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Using recent estimates of the logarithmic derivative of a polynomial due to J.M.Anderson
and V.Ya.Eiderman, we prove sharp estimates of the logarithmic derivative f ′(reiθ)/f(reiθ)
of a meromorphic function f in the plane or in the unit disk outside sets of finite logarithmic
measures of values r.

È. Ý. ×èæèêîâ. Òî÷íûå îöåíêè ëîãàðèôìè÷åñêèõ ïðîèçâîäíûõ ìåîðîìîðôíûõ ôóíêöèé //
Ìàòåìàòè÷íi Ñòóäi¨. � 2007. � Ò.27, �2. � C.120�138.

Èñïîëüçóÿ ïîëó÷åííûå íåäàâíî Äæ. Ì. Àíäåðñîíîì è Â. ß. Ýéäåðìàíîì îöåíêè ëîãà-
ðèôìè÷åñêîé ïðîèçâîäíîé ïîëèíîìà, äîêàçàíû òî÷íûå îöåíêè ëîãàðèôìè÷åñêîé ïðîèç-
âîäíîé f ′(reiθ)/f(reiθ) ïðîèçâîëüíîé ìåðîìîðôíîé ôóíêöèè f â ïëîñêîñòè èëè åäèíè÷íîì
êðóãå âíå ìíîæåñòâ êîíå÷íîé ëîãàðèôìè÷åñêîé ìåðû çíà÷åíèé r.

1. Introduction and main results. We assume that the reader is familiar with standard

notation and fundamental results of the theory of meromorphic functions in C ([1], [2]). We

denote by mesE the Lebesgue measure of a measurable set E ⊂ R. The symbol C with

indices stands for some positive constants that depend on variables going in braces. We

write a(r) � b(r) if C1a(r) ≤ b(r) ≤ C2a(r) for some positive constants C1 and C2, and

a(r) ∼ b(r) if limr→R a(r)/b(r) = 1, 0 < R ≤ +∞. We write arg z for the value of Arg z
from the interval [−π, π).

Let f be a meromorphic function in a domain D(0, R), 0 < R ≤ +∞, where D(z, r) =
{ζ ∈ C : |ζ − z| < r}. Estimates of the so-called logarithmic derivative f ′(z)/f(z) or, more

general, of the expression f (k)(z)/f(z), k ∈ N, play an important role in the Nevanlinna

theory [1, 2] and complex differential equations [3], [7], [8], [9]. A sharp upper estimate for

m(r, f ′/f) via T (ρ, f) where f is meromorphic in D(0, R), 0 < r < ρ < R is proved by

A. Gol'dberg and V. Grinshtein in [4] (see also [6]). If we estimate m(r, f ′/f) via T (r, f),
then an exceptional set can appear. Sharp estimates of m(r, f ′/f) outside sets of finite

logarithmic measure were obtained by J. Miles [5] for the cases R = ∞ and R = 1 without

any restrictions on the growth of a meromorphic function f in D(0, R).
But in differential equations we need uniform estimates of the logarithmic derivative.

There are always exceptional sets, except trivial cases, because the logarithmic derivative of

f has simple poles at the zeros and poles of f .
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The following theorem is due to G.Gundersen.

Theorem A ([7]). Let f be a transcendental meromorphic function in C. Let α > 1 be

a constant, and k and j be integers satisfying k > j ≥ 0. Let nj(r) denote the counting

function of all the zeros and poles of f (j). Then the following two statements hold:

(a) There exists a set E1 ⊂ (1,∞) which has finite logarithmic measure, and a constant

C > 0, such that for all z satisfying |z| 6∈ E1 ∪ [0, 1], we have (with r = |z|)∣∣∣∣f (k)(z)

f (j)(z)

∣∣∣∣ ≤ C

(
T (αr, f)

r
+
nj(αr)

r
(log r)α log+ nj(αr)

)k−j
. (1.1)

(b) There exists a set E2 ⊂ [0, 2π) which has linear measure zero, and a constant C > 0,
such that if θ ∈ [0, 2π) \E2, then there is a constant R = R(θ) > 0 such that (1.1) holds for

all z satisfying arg z = θ and |z| ≥ R.

For meromorphic functions of finite order in C this theorem gives sharp estimates. In the

next result, ρ denotes the order of f as a meromorphic function in C.

Corollary B ([7]). Let f be a transcendental meromorphic function in C of finite order ρ.
Let ε > 0 be a constant, and k and j be integers satisfying k > j ≥ 0.

Then the following two statements hold:

(a) There exists a set E1 ⊂ (1,∞) which has finite logarithmic measure, such that for all z
satisfying |z| 6∈ E1 ∪ [0, 1], we have∣∣∣∣f (k)(z)

f (j)(z)

∣∣∣∣ ≤ |z|(k−j)(ρ−1+ε). (1.2)

(b) There exists a set E2 ⊂ [0, 2π) which has linear measure zero, such that if θ ∈
[0, 2π) \ E2, then there is a constant R = R(θ) > 0 such that (1.2) holds for all z satisfying

arg z = θ and |z| ≥ R.

For other results that have the same nature as Theorem A and the corollary, see [7]. The

gamma function gives an example [7, p. 102] which shows that the inequality (1.2) is sharp

for both (a) and (b) in Corollary B, because for both (a) and (b), the constant �ρ− 1+ ε� in
(1.2) cannot be replaced by �ρ−1.� A counterpart of Theorem A for meromorphic functions

in the unit disk is proved in [8] (see also [9]).

In connection with Theorem A it is natural to ask the following question.

Question 1. Is it possible to replace the expression `
nj(αr)

r
(log r)α log+ nj(αr)' with a smaller

one?

Theorem 1 yields an affirmative answer to Question 1.

Theorem 1. Let f be a non-constant meromorphic function in C. Let α > 1 be a constant,

ψ a positive non-decreasing function on (0,+∞) satisfying
∫ ∞
0

dt
ψ(t)

< +∞. Then there exists

a sequence of disks Dj = D(zj , rj) (|zj| > 0) such that
∑

j rj/|zj| < +∞ and∣∣∣f ′(z)
f(z)

∣∣∣ ≤ C(α)
(T (αr, f)

r
+
n(αr, 0,∞, f)

r

√
log+ n(αr, 0,∞, f)ψ(log(αr))

)
, z 6∈

⋃
j

Dj,

(1.3)

where C(α) = 4α(
√
α− 1)−2.



122 I. E. CHYZHYKOV

Corollary 1. Suppose that the assumptions of Theorem 1 hold. There exists a set E ⊂
[0, 2π) which has linear measure zero, and a constant C > 0, such that if θ ∈ [0, 2π) \ E,

then there is a constant R > 0 such that (1.3) holds for all z satisfying arg z = θ and |z| ≥ R.

The proof easily follows from the assertion of Theorem 1 in a standard manner (see [7]).

Both addends in the right-hand side of estimate (1.3) are sharp up to a constant factor.

For the non-vanishing entire function g(z) = exp{zρ}, ρ ∈ N we have T (r, g) � rρ, and∣∣∣f ′(reiϕ)
f(reiϕ)

∣∣∣� rρ−1 as r → ∞. It shows that the first addend in the right-hand side of estimate

(1.3) is the best possible.

Theorem 2. For an arbitrary ρ ∈ (0,+∞) and an arbitrary positive non-decreasing function

ψ satisfying
∫ ∞
0

dt
ψ(t)

= +∞ there exists an entire function such that n(r, 0, g) � T (r, g) � rρ

as r → +∞, and for any covering {Dj}, Dj = D(zj, rj), zj 6= 0 of the set{
z ∈ C :

∣∣∣g′(z)
g(z)

∣∣∣ ≥ n(r, 0, g)

r

√
log+ n(r, 0, g)ψ(log+ r)

}
(1.4)

we have
∑

j rj/|zj | = +∞.

Theorem 1 yields a `good' estimate for the logarithmic derivative of a meromorphic

functions of finite order. If f has infinite order, then T (αr, f) cannot be compared with

T (r, f) as r → +∞.

Question 2. What is the best possible upper estimate of the logarithmic derivative in the

class of meromorphic functions in D(0, R), 0 < R ≤ ∞, if α = 1?

