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SHARP LOGARITHMIC DERIVATIVE ESTIMATES FOR
MEROMORPHIC FUNCTIONS

I. E. Chyzhykov. Sharp logarithmic derivative estimates for meromorphic functions, Matema-
tychni Studii, 27 (2007) 120-138.

Using recent estimates of the logarithmic derivative of a polynomial due to J.M.Anderson
and V.Ya.Eiderman, we prove sharp estimates of the logarithmic derivative f’(re'?)/f(rei?)
of a meromorphic function f in the plane or in the unit disk outside sets of finite logarithmic
measures of values r.

. 3. YmknkoB. Tounbie 0UeHKY A026PUPMUNECKUT NPOUSEOOHBLT MEOPOMOPPHUL Pynkuud [/
Maremarnuni Cryaii. — 2007. — T.27, Ne2. — C.120-138.

Ucnons3ys momydenubie Henasao Ix. M. Aunepcorom u B. 4. DiimepMaHOoM OIEHKH JIOTa-
pudMUYIeCKOil TPOU3BOIHON MOJIUHOMA, TOKAZAHBI TOYHBIE OIMEHKU JIOTapuMUUIECKON Mpoun3-
soamoii f/(re??)/ f(re'?) npoussonbuoit MepoMopdHOi BYHKIMK f B ITOCKOCTH MH €UHITHOM
Kpyre BHE MHOKECTB KOHEUHOI JTOrapudMUIecKoii Mepbl 3HAYEHHH 1.

1. Introduction and main results. We assume that the reader is familiar with standard
notation and fundamental results of the theory of meromorphic functions in C ([1], [2]). We
denote by mes E the Lebesgue measure of a measurable set £ C R. The symbol C' with
indices stands for some positive constants that depend on variables going in braces. We
write a(r) =< b(r) if Cia(r) < b(r) < Csa(r) for some positive constants C; and Cy, and
a(r) ~ b(r) if lim, g a(r)/b(r) =1, 0 < R < +oo. We write argz for the value of Argz
from the interval [—m, 7).

Let f be a meromorphic function in a domain D(0, R), 0 < R < +o0, where D(z,r) =
{C € C:|¢ — z| <r}. Estimates of the so-called logarithmic derivative f'(z)/f(z) or, more
general, of the expression f*)(2)/f(z), k € N, play an important role in the Nevanlinna
theory [1, 2] and complex differential equations [3], [7], [8], [9]. A sharp upper estimate for
m(r, f'/f) via T(p, f) where f is meromorphic in D(0,R), 0 < r < p < R is proved by
A. Gol'dberg and V. Grinshtein in [4] (see also [6]). If we estimate m(r, f'/f) via T(r, f),
then an exceptional set can appear. Sharp estimates of m(r, f’/f) outside sets of finite
logarithmic measure were obtained by J. Miles [5] for the cases R = co and R = 1 without
any restrictions on the growth of a meromorphic function f in D(0, R).

But in differential equations we need uniform estimates of the logarithmic derivative.
There are always exceptional sets, except trivial cases, because the logarithmic derivative of
f has simple poles at the zeros and poles of f.
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The following theorem is due to G.Gundersen.

Theorem A ([7]). Let f be a transcendental meromorphic function in C. Let o« > 1 be
a constant, and k and j be integers satisfying k > j > 0. Let n;(r) denote the counting
function of all the zeros and poles of 9. Then the following two statements hold:

(a) There exists a set £y C (1,00) which has finite logarithmic measure, and a constant
C > 0, such that for all z satisfying |z| ¢ E, U [0, 1], we have (with r = |z|)

(k) .

f | (2) <c T(ar, f) N ni(ar)
f9)(2) r r

(b) There exists a set Fy C [0,27) which has linear measure zero, and a constant C' > 0,

such that if 0 € [0,27) \ Ey, then there is a constant R = R(6) > 0 such that (1.1) holds for
all z satisfying arg z = 0 and |z| > R.

(logr)*log™ n, (()47“)) j . (1.1)

For meromorphic functions of finite order in C this theorem gives sharp estimates. In the
next result, p denotes the order of f as a meromorphic function in C.

Corollary B ([7]). Let f be a transcendental meromorphic function in C of finite order p.
Let € > 0 be a constant, and k and j be integers satisfying k > 7 > 0.

Then the following two statements hold:
(a) There exists a set Ey C (1,00) which has finite logarithmic measure, such that for all z
satisfying |z| & £y U [0, 1], we have

VW@

(J)(Z)

< |z|(kfj)(pfl+s)' (1.2)

(b) There exists a set Ey C [0,27) which has linear measure zero, such that if 6 €
[0,27) \ Eo, then there is a constant R = R(0) > 0 such that (1.2) holds for all z satisfying
arg z = 6 and |z| > R.

