}. Each f ∈ X admits a decomposition f = f+ − f−,
where f+(x) = sup{f(x); 0} and f−(x) = (−f(x))+. It is clear that both f+ and f− ∈ X

+

and
∥∥f

∥∥ = sup
t∈K

∣∣f(t)
∣∣ = sup

t∈K

(
f+(t) + f−(t)

)
= sup

t∈K

∣∣f+(t) + f−(t)
∣∣ =

∥∥f+ + f−∥∥.
A C-semigroup T (t), 0 ≤ t < ∞, is of contractions if

∥∥T (t)x
∥∥ ≤ ∥∥Cx

∥∥ for all t ≥ 0 and

x ∈ X. In this section, we give a characterization of the generator of contraction positive

C-semigroup.

Now, we state and prove the main result of this paper.

Theorem 1.2. Let X be an ordered real Banach space with generating closed cone X
+
.

Suppose that for all x ∈ X,
∥∥x

∥∥ = inf
{∥∥u + v

∥∥ : x = u − v, u, v ∈ X
+}

and
∥∥Cx

∥∥ =

inf
{∥∥Cu+Cv

∥∥ : x = u−v, u, v ∈ X
+}

. If A is a densely defined linear operator with domain

and range in X such that
(
0,∞) ⊆ ρ(A) and C is a positive bounded linear operator on

X, then the operator A generates a strongly continuous positive contraction C-semigroup if

and only if A satisfies: (i) CA ⊆ AC; (ii) C(D(A)) is dense in R(C); (iii) A is C-dispersive.

Proof. Suppose thatA generates a positive contraction C-semigroup T (t). Then by Theorem 4.3,

([5]), (i) and (ii) are satisfied.

To prove (iii). Let x ∈ X and λ > 0. Define, R(λ)x =
∞∫
0

e−λsT (s)x ds. Since T (t) is

positive for all t > 0, we see that R(λ) is positive.
Since T (t) is a contraction C-semigroup, then for λ > 0 we have,

∥∥λR(λ)y
∥∥ =

∥∥λ

∞∫
0

e−λsT (s)y ds
∥∥ ≤

∞∫
0

e−λs
∥∥T (s)y

∥∥ds ≤ ∥∥Cy
∥∥ (1)

But by Lemma 2.8([4]), we have R(λ)x = (λ − A)−1Cx, so, for u ∈ X
+
and x ∈ D(CA)

we have λ
∥∥Cx+R(λ)u

∥∥ = λ
∥∥C(λ−A)−1(λ−A)x+R(λ)u

∥∥ =
∥∥λ

(
R(λ)(λ−A)x+R(λ)u

)∥∥
=

∥∥λR(λ)
(
(λ − A)x + u

)∥∥. Using
(
1
)
we get λ

∥∥Cx + R(λ)u
∥∥ ≤ ∥∥C(λ − A)x + Cu

∥∥ =∥∥C(λ − A)x + v
∥∥,where, v = Cu is positive. But R(λ) is a positive operator. It follows that
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R(λ)u is positive, and so λ
∥∥Cx + w

∥∥ ≤ ∥∥C(λ − A)x + v
∥∥, where, w, v ∈ X

+
. This implies

inf
{∥∥C(λ − A)x + v

∥∥, v ∈ X
+} ≥ λ inf

{∥∥Cx + u
∥∥, u ∈ X

+}
. Thus A is C-dispersive.

Conversely. Define another norm on R(C),
∥∥.

∥∥
1
as follows∥∥Cx

∥∥
1

= max
(
inf

{∥∥Cx + u
∥∥, u ∈ X

+}
, inf

{∥∥ − Cx + u
∥∥, u ∈ X

+})
.

It is known,
[
1
]
, that p(y) = inf{∥∥y + u

∥∥, u ∈ X
+} is the canonical half-norm on X and

max
(
p(y), p(−y)

)
is a norm on R(C) satisfying

∥∥Cx
∥∥

1
≤ ∥∥Cx

∥∥ for all x ∈ X.

Now, if
(
Cxn

)
is a Cauchy sequence in

(
X,

∥∥.
∥∥

1

)
, then there exist double sequences(

un,m

)
,
(
vn,m

)
in X

+
such that lim

n,m→∞

∥∥Cxn − Cxm + un,m

∥∥ = 0, and lim
n,m→∞

∥∥Cxm − Cxn +

vn,m

∥∥ = 0. Hence
lim

n,m→∞

∥∥un,m + vn,m

∥∥ ≤ lim
n,m→∞

∥∥Cxn − Cxm + un,m

∥∥ + lim
n,m→∞

∥∥Cxm − Cxn + vn,m

∥∥ = 0.