In 1993 Sh. Strelitz [10] obtained some estimates when α = 1 and r → ∞ outside

exceptional sets of various types. Here we confine by exceptional sets of finite logarithmic

measure. Our results improve the mentioned estimates of Strelitz in this case.

Theorems 3 and 5 address Question 2.

In order to formulate the next result let us introduce some classes of positive functions

which have �non-oscilating� minorants.

Definition 1. Let A > 0. We say that a function ψ : (0,+∞) → (0,+∞) belongs to the

class Ψ(A) if there exist a constant t0 ≥ 1 and a function φ(t) such that ψ(t) ≥ φ(t)
(t ≥ t0), ε(x) = φ(x)/x is non-decreasing,

∫ ∞ dt
φ(t)

< +∞ and E ′(t)E(t) ≤ A (t ≥ t0), where

E(t) = log ε(et).

We note that the imposed conditions do not restrict the growth of the function ψ.

Theorem 3. Let f be a meromorphic function in C, A > 0, ψ ∈ Ψ(A), l ∈ N. Then there

exists a measurable set F ⊂ R+ such that
∫
F
dr
r
< +∞ and for |z| 6∈ F ∪ [0, 1] we have∣∣∣f (l)(z)

f(z)

∣∣∣ ≤ C(A)
(T (r, f)ε2(T (r, f))

r
+
n(r, 0,∞, f)ε(n(r, 0,∞, f))

√
log+ n(r, 0,∞, f)

r

)l
,

(1.5)

where ε(t) = ψ(t)/t, C(A) is a constant.

Corollary 2. Supppose that the assumptions of Theorem 3 are satisfied. Then there exists

a measurable set F ⊂ R+ such that
∫
F
dr
r
< +∞ and for |z| 6∈ F ∪ [0, 1] we have∣∣∣f (l)(z)

f(z)

∣∣∣ ≤ C(A)
(T (r, f)ε2(T (r, f))

√
log+ T (r, f)

r

)l
, (1.6)

where ε(t) = ψ(t)/t, C(A) is a constant.
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Remark 1. We note that the choices ε(x) = xp, p > 0 or ε(x) = (log(x + 3))q, or ε(x) =
log(x+ 3)(log log(x+ 3))q, q > 1 is always possible.

Remark 2. Under conditions of Corollary 2 for l = 1 the corollary from [10, p.133] yields

the estimate
|f ′(reiθ)|
|f(reiθ)| ≤ C

T (r, f) log3+η T (r, f) log r log1+η log r

r
,

for arbitrary η > 0 outside a set of finite logarithmic measure of values r. Choosing ε(x) =
(log(x+ 3))1+η, η > 0, by Corollary 2 we obtain the estimate

|f ′(z)|
|f(z)| ≤ C

r
T (r, f) log5/2+η T (r, f).

It looks like the exponent 5/2 in the last estimate cannot be improved in this situation.

Remark 3. Using methods similar to that used in the proof of Theorem 2, it is possible to

construct an entire function f of infinite order such that | f ′(r)
f(r)

| ≥ ψ(n(r,0,f))
√

logn(r,0,f)

r
on a

set of infinite logarithmic measure, where ψ satisfies
∫ ∞
1

dx
ψ(x)

= +∞. But the author cannot

obtain a `good' estimate for T (r, f) in this case.

Our proofs of the theorems are based on the recent deep results by J.M. Anderson and

V.Ya.Eiderman [11], [12] (cf. Lemma 6).

Theorem C ([11, 12]). Let Z = {z1, z2, . . . , zN} ⊂ C, N > 1. There is an absolute

constant c such that for every P > 0 there exists a finite set of disks Dj = D(wj, rj) with

the properties:

(1)
∣∣∣∑N

k=1
1

z−zk

∣∣∣ < P , z ∈ C \ ⋃
j Dj; (2)

∑
j rj <

c
P
N
√

logN ; (3) (∀j) Dj ∩ Z 6= ∅.

Remark 4. Property (3) from Theorem C is not included in the formulation of the theorem

in [11], but it follows from the next arguments communicated to the author by V.Eiderman.

Proof of property (3). Consider the open set D =
⋃
j Dj. It can be represented as a finite

union of pairwise disjoint domains ∆k, D =
⊔
k ∆k. Take an arbitrary k, then two cases

are possible. If ∆k ∩ Z = ∅, then, by Theorem C, estimate (1) holds on ∂∆k and F (z) =∑N
n=1

1
z−zn

is analytic in ∆k. By the maximum principle |F (z)| < P for z ∈ ∆k. Thus, we

can exclude ∆k from the exceptional set. If ∆k ∩ Z 6= ∅, recall that ∆k =
⋃pk

m=1Djm is

a finite connected union of discs. If pk = 1, there is nothing to prove. Otherwise, consider

a pair of discs from this union with non-empty intersection. For simplicity assume that

these are Dj1 and Dj2. Let ζ1 = wj1, ζ2 = wj2, ρ1 = rj1, ρ2 = rj2, ω = ζ2−ζ1
|ζ2−ζ1| . Then

Dj1 ∪ Dj2 ⊂ D(ζ∗, ρ1 + ρ2), where ζ
∗ = 1

2
(ζ1 + ζ2 + (ρ2 − ρ1)ω). In fact, let w ∈ Dj2, i.e.

|w − ζ2| < ρ2. Then

|w − ζ∗| =
∣∣∣w − ζ2 +

ζ2 − ζ1
2

− ρ2 − ρ1

2
ω
∣∣∣≤ |w − ζ2| +

∣∣∣ |ζ2 − ζ1|
2

ω − ρ2 − ρ1

2
ω
∣∣∣<

< ρ2 +
1

2
||ζ2 − ζ1| − (ρ2 − ρ1)|.

Since Dj1 ∩Dj2 6= ∅, we have ||ζ2 − ζ1| − ρ2| ≤ ρ1 by the triangle inequality. The latter two

inequalities give |w − ζ∗| < ρ2 + ρ1, i.e. w ∈ D(ζ∗, ρ1 + ρ2).
Repeating this procedure at most pk − 1 times we obtain a disc D(ζk, ρk) ⊃ ∆k, where

ρk =
∑pk

m=1 rjm It means that we can enlarge the exceptional set changing ∆k by the disc

D(ζk, ρk) and preserving the properties (1) and (2) from Theorem C. By the construction

D(ζk, ρk) ∩ Z 6= ∅.
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Similar assertions to Theorems 1 and 3 can be proved for the logarithmic derivative of

the meromorphic functions in the unit disk. Let σ[f ] = lim
r↑1

log+ T (r, f)

− log(1 − r)
be the lower order

of a meromorphic function f in the unit disk.

Theorem 4. Let f be a meromorphic function in D, l ∈ N. Let β ∈ (0, 1) be a constant, ψ
a positive non-decreasing function on (0,+∞) satisfying

∫ ∞
0

dt
ψ(t)

< +∞. Then there exists a

sequence of disks Dj = D(zj , rj) (1 > |zj | > 0) such that
∑

j rj/(1 − |zj|) < +∞ and

∣∣∣f (l)(z)

f(z)

∣∣∣ ≤ C(l, β)
(T (1 − β(1 − r), f)

(1 − r)2
+

+
n(1 − β(1 − r), 0,∞, f)

1 − r

√
log+ n(1 − β(1 − r), 0,∞, f)ψ

(
log

1

β(1 − r)

))l
, z 6∈

⋃
j

Dj .

(1.7)

Corollary 3. Suppose that the assumptions of Theorem 4 hold. There exists a set E ⊂
[0, 2π) which has linear measure zero, and a constant C > 0, such that if θ ∈ [0, 2π) \ E,

then there is a constant R = R(θ) ∈ (0, 1) such that for all z satisfying arg z = θ and

R ≤ |z| < 1, we have that (1.7) holds.

The proof of the corollary is standard and similar to that in [8].

Definition 2. Let A > 0. We say that a function ψ : (0,+∞) → (0,+∞) belongs to the

class Φ(A) if there exist a constant t0 ≥ 1 and a function φ(t) such that ψ(t) ≥ φ(t)
(t ≥ t0), ε(x) = φ(x)/x ≥ 1 is non-decreasing,

∫ ∞ dt
φ(t)

< +∞ and E ′(t) ≤ A (t ≥ t0), where

E(t) = log ε(ee
t
).