Since
∥∥u − v

∥∥ = inf
{∥∥a + b

∥∥ : u − v = a − b, a, b ∈ X+
}
, we get lim

n,m→∞

∥∥un,m − vn,m

∥∥ = 0.

Thus lim
n,m→∞

∥∥un,m

∥∥ = lim
n,m→∞

∥∥vn,m

∥∥ = 0. Further lim
n,m→∞

∥∥Cxn−Cxm

∥∥ = lim
n,m→∞

∥∥Cxn−Cxm+

un,m−un,m

∥∥ ≤ lim
n,m→∞

∥∥Cxn−Cxm+un,m

∥∥+
∥∥un,m

∥∥ = 0. Thus
(
Cxn

)
is a Cauchy sequence in(

X,
∥∥.

∥∥)
. But X is complete. It follows that

(
R(C),

∥∥.
∥∥

1

)
is complete. By the Open Mapping

Theorem there exists δ > 0 such that δ
∥∥Cx

∥∥ ≤ ∥∥Cx
∥∥

1
. Since A is C-dispersive,

inf{∥∥C(λ − A)x + u
∥∥, u ∈ X

+} ≥ λ inf
{∥∥Cx + u

∥∥, u ∈ X
+}

.

Thus λ
∥∥Cx

∥∥
1
≤ ∥∥C(λ−A)x

∥∥ and so, δλ
∥∥Cx

∥∥ ≤ ∥∥C(λ−A)x
∥∥, and so C(λ−A) is one-one.

Since D(A) is dense, it follows that the operator A is closable. To see that: let y ∈ X and

xn be a sequence in D(A) such that lim
n→∞

xn = 0, lim
n→∞

Axn = y. Density of D(A) in X gives

a sequence yn in D(A) such that
∥∥yn − y

∥∥ ≤ 1
n
. But, since δλ

∥∥Cx
∥∥ ≤ ∥∥C(λ−A)x

∥∥, we have∥∥C(λxn + ym) − AC(xn + λ−1ym)
∥∥ ≥ δλ

∥∥Cxn + Cλ−1ym

∥∥ = δ
∥∥Cλxn + Cym

∥∥. As n → ∞,
we have,

∥∥Cym−y−λ−1ACym)
∥∥ ≥ δ

∥∥Cym

∥∥. As λ → ∞, we have,
∥∥Cym−Cy

∥∥ ≥ δ
∥∥Cym

∥∥.

But, δ
∥∥Cym

∥∥ ≤ ∥∥Cym − Cy
∥∥ ≤ ∥∥C

∥∥∥∥ym − y
∥∥ ≤

∥∥C
∥∥

m
. Hence,

∥∥y
∥∥ = lim

m→∞

∥∥ym

∥∥ = 0, and

y = 0. Consequently, A is closable and the inequality δλ
∥∥Cx

∥∥ ≤ ∥∥C(λ − A)x
∥∥ holds true.

Further, (λ − A) is one-one.

Since
(
0,∞) ⊆ ρ(A), it follows that (λ − A)D(A) = X for all λ > 0. Hence, if y ∈ X,

there exists a sequence xn ∈ D(A) such that yn = (λ − A)xn converges to y. But R(λ, A)
is bounded . Thus xn = R(λ, A)yn is convergent, say to x. Since A is closed, it follows that

x ∈ D(A) and (λ − A)x = y. Hence (λ − A)D(A) = X.

Now, let x ∈ D(A) and ε > 0. Then, by the property of the space and the positivity of the
linear operator C, there exists u, v ∈ X

+
such that λx−Ax = u−v. So λCx−ACx = Cu−Cv

and
∥∥λCx−ACx

∥∥ ≥ ∥∥Cu +Cv
∥∥− ε. Since (λ−A)D(A) = X, then there exist g, h ∈ D(A)

such that u = λg − Ag and v = λh − Ah. Since A is C-dispersive, its closure A is C-

dispersive too. Consequently, inf{∥∥C(λ − A)g + b
∥∥, b ∈ X

+} ≥ λ inf{∥∥Cg + z
∥∥, z ∈ X

+}.
But C(λ−A)g ∈ X

+
. It follows that inf{∥∥C(λ−A)g+b

∥∥, b ∈ X
+} = 0 and so inf{∥∥Cg+z

∥∥,

z ∈ X
+} = 0 which implies that Cg ∈ X

+
. Similarly Ch ∈ X

+
. Since

(λ − A)Cx = Cu − Cv = (λ − A)Cg − (λ − A)Ch = (λ − A)C(g − h),

and λ − A is one-one, it follows that Cx = C(g − h).