Theorem 5. Let f be a meromorphic function in D, σ[f ] > 0, l ∈ N, ε : (0,+∞) → (0,+∞)
such that ψ(x) = xε(x) ∈ Φ(1). Then there exists a measurable set F ⊂ [0, 1) such that∫
F

dr
1−r < +∞ and

∣∣∣f (l)(z)

f(z)

∣∣∣ ≤ C(l)
(T (r, f)(ε(T (r, f)))2

(1 − r)2
+

+
n(r, 0,∞, f)ε(n(r, 0,∞, f))

√
log+ n(r, 0,∞, f)

1 − r

)l
, r ↑ 1, r 6∈ F. (1.8)

Remark 5. It is plausible that Theorem 4 is best possible in the same sense that Theorem 2.

2. Preliminaries. Let f be a meromorphic function in D(0, R0), 0 < R0 ≤ ∞, {aµ} and

{bν} denote the sequences of all zeros and poles of f , respectively. We have the following

representation [1, Theorem 2.4, p.17] (|z| = r < R).( d

dz

)k−1f ′(z)
f(z)

=
k!

π

∫ 2π

0

log |f(Reiθ)|Reiθ dθ
(Reiθ − z)k+1

−

−(k − 1)!
∑

|aµ|<R

( 1

(aµ − z)k
− (aµ)

k

(R2 − aµz)k

)
+ (k − 1)!

∑
|bν |<R

( 1

(bν − z)k
− (bν)

k

(R2 − bνz)k

)
.

(2.1)
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Hence for k = 1 we have∣∣∣f ′(z)
f(z)

∣∣∣≤ R

π

∫ 2π

0

| log |f(Reiθ)|| dθ
|Reiθ − z|2 +

∣∣∣ ∑
|aµ|<R

1

z − aµ

∣∣∣+∣∣∣ ∑
|bν |<R

1

z − bν

∣∣∣+
+

∣∣∣ ∑
|aµ|<R

1

z − R2

aµ

∣∣∣+∣∣∣ ∑
|bν |<R

1

z − R2

bν

∣∣∣≡ I + Σ1 + Σ2 + Σ3 + Σ4. (2.2)

The estimate of the integral I is standard:

I ≤ R

π(R− r)2

∫ 2π

0

(
log+ |f(Reiθ)| + log+

∣∣∣ 1

f(Reiθ)

∣∣∣) dθ ≤
≤ 2R

(R − r)2
(m(R, f) +m(R, 1/f)) ≤ 4R

(R− r)2
(T (R, f) +O(1)), R ↑ R0. (2.3)

In order to estimate Σj , j ∈ {1, 2, 3, 4} we use Theorem C, which plays a key role in our

proof.

Lemma 1. Let (αν) be a sequence of positive numbers increasing to R0 ∈ (0,+∞], ϕ a

non-decreasing positive function, (cν) a sequence of complex numbers in D(0, R0) without

accumulation points in D(0, R0) listed according the multiplicities and ordered by increasing

moduli and let n(r) denote the counting function of the sequence (cν). Then for every ν ∈ N

and αν−1 < |z| ≤ αν we have∣∣∣∣ ∑
|cµ|≤αν+1

1

z − cµ

∣∣∣∣ +

∣∣∣∣ ∑
|cµ|≤αν+1

1

z − α2
ν+1

cµ

∣∣∣∣ ≤
≤ 2ϕ(αν+1)

αν+1

n(αν+1)
√

log+ n(αν+1) +
2n(αν−2)

αν−1 − αν−2

, z 6∈
⋃
j

D(zνj , rνj) (2.4)

where

αν−2 − cαν+1

ϕ(αν+1)
≤ |zνj | ≤ α2

ν+1

αν−2

+
cαν+1

ϕ(αν+1)
, (2.5)

c is an absolute constant from Theorem C,
∑

j rνj ≤ 2cαν+1

ϕ(αν+1)
n(αν+1)−n(αν−2)

n(αν+1)
.

Proof of the lemma. We write Aν = {ζ : αν−1 < |ζ | ≤ αν}. Estimate the first sum in (2.4).

First, we suppose that n(αν+1) − n(αν−2) > 1. We set

Pν =
ϕ(αν+1)

αν+1
n(αν+1)

√
log+ n(αν+1). (2.6)

Applying Theorem C to the set of {cµ} that are contained in Aν−1 ∪Aν ∪Aν+1 we conclude

that there exist disks Dνj = D(zνj , rνj), 1 ≤ j ≤ jν such that∣∣∣∣ ∑
αν−2<|cµ|≤αν+1

1

z − cµ

∣∣∣∣ ≤ ϕ(αν+1)

αν+1

n(αν+1)
√

log+ n(αν+1), z ∈ Aν \
⋃
j

Dνj (2.7)

jν∑
j=1

rνj ≤ c
αν+1

ϕ(αν+1)

n(αν+1) − n(αν−2)

n(αν+1)
, (2.8)

αν−2 − c
αν+1

ϕ(αν+1)
≤ |zνj | ≤ αν+1 + c

αν+1

ϕ(αν+1)
. (2.9)
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On the other hand, for z ∈ Aν∣∣∣∣ ∑
|cµ|≤αν−2

1

z − cµ

∣∣∣∣ ≤ n(αν−2)

αν−1 − αν−2

. (2.10)

Hence, using (2.7) we obtain∣∣∣∣ ∑
|cµ|≤αν+1

1

z − cµ

∣∣∣∣ ≤ ϕ(αν+1)

αν+1

n(αν+1)
√

log+ n(αν+1) +
n(αν−2)

αν−1 − αν−2

. (2.11)

Consider the second sum in (2.4). If |cµ| ∈ [αν−2, αν+1], then αν+1 ≤ |c∗µ| ≤ α2
ν+1

αν−2
, where

c∗µ = α2
ν+1/cµ. Applying Theorem C to the set of all those {c∗µ} such that cµ ∈ Aν−1∪Aν∪Aν+1

with P = Pν we obtain a finite collection of disks D̃νj = D(z̃νj, r̃νj) (1 ≤ j ≤ j̃ν) such that∣∣∣∣ ∑
αν−2<|cµ|≤αν+1

1

z − α2
ν+1

cµ

∣∣∣∣ ≤ 2ϕ(αν+1)

αν+1
n(αν+1)

√
log+ n(αν+1), z ∈ Aν \

⋃
j

D̃νj, (2.12)

jν∑
j=1

r̃νj ≤ c
αν+1

ϕ(αν+1)

n(αν+1) − n(αν−2)

n(αν+1)
, (2.13)

αν+1 − c
αν+1

ϕ(αν+1)
≤ |z̃νj | ≤ α2

ν+1

αν−2

+ c
αν+1

ϕ(αν+1)
. (2.14)

Similarly to (2.10) we have ∣∣∣∣ ∑
|cµ|≤αν−2

1

z − α2
ν+1

cµ

∣∣∣∣ ≤ n(αν−2)
α2

ν+1

αν−2
− αν

. (2.15)

From the last inequality and (2.12) we obtain∣∣∣∣ ∑
|cµ|≤αν+1

1

z − α2
ν+1

cµ

∣∣∣∣ ≤ ϕ(αν+1)

αν+1
n(αν+1)

√
log+ n(αν+1) +

n(αν−2)
α2

ν+1

αν−2
− αν

. (2.16)

Relationships (2.7), (2.11), (2.12), (2.16) yield∣∣∣∣ ∑
|cµ|≤αν+1

1

z − cµ

∣∣∣∣ +

∣∣∣∣ ∑
|cµ|≤αν+1

1

z − α2
ν+1

cµ

∣∣∣∣ ≤
≤ 2ϕ(αν+1)

αν+1

n(αν+1)
√

log+ n(αν+1) +
2n(αν−2)

αν−1 − αν−2

, z ∈ Aν \
( jν⋃
j=1

Dνj ∪
j̃ν⋃
j=1

D̃νj

)
, (2.17)

because
α2

ν+1

αν−2
− αν ≥ αν

(
αν

αν−2
− 1

)
≥ αν − αν−2 > αν−1 − αν−2.

Moreover, according to (2.9) and (2.14), every zνj , 1 ≤ j ≤ jν and z̃νj, 1 ≤ j ≤ j̃ν
satisfies (2.5). By (2.8) and (2.13)

jν∑
j=1

rjν +

j̃ν∑
j=1

r̃jν ≤ 2cαν+1

ϕ(αν+1)

n(αν+1) − n(αν−2)

n(αν+1)
. (2.18)
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And the lemma is proved when n(αν+1) − n(αν−2) > 1.
If n(αν+1) − n(αν−2) = 0 inequalities (2.7) and (2.12) are trivial, and using (2.10) and

(2.15) we obtain (2.4) without exceptional sets. If n(αν+1)−n(αν−2) = 1, we have |z−cµ|−1 ≤
ϕ(αν+1)n(αν+1)/αν+1 and |z − c∗µ|−1 ≤ ϕ(αν+1)n(αν+1)/αν+1 outside D(cµ,

αν+1

ϕ(αν+1)n(αν+1)
) ∪

D(c∗µ,
αν+1

ϕ(αν+1)n(αν+1)
) for the unique cµ ∈ Aν−1 ∪Aν ∪Aν+1. Therefore (2.7)�(2.9) and (2.12)�

(2.14) hold. Consequently we obtain the statement of Lemma 1.

The following two lemmas justify the definitions of the classes Ψ(A) and Φ(A).

Lemma 2. Let A > 0, B > 0, ψ : (0,+∞) → (0,+∞). Let
∫ ∞
0

dt
ψ(t)

< +∞ and there exist

a constant t0 ≥ 1 such that ε(x) = ψ(x)/x is non-decreasing, and E ′(t)E(t) ≤ A (t ≥ t0),
where E(t) = log ε(et). Then:

(i) ε(BTε(T )) ≤ (eA + o(1))ε(T ), as T → +∞; (ii) ε(BT ) = (1 + o(1))ε(T ) as T → +∞.

Proof. Under our assumptions E(t) is non-decreasing unbounded and E ′(t)E(t) ≤ A for

all sufficiently large t. We put R = logT . Let T be such that logB + E(R) > 0. Then

ε(BTε(T ))/ε(T ) = exp
{

log ε(BTelog ε(T ))−log ε(T )
}

= exp
{
E(R+logB+E(R))−E(R)

}
=

exp{E ′(ξ)(E(R) + logB)} where ξ ∈ (R,R + E(R) + logB) by the Largange theorem.

Now, by the definition of Ψ(A) we obtain ε(BTε(T ))/ε(T ) ≤ exp
{

A
E(ξ)

(E(R) + logB)
}

≤
exp

{
A + A logB

E(R)

}
= eA(1 + o(1)), r → +∞, and (i) is proved. Part (ii) can be proved

similarly.

The next two lemmas concern the unit disk case.

Lemma 3. Let A1, A2 > 0, B > 0. Let ψ : (1,+∞) → (0,+∞) satisfy
∫ ∞
0

dt
ψ(t)

< +∞ and

there exist a constant t0 ≥ 1 such that ε(x) = ψ(x)/x is non-decreasing, and E ′(t) ≤ A1

(t ≥ t0), where E(t) = log ε(ee
t
). Let b : (0,+∞) → (0,+∞) satisfy log b(t) ≤ A2 log t, t ≥ t0.

Then

ε(b(T )T ) ≤ (1 + A2)
A1ε(T ), T → +∞.

The proof is similar to that of Lemma 2.

Lemma 4. Let v : [r0, 1) → [v0,+∞) be a non-decreasing unbounded function, let

ε : [v0,+∞) → [1,+∞) be a non-decreasing function such that
∫ ∞
v0

dv
vε(v)

< +∞. Then

v
(
r exp

{
1−r
ε(v(r))

})
≤ ev(r), r 6∈ E ⊂ [0, 1),

∫
E

dr
1−r < +∞.

Proof. We use the following generalization of the classical Borel-Nevanlinna Theorem.

Theorem D. Let u : [r0,+∞) → R be a non-decreasing unbounded function, (u0 = u(r0)),
ϕ : [u0,+∞) → R be a non-increasing function such that ϕ(u) → 0 as u → +∞ and∫ ∞
u0
ϕ(u) du < +∞. Then for all r ≥ r0 except, possibly, a set of finite measure

u
(
r + ϕ(u(r))

)
< u(r − 0) + 1.

In the case, when u and ϕ are continuous, this theorem is well-known ([1, 3]). The general

case can be proved using similar arguments (see [14, Theorem 1.1, p.7], [3] for details.)

Following J.Miles [5] we write 1 + ex = 1
1−r , i.e. r = ex

ex+1
,

u(x)
def
= log v

( ex

ex + 1

)
= log v(r) > 0
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for x ≥ x0 log r0
1−r0 , provided that v(r) > 1 for r ≥ r0.

Since ε(x) is non-decreasing we can choose a continuous function ε1 : [v0,+∞) → [1,+∞)
such that ε1(x) ≤ ε(x)/2, x ≥ v0 and still

∫ ∞
v0

dv
vε1(v)

< +∞.

We define β(u) = ε1(e
u). Then∫ ∞

u(x0)

du

β(u)
=

∫ ∞

eu(x0)

ds

sε(s)
<∞.

By Theorem D

u
(
x+

1

β(u(x))

)
≤ u(x) + 1, x 6∈ F (2.19)

where F ⊂ [0,+∞) is of finite measure. Let E = {r = ex

ex+1
: x ∈ F}. Then

mesF =

∫
F∩[x0,∞)

dx =

∫
E∩[r0,1)

(1

r
+

1

1 − r

)
dr < +∞,

i.e. E is of finite logarithmic measure on [0, 1). Since β(u(x)) = ε1(v(r)), (2.19) is equivalent

to log v
(

exp{x+1/β(u(x))}
exp{x+1/β(u(x))}+1

)
≤ log v

(
ex

ex+1

)
+ 1, x 6∈ F, or

v
(
1 − 1

1 + r
1−re

1
ε(v(r))

)
≤ ev(r), r ∈ [0, 1) \ E.

But as r ↑ 1

1 − 1

1 + r
1−re

1
ε(v(r))

= r
(
1 +

(1 − r)(e
1

ε1(v(r)) − 1)

1 + r(e
1

ε1(v(r)) − 1)

)
= r

(
1 +

(1 + o(1))(1 − r)

ε1(v(r))

)
.

Therefore, v
(
r exp

{
1−r
ε(v(r))

})
≤ ev(r) for r ≥ r1, r 6∈ E, r1 ∈ [0, 1) as required.

3. Proofs of the main results.

3.1. The plane case.

Proof of Theorem 1. Let us estimate
∑

j, 1 ≤ j ≤ 4 from (2.2). We may suppose that

n(r, 0, f) and n(r,∞, f) are unbounded. Otherwise, corresponding sums are bounded as

R → +∞.

Given α > 1 we put αν =
√
αν , Aν = {ζ : αν−1 < |ζ | ≤ αν}, ν ∈ N, ϕ(t) = ψ(log+ t).

Fixing ν ∈ N we apply Lemma 1 to the zero set {aµ} of f , which lay in Aν−1 ∪ Aν ∪ Aν+1,

R0 = ∞. There exists a finite collection of disks Dνj = D(zνj, rνj) (1 ≤ j ≤ jν) such that∣∣∣∣ ∑
|aµ|≤αν+1

1

z − aµ

∣∣∣∣ +

∣∣∣∣ ∑
|aµ|≤αν+1

1

z − α2
ν+1

aµ

∣∣∣∣ ≤ 2n(αν−2, 0, f)

αν−1 − αν−2

+

+
2ψ(logαν+1)

αν+1
n(αν+1, 0, f)

√
log+ n(αν+1, 0, f) ≤

≤ 2ψ(log(αr))√
αr

n(αr, 0, f)
√

log+ n(αr, 0, f) +
2n(αr, 0, f)

r(1 −√
α)

, z ∈ Aν \
jν⋃
j=1

Dνj.
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Similarly, there exists a finite collection of disks D∗
νj = D(z∗νj, r

∗
νj) (1 ≤ j ≤ j∗ν) such that∣∣∣∣ ∑

|bµ|≤αν+1

1

z − bµ

∣∣∣∣ +

∣∣∣∣ ∑
|bµ|≤αν+1

1

z − α2
ν+1

bµ

∣∣∣∣ ≤ 2n(αν−2,∞, f)

αν−1 − αν−2
+

+
2ψ(logαν+1)

αν+1

n(αν+1,∞, f)
√

log+ n(αν+1,∞, f) ≤

≤ 2ψ(log(αr))√
αr

n(αr,∞, f)
√

log+ n(αr,∞, f) +
2n(αr,∞, f)

r(1 −√
α)

, z ∈ Aν \
j∗ν⋃
j=1

D∗
νj.