Now
∥∥λCx−ACx

∥∥ ≥ ∥∥Cu+Cv
∥∥− ε =

∥∥(λ−A)Cg +(λ−A)Ch
∥∥− ε =

∥∥(λ−A)C(g +

h)
∥∥−ε ≥ λ inf

{∥∥C(g+h)+2b
∥∥, b ∈ X

+}−ε ≥ λ inf
{∥∥Cg+b+Ch+b

∥∥, b ∈ X
+}−ε. Since∥∥z+b

∥∥ ≥ ∥∥z−b
∥∥, z, b ∈ X

+
, it follows that

∥∥λCx−ACx
∥∥ ≥ λ

∥∥Cg−Ch
∥∥−ε = λ

∥∥Cx
∥∥−ε.
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Since ε is arbitrary, we conclude that
∥∥λCx − ACx

∥∥ ≥ λ
∥∥Cx

∥∥.
Now for λ > 0, we have∥∥Cx

∥∥ =
∥∥(λ − A)(λ − A)−1Cx

∥∥ =
∥∥C(λ − A)(λ − A)−1x

∥∥ ≥ λ
∥∥(λ − A)−1Cx

∥∥,

which implies by Theorem 4.3 ([5]), that A generates a contraction C-semigroup.

For x ∈ X
+
, we have

∥∥Cx
∥∥ =

∥∥C(λ − A)(λ − A)−1x
∥∥. But A is C-dispersive. Then,

inf
{∥∥Cx + b

∥∥, b ∈ X
+}

= inf{∥∥C(λ − A)(λ − A)−1x + b
∥∥, b ∈ X

+} ≥ λ inf{∥∥(λ −
A)−1Cx + z

∥∥, z ∈ X
+}. Positivity of Cx implies that inf

{∥∥Cx + b
∥∥, b ∈ X

+}
= 0 and so

inf{∥∥(λ−A)−1Cx+z
∥∥, z ∈ X

+} = 0. Hence (λ−A)−1Cx is positive and so (λ−A)−1 leaves

X
+
invariant. Now, inf

{∥∥Cx + b
∥∥, b ∈ X

+}
= inf{∥∥C(λ − A)2(λ − A)−2x + b

∥∥, b ∈ X
+}

≥ λ inf{∥∥(λ− A)(λ− A)−2Cx + z
∥∥, z ∈ X

+} ≥ λ2 inf{∥∥(λ −A)−2Cx + z
∥∥, z ∈ X

+}. Since
Cx is positive, it follows that (λ − A)−2 leaves CX

+
invariant. Using induction, one gets

(λ−A)−n CX
+ ⊆ CX

+
. But by Theorem 3.2 ([6]), T (t)x = lim

m→∞
(I − t

m
A)−mCx. It follows

that T (t) is a positive C-semigroup.

Remark 1.3. One can prove Theorem 1.3 by replacing the condition
∥∥Cx

∥∥ =

inf
{∥∥Cu + Cv

∥∥ : x = u − v, u, v ∈ X
+}

by the assumption CX+ = X
+
.

The proof goes as follows.

Proof. Now: let x ∈ D(A) and ε > 0. Then by the property of the space and the positivity

of the linear operator C, there exists u, v ∈ X
+
such that λCx−ACx = u− v and

∥∥λCx−
ACx

∥∥ ≥ ∥∥u + v
∥∥ − ε. Since CX+ = X

+
, there exist sequences

(
xn

)
,
(
yn

)
in X

+
such that

lim
n→∞

Cxn = u and lim
n→∞

Cyn = v. Hence lim
n→∞

C(xn + yn) = u + v and lim
n→∞

C(xn − yn) = u− v.

Continuity of the norm implies that lim
n→∞

∥∥C(xn + yn)
∥∥ =

∥∥u + v
∥∥ and lim

n→∞

∥∥C(xn − yn)
∥∥ =∥∥u − v

∥∥.
Now for ε > 0 there exist N such that for all n > N we have −ε <

∥∥C(xn + yn)
∥∥− ∥∥u +

v
∥∥ < ε or −ε +

∥∥u + v
∥∥ <

∥∥C(xn + yn)
∥∥ <

∥∥u + v
∥∥ + ε. Since (λ − A)D(A) = X, for each

n > N, there exist gn, hn ∈ D(A) such that xn = λgn − Agn and yn = λhn − Ahn. Since A
is C-dispersive, its closure A is C-dispersive too, and so for each n > N , we have

inf
{∥∥C(λ − A)gn + b

∥∥, b ∈ X
+} ≥ λ inf{∥∥Cgn + z

∥∥, z ∈ X
+}.