Therefore

|Σ1 + Σ2 + Σ3 + Σ4| ≤ 2n(αr, 0,∞, f)

r

√
log+ n(αr, 0,∞, f)ψ(log(αr)). (3.1)

By (2.3) |I| ≤ 4αν+1

(αν+1−r)2 (T (αν+1, f) + O(1)) ≤ 4α
(
√
α−1)2r

(T (αr, f) + O(1)). Substituting the

latter estimates in (2.2) we obatin (|z| = r)∣∣∣f ′(z)
f(z)

∣∣∣ ≤ 4α

(
√
α− 1)2

(T (αr, f)

r
+
n(αr, 0,∞, f)

r

√
log+ n(αr, 0,∞, f)ψ(log(αr))

)
, (3.2)

z ∈ C \ Ω, where Ω =
⋃∞
ν=1

(⋃jν
j=1Dνj ∪

⋃j∗ν
j=1D

∗
νj

)
. It remains to estimates the exceptional

set Ω. By Lemma 1 we have

αν+1

(
1/
√
α3 − c/ψ(log(αν+1))

)
≤ |zνj| ≤ αν+1

(
(
√
α3 + c/ψ(log(αν+1))

)
.

Thus, α−2 ≤ |zνj|/αν+1 ≤ α2 for all ν greater than some ν1. Hence,

∞∑
ν=ν1

jν∑
j=1

rνj
|zνj| ≤

∞∑
ν=ν1

jν∑
j=1

α2rνj
αν+1

≤
∞∑
ν=1

2cα2

ψ(log(αν+1))
=

∞∑
ν=1

2cα2

ψ(ν
2
log(α))

<∞.

Similarly,
∑∞

ν=1

∑j∗ν
j=1 r

∗
νj/|z∗νj| <∞. Theorem 1 is proved.

Proof of Theorem 3. Let A > 0, ψ ∈ Ψ(A), φ(t) is a corresponding function from the

definition of the class Ψ(A), ε(t) = φ(t)/t. We shall write T (r) and n(r, a) instead of T (r, f)
and n(r, a, f), respectively, and n(r) instead of n(r, 0,∞, f).

It is sufficient to prove (1.5) for ε instead of ε. We define a sequence (αν) by the induction.
Let α0 be such that min{n(α0, 0), n(α0,∞)} ≥ 1,

αν+1 = αν exp

{
1

3eAε(T (
α2

ν+1

αν
))

}
, ν ∈ Z+. (3.3)

The definition is correct, because for h1(x) = x, h2(x) = αν exp
{

1

3eAε(T ( x2

αν
))

}
, ν ∈ Z+,

h1(αν) < h2(αν), h1(x) ↑ +∞, h2(x) ↓ 0 as x→ +∞. Therefore, there exists the unique αν+1

such that h1(αν+1) = h2(αν+1). Moreover, from (3.3) it follows that αν ↑ +∞ (ν → +∞).
Without loss of generality we may assume that f(0) = 1. Then, it is well-known that

for ∆ > 0, ρ > 0, ρ′ = ρe∆, n(ρ, a) ≤ T (ρ′)/∆ for a ∈ {0,∞}. We choose ρ = αν+1,

ρ′ = α2
ν+1/αν , and consequently, ∆ = 1/(3eAε(T (α2

ν+1/αν))). Then

n(αν+1, a) ≤ 3eAT
(α2

ν+1

αν

)
ε
(
T

(α2
ν+1

αν

))
, a ∈ {0,∞}. (3.4)
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Applying Lemma 2 with B = 3eA, we obtain (a ∈ {0,∞})

ε(n(αν+1, a)) ≤ ε

(
3eAT

(α2
ν+1

αν

)
ε
(
T

(α2
ν+1

αν

)))
≤ (eA + o(1))ε

(
T

(α2
ν+1

αν

))
, ν → +∞ .

(3.5)

Let αν−1 < r ≤ αν , and ν is sufficiently large. Using (3.5) and the definition of αν we

deduce

n(αν+1, a) = n

(
αν exp

{
1

3eAε(T (
α2

ν+1

αν
))

}
, a

)
≤ n

(
αν exp

{ 1 + o(1)

3ε(n(αν+1, a))

}
, a

)
≤

≤ n

(
αν−1 exp

{ 1

3eAε(T ( α2
ν

αν−1
))

+
1 + o(1)

3ε(n(αν+1, a))

}
, a

)
≤

≤ n
(
αν−1 exp

{ 1 + o(1)

3ε(n(αν , a))
+

1 + o(1)

3ε(n(αν+1, a))

}
, a

)
≤ n

(
r exp

{ 1

ε(n(r, a))

}
, a

)
,

as ν → ∞; a ∈ {0,∞}. In particular, αν+1 ≤ r′ = r exp
{

1
ε(n(r,0)

}
. By (3.3) we have

αν+1

αν
− 1 ≥ 1

3eAε(T (
α2

ν+1

αν
))

(3.6)

and αν+1 ∼ αν as ν → +∞. Now we apply Lemma 1 with ϕ(t) = ε(n(t, 0)). By (3) we have∣∣∣∣ ∑
|aµ|≤αν+1

1

z − aµ

∣∣∣∣ +

∣∣∣∣ ∑
|aµ|≤αν+1

1

z − α2
ν+1

aµ

∣∣∣∣ ≤ n(αν−2, 0)

αν−1 − αν−2
+

+
n(αν+1, 0)ε(n(αν+1, 0))

αν+1

√
log+ n(αν+1, 0) ≤

≤ n(r′, 0)ε(n(r′, 0))

r

√
logn(r′, 0)(1 + o(1)) +

n(r, 0)

r
3eAε

(
T

(α2
ν−1

αν−2

))
, (3.7)

where

z ∈ Aν \
⋃jν
j=1Dνj,

∑
j rνj ≤ αν+1(n(αν+1,0)−n(αν−2,0))

ε(n(αν+1,0))n(αν+1,0)
.

If
α2

ν−1

αν−2
≤ r, then T

(
α2

ν−1

αν−2

)
≤ T (r). Otherwise,

T
(α2

ν−1

αν−2

)
≤ T

(
αν−2 exp

{
2

3eAε
(
T

(
α2

ν−1

αν−2

))})
≤ T

(
r exp

{ 2

3eAε(T (r))

})
≡ T (r′′).

In any case T
(
α2

ν−1

αν−2

)
≤ T (r′′). Now we apply the following Borel-Nevanlinna type lemma

([5]).

Lemma 5. Let ε : (0,+∞) → (0,+∞), ε(x) ↗ ∞,
∫ ∞
1

dx
xε(x)

< ∞, u be a nondecreasing

unbounded function on (0,∞). Then

u
(
r exp

{
1/ε(u(r))

})
≤ eu(r), r → +∞

outside a set of finite logarithmic measure.



LOGARITHMIC DERIVATIVE ESTIMATES FOR MEROMORPHIC FUNCTIONS 131

Remark 5. J.Miles deduces Lemma 5 from the classical Borel-Nevanlinna lemma [1, The-

orem 1.2, p.120] when ε and u are supposed to be continuous. But the classical lemma (see

Theorem D) holds even if ε and u are non-decreasing but not necessarily continuous. So, we

have the assertion of Lemma 5 (see also the proof of Lemma 4).

Choosing u(x) = n(x, 0), we find that n(r′, 0) ≤ en(r, 0) outside a set E1 ∪ [0, 1], where
E1 ⊂ [1,∞) such that

∫
E1

dt
t
< +∞. Let Fν =

⋃
j[|zνj | − rνj , |zνj| + rνj]. By Lemma 1

mesFν ≤ 2
∑
j

rνj ≤ 2αν+1(n(αν+1, 0) − n(αν−2, 0))

ε(n(αν+1, 0))n(αν+1, 0)
.