Since C(λ − A)gn ∈ X
+
, it follows that inf{∥∥C(λ − A)gn + b

∥∥, b ∈ X
+} = 0 and so

inf{∥∥Cgn + z
∥∥, z ∈ X

+} = 0 which implies that Cgn ∈ X
+
. Similarly Chn ∈ X

+
. Now

(λ − A)Cx = u − v = lim
n→∞

C(xn − yn) = lim
n→∞

(λ − A)C(gn − hn).

Since λ − A is a closed operator, one has

(λ − A)Cx = lim
n→∞

(λ − A)C(gn − hn) = (λ − A) lim
n→∞

C(gn − hn).

But λ − A is one-one. It follows that Cx = lim
n→∞

C(gn − hn).

Now
∥∥λCx−ACx

∥∥ ≥ ∥∥u+v
∥∥−ε ≥ ∥∥(λ−A)Cgn+(λ−A)Chn

∥∥−2ε =
∥∥(λ−A)C(gn+hn)

∥∥−
2ε ≥ λ inf{∥∥C(gn + hn) + 2b

∥∥, b ∈ X
+} − 2ε ≥ λ inf{∥∥Cgn + b + Chn + b

∥∥, b ∈ X
+} − 2ε.

Since
∥∥z + b

∥∥ ≥ ∥∥z − b
∥∥, z, b ∈ X

+
, it follows that

∥∥λCx − ACx
∥∥ ≥ λ

∥∥Cgn − Chn

∥∥ − 2ε,

and as n goes to infinity we have
∥∥λCx − ACx

∥∥ ≥ λ
∥∥Cx

∥∥ − 2ε. Since ε is arbitrary we

conclude that
∥∥λCx−ACx

∥∥ ≥ λ
∥∥Cx

∥∥. Further
∥∥Cx

∥∥ =
∥∥(λ−A)(λ−A)−1Cx

∥∥ =
∥∥C(λ−

A)(λ − A)−1x
∥∥ ≥ λ

∥∥(λ − A)−1Cx
∥∥. Using Theorem 4.3 ([5]), we obtain that A generates a

contraction C-semigroup. The rest of the proof goes as the proof of the theorem.
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II. Compact C-Semigroups. In this section we present necessary conditions and sufficient

conditions for a C-semigroup to be compact.

Proposition 2.1. Let T (t) be a strongly continuous C-semigroup of bounded linear opera-

tors on a Banach space X. If T (t) is compact for some t0 > 0, then CT (t) is compact for all

t > t0.

Proof. Suppose T (t0) is compact for some t0 > 0. Then, CT (t) = CT (t − t0 + t0) = T (t −
t0)T (t0). Thus CT (t) is compact for all t > t0.

Theorem 2.2. Let T (t) be a strongly continuous exponentially bounded C-semigroup of

bounded linear operators on a Banach space X. If T (t) is compact for all t > t0 for some

t0 > 0, then the map t → CT (t) is continuous from the big in the uniform operator topology

for all t > t0.

Proof. Let ‖T (s)‖ ≤ M for 0 ≤ s ≤ 1. Then for t > t0, the set Ut = {T (t)x : ‖x‖ ≤ 1} is

relatively compact. Now: for ε > 0, the collection W = {B(
T (t)x, ε

2(M+‖C‖)
)

: ‖x‖ ≤ 1} is an
open cover for the compact set Ut. So W has a finite subcover. Thus there exist x1 , x2 , ..., xN

in X such that
N⋃

i=1

B
(
T (t)x, ε

2(M+‖C‖)
)
covers Ut. That means for each x ∈ X ; ‖x‖ ≤ 1 there

exists j (j depends on x), 1 ≤ j ≤ N such that ‖T (t)x − T (t)xj‖ ≤ ε

2(M + ‖C‖) . But T (t)

is strongly continuous. So there exists h0 , 0 ≤ h0 ≤ 1 such that ‖T (t + h)xj − T (t)xj‖ ≤
ε/(2‖C‖) for 0 ≤ h ≤ h0 and all j, 1 ≤ j ≤ N.

Now, for 0 ≤ h ≤ h0, and x ∈ X ; ‖x‖ ≤ 1, set J = ‖CT (t + h)x − CT (t)x‖. Then:

J =
∥∥CT (t + h)x − CT (t + h)xj + CT (t + h)xj − CT (t)xj + CT (t)xj − CT (t)x

∥∥
≤ ∥∥CT (t + h)x − CT (t + h)xj

∥∥ +
∥∥CT (t + h)xj − CT (t)xj

∥∥ +
∥∥CT (t)xj − CT (t)x

∥∥
≤ ∥∥T (t)T (h)x − T (t)T (h)xj

∥∥ +
∥∥C

∥∥∥∥T (t + h)xj − T (t)xj

∥∥ +
∥∥C

∥∥∥∥T (t)xj − T (t)x
∥∥

≤ ∥∥T (h)
∥∥∥∥T (t)x − T (t)xj

∥∥ +
∥∥C

∥∥∥∥T (t + h)xj − T (t)xj

∥∥ +
∥∥C

∥∥∥∥T (t)xj − T (t)x
∥∥

≤ M
ε

2(M +
∥∥C

∥∥)
+

∥∥C
∥∥ ε

2
∥∥C

∥∥ +

∥∥C
∥∥ε

2(M +
∥∥C

∥∥)
=

ε

2
+

ε

2
= ε.

Thus CT (t) is continuous in the uniform operator topology.

Theorem 2.3. Let T (t) be a strongly continuous exponentially bounded C-semigroup of

bounded linear operators on a Banach space X. If T (t) is compact for some t0 > 0, then the

map t → C2T (t) is continuous from the big in the uniform operator topology for all t > t0.

Proof. Since T (t0) is compact, by Proposition 2.1 it follows that CT (t) is compact for all

t > t0. The rest of the proof is similar to the proof of Theorem 2.2 by taking Ut = {CT (t)x :∥∥x
∥∥ ≤ 1} and W = {B(

CT (t)x, ε

2(M+

∥∥C

∥∥)

)
:
∥∥x

∥∥ ≤ 1}.

Corollary 2.4. Let T (t) be a strongly continuous exponentially bounded C-semigroup such

that T (t) is compact for some t0 > 0. If Rang(C) is closed then the map t → T (t) is

continuous from the big in the uniform operator topology.
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Proof. Since T (t) is compact for some t0 > 0, by Theorem 2.3, it follows that C2T (t) is

continuous in the uniform operator topology. Further, since C is a bounded one-one linear

operator with a closed range, the Open Mapping Theorem implies that C−1 is bounded.

Hence T (t) is continuous in the uniform operator topology.

Theorem 2.5. Let T (t) be a strongly continuous C-semigroup of bounded linear operators

on a Banach space X with generator A such that
∥∥T (t)

∥∥ ≤ Meωt. If T (t) is compact for all

t > 0, then C2R(λ, A) is compact for all λ ∈ ρ(A).

Proof. Let λ ∈ ρ(A), λ ∈ R and λ > ω. Then by Theorem 3.3, ([4]) we have

CR(λ, A)x = R(λ, A)Cx =
∞∫
0

e−λsT (s)x ds.

Define Rt(λ, A)x = C
∫ ∞

t
e−λsT (s)xds =

∫ ∞
t

e−λsCT (s−t+t)xds =
∫ ∞

t
e−λsT (s−t)T (t)xds

= T (t)
∫ ∞

t
e−λsT (s − t)xds. Since T (t) is compact and the operator P, P (x) =

∞∫
t

e−λsT (s −
t)x ds is a bounded operator in L(X) for λ > ω and all t > 0, the operators Rt(λ, A) is

compact for all t > 0 and all λ ∈ R, λ > ω ≥ 0. Further,

‖Rt(λ, A) − C2R(λ, A)‖ = ‖C
∞∫
t

e−λsT (s) ds − C
∞∫
0

e−λsT (s) ds‖ ≤ ‖
t∫

0

e−λsCT (s) ds‖ ≤

M‖C‖
t∫

0

e(ω−λ)s ds . Since lim
t→0+

M
∥∥C

∥∥ t∫
0

e

(
ω−λ

)
s ds = 0, Rt(λ, A) is compact for all t > 0, it

follows that C2R(λ, A) is compact for all λ ∈ R, λ > ω ≥ 0.
Since C2R(λ, A) is compact for λ ∈ ρ(A) and λ > ω, the resolvent identity

C2R(µ, A) = C2R(λ, A) + (λ − µ)C2R(λ, A)R(µ, A)

implies C2R(µ, A) is compact that for any µ ∈ ρ(A).