For F =
⋃
ν Fν we have (ν ≥ ν1 ≥ 2)

∞∑
ν=ν1

∑
j

rνj
|zνj| ≤ 2

∞∑
ν=ν1

αν+1(n(αν+1, 0) − n(αν−2, 0))

(αν−2 − cαν+1

ε(n(αν+1,0))
)ε(n(αν+1, 0))n(αν+1, 0)

≤

≤ 3
∑
ν≥ν1

n(αν+1, 0) − n(αν−2, 0)

ε(n(αν+1, 0))n(αν+1, 0)
≤ 3

∑
ν≥ν1

∫
(αν−2;αν+1]

dn(t, 0)

ψ(n(t, 0))
≤

≤ 9

∫ ∞

α0

dn(t, 0)

ψ(n(t, 0))
≤ 9

∞∑
n=1

1

ψ(n)
<∞. (3.8)

It means that the logarithmic mesure of F is finite. Therefore (3.7)�(3.8) yield∣∣∣∣ ∑
|aµ|≤αν+1

1

z − aµ

∣∣∣∣ +

∣∣∣∣ ∑
|aµ|≤αν+1

1

z − α2
ν+1

aµ

∣∣∣∣ ≤ n(r, 0)ε(n(r, 0))

r

√
logn(r, 0)(e+ o(1))+

+
n(r, 0)

r
(3eA + o(1))ε

(
T (r′′)

)
, r → +∞, r 6∈ E1 ∪ F. (3.9)

Similarly,∣∣∣∣ ∑
|bµ|≤αν+1

1

z − bµ

∣∣∣∣ +

∣∣∣∣ ∑
|bµ|≤αν+1

1

z − α2
ν+1

bµ

∣∣∣∣ ≤ n(r,∞)ε(n(r,∞))

r

√
log n(r,∞)(e + o(1))+

+
n(r,∞)

r
(3eA + o(1))ε

(
T (r′′)

)
, r → +∞, r 6∈ E2, (3.10)

where E2 ⊂ [1,+∞) is of finite logarithmic measure.

For αν−1 < r ≤ αν we have

T
(α2

ν+1

αν

)
= T

(
αν exp

{ 2

3eAε(T (
α2

ν+1

αν
))

})
≤

≤ T
(
αν−1 exp

{ 2

3eAε(T ( α2
ν

αν−1
))

+
2

3eAε(T (
α2

ν+1

αν
))

})
≤ T

(
r exp

{ 4

3eAε(T (r))

})
. (3.11)

Applying Lemma 5 with u(x) = T (x) and ε(x) = 4
3eA ε(x), we obtain that

T
(
r exp

{ 4

3eAε(T (r))

})
≤ eT (r), r → +∞, r 6∈ E3, (3.12)
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where E3 ⊂ [1,∞) is of finite logarithmic measure.

Since
αν+1

r
=
αν
r

exp
{ 1

3eAε(T (
α2

ν+1

αν
))

}
≥ 1 +

1

3eAε(T (
α2

ν+1

αν
))
, (3.13)

using (2.2), (3.11) and (3.12) we have

I ≤ 4αν+1(T (αν+1) +O(1))

(αν+1 − r)2
≤ 36(1 + o(1))e2AT (

α2
ν+1

αν
)ε2(T (

α2
ν+1

αν
))

r
≤

≤ 37e2A+1T (r)ε2(T (r))

r
, r → +∞, r 6∈ E3. (3.14)

If n(r) ≥ T (r), we have n(r)ε(n(r)) ≥ n(r)ε(T (r)), otherwise T (r)ε2(T (r)) ≥ n(r)ε(T (r)).
Hence, (3.9)�(3.14) yield (1.5) for l = 1.

Now, let l > 1. As in [7, p.94] we deduce that for R = αν+1, z ∈ Aν∣∣∣( d

dz

)l−1f ′(z)
f(z)

∣∣∣≤ 5l!
Rm(R, f)

(R− r)l+1
+

(l − 1)!n(R, 0,∞, f)

(R− r)l
+ (l − 1)!

∑
|cµ|≤R

1

|z − cµ|l . (3.15)

Using (3.3)�(3), and (3.12) we obtain

n(αν+1, 0)

(αν+1 − r)l
≤ C

n(r′, 0)
(
3eAε

(
T (

α2
ν+1

αν
)
))l

rl
≤ C(A)

n(r, 0)(ε(T (r)))l

rl
, (3.16)

as r → +∞, r 6∈ E1, where E1 is of finite logarithmic measure.

In order to estimate
∑

|cµ|≤αν+1
|z − cµ|−l we apply Cartan's lemma.

Lemma 6 ([13, pp.19�21]). Let a1, a2, · · · , am be any finite collection of complex numbers,

and let d > 0 be any given positive number. Then there exists a finite collection of closed disks

D1, D2, · · · , Dq with corresponding radii r1, r2, · · · , rq that satisfy r1 + r2 + · · · + rq = 2d,
such that if z 6∈ Dj for all j ∈ {1, 2, · · · , q}, then there is a permutation of the points

a1, a2, · · · , am, say, b1, b2, · · · , bm, that satisfies |z − bk| > kd/m for k = 1, 2, · · · , m, where
the permutation may depend on z.

First, using (3.11), (3.12) and Lemma 2 we obtain

∑
|cµ|≤αν−2

1

|z − cµ|l ≤
n(αν−2)

(r − αν−2)l
≤ Cn(r)

(ε(T (
α2

ν+1

αν
))

r

)l
≤ Cn(r)

(ε(T (r))

r

)l
, r 6∈ E3.

Then, applying Lemma 6 to the points cµ such that αν−2 < |cµ| ≤ αν+1 with d =
2αν(n(αν+1) − n(αν−2))/φ(n(αν+1)), we deduce that there exists a finite collection of closed

disks Dν1, . . . , Dνjν whose radii have a total sum equal to 2d such that if z 6∈ ⋃jν
j=1Dνj then

there is a permutation of the points cµ, αν−2 < |cµ| ≤ αν+1, say β1, . . . , βn(αν+1)−n(αν−2) that

satisfies |z − βk| > k αν+1

φ(n(αν+1))
. Then

∑
αν−2<|cµ|≤αν+1

1

|z − cµ|l =

n(αν+1)−n(αν−2)∑
k=1

1

|z − βk|l ≤

≤
(φ(n(αν+1))

αν+1

)l n(αν+1)−n(αν−2)∑
k=1

1

kl
≤ C

(φ(n(r))

r

)l
, r 6∈ E2, r → +∞,
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where E2 is a set of finite logarithmic measure. Thus,∑
|cµ|≤αν+1

1

|z − cµ|l ≤ C
(φ(n(r))

r

)l
, r 6∈ E2, r → +∞, (3.17)

Finally,
αν+1T (αν+1)

(αν+1 − r)l+1
≤ C

T (r)(ε(T (r)))l+1

rl
, r → +∞, r 6∈ E1. (3.18)

Since d
dz

(
f ′
f

)
= f ′′

f
−

(
f ′
f

)2

, using (3.15) with l = 2 and Theorem 3 for l = 1, and

(3.16)�(3.18) we can deduce that∣∣∣f ′′(z)
f(z)

∣∣∣≤ ∣∣∣ d
dz

(f ′

f

)
+

(f ′

f

)2∣∣∣≤ C
T (r)(ε(T (r)))3

r2
+ n(r)

(ε(T (r))

r

)2

+

+
(n(r)ε(n(r))

r

)2

+ C
(T (r)(ε(T (r)))2

r
+
n(r)ε(n(r))

√
log+ n(r)

r

)2

≤

≤ C
(T (r)(ε(T (r)))2

r
+
n(r)ε(n(r))

√
log+ n(r)

r

)2

, r → +∞, r 6∈ E.

In general, we have (cf. [3]).

Lemma 7. Let there exist f (m)(x), m ∈ N, f(x) 6= 0. Then

f (m)(x)

f(x)
=

∑
0≤is<m∑

s sis=m

ai1...im
∏
s

((f ′(x)
f(x)

)(s−1))is
+

(f ′(x)
f(x)

)m
,

where the sum is taken over all nonnegative integers i1, . . . , im such that
∑m

p=1 sis = m,

ai1...im are real.

Using this lemma, (3.15), and estimates (3.16)�(3.18), similar to [10, p.141�142] it can

be deduced that for each positive integer l∣∣∣f (l)(z)

f(z)

∣∣∣≤ C
(T (r)(ε(T (r)))2

r
+
n(r)ε(n(r))

√
log+ n(r)

r

)l
, r → +∞, r 6∈ E,

where E is of finite logarithmic measure. Theorem 3 is proved.

Proof of Corollary 2. From relationships (3.4), (3.5), (3.11) and (3.12), it follows that

n(r, 0,∞, f)ε(n(r, 0,∞, f)) ≤ C(A)T (r, f)ε2(T (r, f)), r 6∈ E,

where E is the set of finite logarithmic measure form the proof of Theorem 3. The inequality√
logn(r, 0,∞, f) ≤ C

√
log T (r, f) is easy to obtain with the aid of Lemma 2 similar to (3.5).

Now, the statement of the corollary follows from Theorem 3 and the latter inequalities.

3.2. The disk case.

Proof of Theorem 4. Proof of Theorem 4 is similar to that of Theorem 1 (cf. proof of

Theorem 3.1 [8]). We should define αν = 1 − bν , b =
√
β, and ϕ(t) =

ψ(log 1
1−t

)

1−t , and then

apply Lemma 1.
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Proof of Theorem 5. We give the proof of Theorem 5 in details. Let A > 0, ψ ∈ Φ(A),
ϕ(t) is a corresponding function from the definition of the class Φ(A), ε(t) = ϕ(t)/t. Let
A1 = A log(1+ 1

σ
). We define a sequence (αν) by the induction. Let 1 > α0 ≥ 1

2
be such that

min{n(α0, 0), n(α0,∞)} ≥ 1,

αν+1 = αν exp

{
1 − αν

3eA1ε(T (
α2

ν+1

αν
))

}
, ν ∈ Z+. (3.19)

Since ex ≤ 1 + (e − 1)x (0 ≤ x ≤ 1) and ε(T ) ≥ 1, it is easy to see that αν < 1 for all ν,
moreover αν → 1 (ν → ∞).

We also note that and 1 − αν+1 ∼ 1 − αν as ν → +∞, because

log
αν+1

αν
=

1 − αν

3eA1ε(T (
α2

ν+1

αν
))

= o(1 − αν), ν → ∞. (3.20)

We choose ρ = αν+1, ρ
′ = α2

ν+1/αν , and consequently, ∆ = 1−αν

3eA1ε(T (α2
ν+1/αν))

. Then

n(αν+1, a) ≤ 3eA1

1 − αν
T

(α2
ν+1

αν

)
ε
(
T

(α2
ν+1

αν

))
, a ∈ {0,∞}.

By the definition of the order σ[T (r, f)] > 0, for all η > 0 we have 3eA1

1−αν
≤ T (αν)

1
σ

+η

(ν → +∞). We can apply Lemma 3 with b(T ) = T
1
σ
+ηε(T ). We obtain (a ∈ {0,∞})

ε(n(αν+1, a)) ≤ (eA1 + o(1))ε
(
T

(α2
ν+1

αν

))
, ν → +∞ . (3.21)

Let αν−1 < r ≤ αν , and ν is sufficiently large. Using (3.21), the definition of αν and

(3.20) we deduce

n(αν+1, a) = n

(
αν exp

{
1 − αν

3eA1ε(T (
α2

ν+1

αν
))

}
, a

)
≤ n

(
αν exp

{(1 + o(1))(1 − αν)

3ε(n(αν+1, a))

}
, a

)
≤

≤ n

(
αν−1 exp

{ 1 − αν−1

3eA1ε(T ( α2
ν

αν−1
))

+
(1 + o(1))(1 − αν)

3ε(n(αν+1, a))

}
, a

)
≤

≤ n
(
αν−1 exp

{(1 + o(1))(1 − αν−1)

3ε(n(αν , a))
+

(1 + o(1))(1 − αν)

3ε(n(αν+1, a))

}
, a

)
≤ n

(
r exp

{ 1 − r

ε(n(r, a))

}
, a

)
,

as ν → ∞; a ∈ {0,∞}. By (3.19) we have

αν+1

αν
− 1 ≥ 1 − αν

3eA1ε(T (
α2

ν+1

αν
))
. (3.22)

Now we apply Lemma 1 with ϕ(t) = ε(n(t, 0))/(1 − t). By (3) we have(
r′ = r exp

{
1−r

ε(n(r,0))

})
∣∣∣∣ ∑
|aµ|≤αν+1

1

z − aµ

∣∣∣∣ +

∣∣∣∣ ∑
|aµ|≤αν+1

1

z − α2
ν+1

aµ

∣∣∣∣ ≤
≤ n(r′, 0)ε(n(r′, 0))

1 − r

√
log n(r′, 0)(1 + o(1)) +

n(r, 0)

1 − r
3eA1ε

(
T

(α2
ν−1

αν−2

))
, (3.23)
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where z ∈ Aν \
⋃jν
j=1Dνj ,

∑
j rνj ≤ (1−αν+1)(n(αν+1,0)−n(αν−2,0))

ε(n(αν+1,0))n(αν+1,0)
. And,

T
(α2

ν−1

αν−2

)
≤ T

(
r exp

{ 2(1 − αν)

3eA1ε(T (r))

})
≡ T (r′′).

Now we apply Lemma 4. Choosing u(x) = n(x, 0), we find that

n(r′, 0) ≤ en(r, 0), r 6∈ E1 ⊂ [0, 1) (3.24)

such that
∫
E1

dt
1−t < +∞. Let Fν =

⋃
j [|zνj| − rνj, |zνj | + rνj ]. By Lemma 1

mesFν ≤ 2
∑
j

rνj ≤ 2(1 − αν+1)(n(αν+1, 0) − n(αν−2, 0))

ε(n(αν+1, 0))n(αν+1, 0)
.

For F =
⋃
ν Fν we have (ν ≥ ν1 ≥ 2)

∞∑
ν=ν1

∑
j

rνj
1 − |zνj| ≤ 2

∞∑
ν=ν1

(1 − αν+1)(n(αν+1, 0) − n(αν−2, 0))

(1 − αν+1 − c(1−αν+1)
ε(n(αν+1,0))

)ε(n(αν+1, 0))n(αν+1, 0)
≤

≤ 3
∑
ν≥ν1

n(αν+1, 0) − n(αν−2, 0)

ψ(n(αν+1, 0))
≤ 9

∫ ∞

α0

dn(t, 0)

ψ(n(t, 0))
<∞.

It means that the logarithmic mesure of F is finite. Therefore (3.23)�(3.24) yield∣∣∣∣ ∑
|aµ|≤αν+1

1

z − aµ

∣∣∣∣ +

∣∣∣∣ ∑
|aµ|≤αν+1

1

z − α2
ν+1

aµ

∣∣∣∣ ≤ n(r, 0)ε(n(r, 0))

1 − r

√
logn(r, 0)(e+ o(1))+

+
n(r, 0)

1 − r
(3eA + o(1))ε

(
T (r′′)

)
, r → +∞, r 6∈ E1 ∪ F. (3.25)

Similarly,∣∣∣∣ ∑
|bµ|≤αν+1

1

z − bµ

∣∣∣∣ +

∣∣∣∣ ∑
|bµ|≤αν+1

1

z − α2
ν+1

bµ

∣∣∣∣ ≤ n(r,∞)ε(n(r,∞))

r

√
log n(r,∞)(e + o(1))+

+
n(r,∞)

r
(3eA + o(1))ε

(
T (r′′)

)
, r → 1, r 6∈ E2, (3.26)

where E2 ⊂ [0, 1) is of finite logarithmic measure.

For αν−1 < r ≤ αν we have

T
(α2

ν+1

αν

)
= T

(
αν exp

{ 2(1 − αν)

3eA1ε(T (
α2

ν+1

αν
))

})
≤

≤ T
(
αν−1 exp

{ 2(1 − αν−1)

3eA1ε(T ( α2
ν

αν−1
))

+
2(1 − αν)

3eA1ε(T (
α2

ν+1

αν
))

})
≤ T

(
r exp

{(4 + o(1))(1 − r)

3eA1ε(T (r))

})
.