Theorem 2.6. Let (T (t))t≥0 be a differentiable strongly continuous C-semigroup on a

Banach space X with generator A such that
∥∥T (t)

∥∥ ≤ Meωt. If: (i) R(C) is dense in X,
(ii) there exists λ0 ∈ ρ(A) such that R(λ0, A) is compact, (iii) T (t) is uniformly continuous,

then T (t) is compact for all t > 0.

Proof. Let λ0 ∈ ρ(A) and λ0 = 0. Define B(t)x =
∫ t

0
T (s)x ds. Then B ∈ L(X) and

AB(t)x = A
∫ t

0
T (s)x ds = T (t)x − Cx = (T (t) − C)x for all x ∈ D(C), Lemma 2.7 ([4]).

Hence −AB(t)x = (0 − A)B(t)x = (C − T (t))x. So B(t)x = R(0, A)(C − T (t))x.
Since D(A) and R(C) are both dense in X, B(t) = R(0, A)(C−T (t)). But R(0, A) is compact.

So B(t) is compact for all t > 0.
Now, since T (t) is uniformly continuous, B

′
(t) exists and

B
′
(t) = lim

h→0

1
h
(B(t + h) − B(t)) = lim

n→∞
n
(
B

(
t+ 1

n

)−B(t)
)

= lim
n→∞

n
(
R(0, A)

(
C−T

(
t+ 1

n

))−
R(0, A)(C − T (t))

)
= lim

n→∞
nR(0, A)

(
T (t) − T

(
t + 1

n

))
.

Define: Dn(t) = nR(0, A)
(
T (t) − T (t + 1

n
)
)
. Since R(0, A) is compact, it follows that

Dn(t) is compact for all t > 0 and all n ∈ N. But B
′
(t) =

d

dt

∫ t

0

T (s) ds = T (t), since T (t)

is uniformly continuous. Thus T (t) is compact for all t > 0.
For λ0 > 0, define S(t) = e−λ0tT (t). Then if A is the generator of T (t), then A − λ0 is

the generator of e−λ0tT (t). So if λ0 ∈ ρ(A − λ0), then 0 ∈ ρ(A).
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Theorem 2.7. Let T (t) be a strongly continuous C-semigroup of bounded linear operators

on a Banach space X with generator A such that
∥∥T (t)

∥∥ ≤ Meωt. If R(λ, A) is compact for

all λ ∈ ρ(A) and T (t) is uniformly continuous, then T (t) is compact for all t > 0.

Proof. Since R(λ, A) is compact for all λ ∈ ρ(A) and T (t) ∈ L(X) for all t > 0, it
follows that λR(λ, A)T (t) is compact. But, for λ ∈ R and λ > ω, we have CR(λ, A)x =

R(λ, A)Cx =
∞∫
0

e−λsT (s)x ds. Theorem 3.3 ([4]) now implies (noting that C is injective)

R(λ, A) = C−1
∞∫
0

e−λsT (s) ds. Let J = ‖λR(λ, A)T (t) − T (t)‖. Then

J = ‖λC−1
∞∫
0

e−λsT (s)T (t) ds−λ
∞∫
0

e−λsT (t) ds‖ = ‖λC−1
∞∫
0

e−λsCT (s+t) ds−λ
∞∫
0

e−λsT (t) ds‖

= ‖λC−1C
∞∫
0

e−λsT (s + t) ds − λ
∞∫
0

e−λsT (t) ds‖ = ‖λ
∞∫
0

e−λs(T (s + t) − T (t)) ds‖

≤ λ
∞∫
0

e−λs‖(T (s+ t)−T (t))‖ds =
b∫
0

e−λs‖(T (s+ t)−T (t))‖ds+
∞∫
b

e−λs‖(T (s+ t)−T (t))‖ds

≤ sup
0≤s≤b

‖(T (s + t) − T (t))‖
b∫
0

e−λsds +
∞∫
b

e−λsM(eω(s+t) + eωt)ds ≤ ε + Meωt( e(ω−λ)b

λ−ω
− e−λb

λ
),

which implies lim
λ→∞

sup‖λR(λ, A)T (t) − T (t)‖ ≤ ε for every b > 0. Since b is arbitrary, we

get lim
λ→∞

‖λR(λ, A)T (t) − T (t)‖ = 0. Thus T (t) is compact.
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