Applying Lemma 4 with v(x) = T (x) and ε(x) = 2
eA1

ε(x), we obtain that

T
(
r exp

{ 2(1 − r)

eAε(T (r))

})
≤ eT (r), r → 1, r 6∈ E3, (3.27)
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where E3 ⊂ [0, 1) is of finite logarithmic measure.

Then, using (2.2) and (3.22) we have

I ≤ 4(T (αν+1) +O(1))

(αν+1 − r)2
≤ 36(1 + o(1))e2A1T (

α2
ν+1

αν
)ε2(T ((

α2
ν+1

αν
))

(1 − r)2
≤

≤ 37e2A1+1T (r)ε2(T (r))

(1 − r)2
, r → 1, r 6∈ E3. (3.28)

Hence, (3.25)�(3.28) yield (1.8). Theorem 5 is proved.

4. An example.

Proof of Theorem 2. Given ρ ∈ (0,+∞) we set q = [ρ], rn = 4
n
ρ , n ∈ Z+ and define a

Weierstrass product of the form

B(z) =
∏∞

n=1

∏4n

k=1E
(

z
ank
, q

)
,

where E(w, q) is a Weierstrass primary factor of genus q ([1], [2]), zeros ank satisfy rn−1 <
|ank| ≤ rn, 1 ≤ k ≤ 4n, and will be specified later. Now we just note that since n(rn, 0, B) =
4(4n − 1)/3, we have n(t, 0, B) � tρ as t → +∞. It is well-known that the product is

absolutely convergent in C. Moreover,

B′(z)
B(z)

=
∞∑
n=1

4n∑
k=1

E ′( z
ank
, q)

E( z
ank
, q)

=
∞∑
n=1

4n∑
k=1

zq

aqnk(z − ank)
. (4.1)

We use a construction due to V.Eiderman and J.Anderson ([11], [12]). Set E(0) = [−1
2
, 1

2
]

and at the ends of E(0) take subintervals E
(1)
j of length 1

4
, j ∈ {1, 2}. Let

E(1) =
⋃2
j=1E

(1)
j =

[−1
2
,−1

4

] ∪ [
1
4
, 1

2

]
.

We then construct, in a similar manner, two sub-intervals E
(2)
j,i of length 4−2 in each E

(1)
j

and denote by E(2) the union of the four intervals E
(2)
j,i . Continuing this process we obtain

a sequence of sets E(n) consisting of 2n intervals of length 4−n. We define En = E(n) × E(n)

the Cartesian product, and note that En consists of 4n squares En,k, k ∈ {1, . . . , 4n} with

sides parallel to the coordinate axes.

Theorem E. Let P > 0 be given and set E = (100P )−1
√
n4nEn is the set defined above. Let

ν be the measure formed by 4n+1 Dirac masses located at the cornes zk of the squares which

form En. Then for any covernig {D(wj, ρj)} of the set Z =
{
z ∈ C :

∣∣∣∑4n+1

k=1
1

z−zk

∣∣∣> P
}

we

have
∑

j ρj ≥ c2
4n+1

P

√
log 4n+1 where c2 > 0 is an absolute constants.

Moreover, the projection of
⋃
j D(wj, ρj) onto the straight line y = x/2 has measure at

least c3
4n+1

P

√
log 4n+1 where c3 > 0 is an absolute constant.

Remark 6. [11, 12] Let z′n,k be the centers of En,k which form E in Theorem E. Then

Z ⊃ ⋃
k∈Kn

D(z′n,k, 0.001
√
n/P ), and cardKn ≥ c44

n where c4 > 0 is an absolute constant.

We choose

Pn = 4n+1

rn+1

√
log 4n+1ψ(log rn+1), Ẽn =

√
n4n

100Pn
E = rn+1

400
√

(1+1/n) log 4ψ(log rn+1)
E.

Hence the side length dn of Ẽn satisfies

rn+1

800ψ(log rn+1)
≤ dn ≤ rn+1

400ψ(log rn+1)
. (4.2)
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We rotate Ẽn on the anlge π/6 clockwise and move along Ox such that the right vertex

of the square coincides with rn+1. We denote by an+1,k, 1 ≤ k ≤ 4n+1 the vertecies of the

squares that form the obtained square E∗
n.

Then by Theorem E for any covering {D(wn,j, ρn,j)} of the set

Mn
def
=

{
z :

∣∣∣4n+1∑
k=1

1

z − an+1,k

∣∣∣≥ 4n+1

rn+1

√
log 4n+1ψ(log rn+1)

}
we have

∑
j ρn,j ≥ c2rn+1/ψ(log rn+1). Let z ∈ Mn. According to Remark 6 we can assume

that z ∈ ⋃
k∈Kn

D(z′n,k, 10−3
√
n+ 1/Pn) ⊂Mn. Then, by (4.2)

|z| ≤ rn+1 + 0.001
n+ 1

Pn
≤ rn+1 +

rn+1

100ψ(log rn+1)
,

|z| ≥ rn+1 − dn
2√
3
− 0.001

n+ 1

Pn
≥ rn+1 − rn+1

100ψ(log rn+1)
.

(4.3)

We split the sum from (4.1)(Amk = zq

aq
mk(z−amk)

)∑∞
m=1

∑4m

k=1Amk =
∑n

m=1

∑4m

k=1Amk+
∑4n+1

k=1 An+1,k+
∑∞

m=n+2

∑4m

k=1Amk ≡ Σ1+Σ2+Σ3.

Using (4.2) and (4.3) we estimate Σ3 for z ∈ Mn, |z| = r

|Σ3| ≤
∞∑

m=n+2

4m∑
k=1

|z|q
|amk|q|z − amk| ≤ 2rq

∞∑
m=n+2

4m

rq+1
m (1 − rn+1

rm
)
≤

≤ C1(ρ)|z|q
∞∑

m=n+2

rρ−q−1
m = C2(ρ)r

qrρ−q−1
n+2 ≤ C3(ρ)

n(r)

r
, r → +∞. (4.4)

Similarly,

|Σ1| ≤
n∑

m=1

4m∑
k=1

|z|q
|amk|q|z − amk| ≤ 2C4(ρ)r

q−1
n∑

m=1

4m

rqm
= C5(ρ)r

q−1 ·
{
rρ−qn , ρ > q

n, ρ = q
≤

≤ C6(ρ) ·
{
rρ−1, ρ 6∈ N

rρ−1 log r, ρ ∈ N
≤ C6

n(r) log r

r
, r → +∞. (4.5)

Finally, let us estimate the difference∣∣∣∣4n+1∑
k=1

zq

aqn+1,k(z − an+1,k)
−

4n+1∑
k=1

1

z − an+1,k

∣∣∣∣ ≤ 4n+1∑
k=1

|zq−1 + zq−2an+1,k + · · ·+ aq−1
n+1,k|

|an+1,k|q ≤

≤ C6(ρ)
q4n+1

rn+1
≤ C7(ρ)

n(r)
r
. Hence, it follows from (4.1), (4.4)�(4.5), the latter estimate and

the definition of Mn that for z ∈Mn, |z| = r∣∣∣∣B′(z)
B(z)

∣∣∣∣ ≥ ∣∣∣∣4n+1∑
k=1

1

z − an+1,k

∣∣∣∣ − ∣∣∣∣4n+1∑
k=1

zq

aqn+1,k(z − an+1,k)
−

4n+1∑
k=1

1

z − an+1,k

∣∣∣∣−
−

∣∣∣∣ ∑
m6=n+1

4m∑
k=1

zq

aqmk(z − amk)

∣∣∣∣ ≥ C8(ρ)
n(r)

√
log n(r)ψ(log r)

r
− O

(n(r) log r

r

)
≥

≥ C9(ρ)
n(r)

√
logn(r)ψ(log r)

r
, r → +∞.
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On the other hand,∑
n

∑
j

ρn,j
rn

≥ c2
∑
n

rn+1

rnψ(log rn+1)
≥ c2

∑
n

1

ψ(n log 4)
= +∞.

Theorem 2 is proved.

I would like to thank Prof. V. Eiderman, Prof. G. Gundersen and Prof. O. Skaskiv for

valuable remarks.
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