For other results that have the same nature as Theorem A and the corollary, see [7]. The
gamma function gives an example |7, p. 102] which shows that the inequality (1.2) is sharp
for both (a) and (b) in Corollary B, because for both (a) and (b), the constant “p— 14" in
(1.2) cannot be replaced by “p—1.” A counterpart of Theorem A for meromorphic functions
in the unit disk is proved in [8] (see also [9]).

In connection with Theorem A it is natural to ask the following question.

Question 1. Is it possible to replace the expression ‘%27 (1og r)*log™ n;(ar)’ with a smaller
one?

Theorem 1 yields an affirmative answer to Question 1.

Theorem 1. Let f be a non-constant meromorphic function in (C Let a > 1 be a constant,
1 a positive non-decreasing function on (0, +00) satisfying fo ( 7 < +oo. Then there exists

a sequence of disks D; = D(zj,7;) (|2;| > 0) such that };7;/|zj| < +oc and

%ﬂsamgﬁﬁu(Mgwfw%"MOwﬁ“%W)ﬂgU%

(1.3)
where C(a) = da(y/a —1)72
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Corollary 1. Suppose that the assumptions of Theorem 1 hold. There exists a set £ C
[0,27) which has linear measure zero, and a constant C' > 0, such that if 0 € [0,27) \ E,
then there is a constant R > 0 such that (1.3) holds for all z satisfying arg z = 0 and |z| > R.

The proof easily follows from the assertion of Theorem 1 in a standard manner (see [7]).
Both addends in the right-hand side of estimate (1.3) are sharp up to a constant factor.

For the non-vanishing entire function g(z) = exp{z}, p € N we have T'(r,g) =< r?, and
£/ (ret?)
re“/’

(1 3) is the best possible.

= r?~! as r — oo. It shows that the first addend in the right-hand side of estimate

Theorem 2. For an arbitrary p € (0,400) and an arbitrary positive non-decreasing function
W satisfying fo w t) = +oo there exists an entire function such that n(r,0,¢g) < T(r,g) < rf

as r — +oo, and for any covering {D;}, D; = D(z;,1;), z; # 0 of the set
g(z)| - n(r,0,9)
9(2) r

{zE(C: >

log* n(r,0, g)w(log™ 7“)} (1.4)

we have ). 7;/|z;| = +o0.

Theorem 1 yields a ‘good’ estimate for the logarithmic derivative of a meromorphic
functions of finite order. If f has infinite order, then T'(ar, f) cannot be compared with
T(r, f) as r — +o0.

Question 2. What is the best possible upper estimate of the logarithmic derivative in the
class of meromorphic functions in D(0,R), 0 < R < oo, if a =17

In 1993 Sh. Strelitz [10] obtained some estimates when o = 1 and r — oo outside
exceptional sets of various types. Here we confine by exceptional sets of finite logarithmic
measure. Our results improve the mentioned estimates of Strelitz in this case.

Theorems 3 and 5 address Question 2.
In order to formulate the next result let us introduce some classes of positive functions
which have “non-oscilating” minorants.

Definition 1. Let A > 0. We say that a function ¢: (0,400) — (0,+00) belongs to the
class W(A) if there exist a constant ¢, > 1 and a function ¢(t) such that (t) > é(t)
(t > to), e(z) = ¢(x)/z is non-decreasing, [ -2 < +o00 and E'(t)E(t) < A (t > ty), where

o(t)
E(t) =loge(e).
We note that the imposed conditions do not restrict the growth of the function .
Theorem 3. Let f be a meromorphic function in C, A > 0, ¢» € W(A), | € N. Then there
exists a measurable set ' C Ry such that [, % < 400 and for |z| ¢ F U[0,1] we have

)f(”(z) T(r, ))e*(T(r, [)) N n(r,0,00, f)e(n(r, 0,00, f))y/log* n(r,0, 0, f))l
f(2) r r ’

where ¢(t) = ¢(t)/t, C(A) is a constant.

< o) (
(1.5)

Corollary 2. Supppose that the assumptions of Theorem 3 are satisfied. Then there exists
a measurable set F C R, such that [, % < 4o0 and for |z| ¢ F U [0,1] we have

)fz ( r, [)eX(T(r, [)) 10g+T(7",f)>l

: (1.6)

Z ’ - r

where ¢(t) = ¢(t)/t, C(A) is a constant.
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Remark 1. We note that the choices e(z) = 2P, p > 0 or e(x) = (log(z + 3))?, or e(x) =
log(z + 3)(loglog(x + 3))9, ¢ > 1 is always possible.
Remark 2. Under conditions of Corollary 2 for [ = 1 the corollary from [10, p.133| yields
the estimate
|f'(ret)| < CT(r, ) log*™ T (r, f)logrlog' ™ logr
|f(re®)| — r ’
for arbitrary n > 0 outside a set of finite logarithmic measure of values r. Choosing (z) =
(log(x + 3))1*, n > 0, by Corollary 2 we obtain the estimate
G < 670, )log> 70, ).
It looks like the exponent 5/2 in the last estimate cannot be improved in this situation.
Remark 3. Using methods similar to that used in the proof of Theorem 2, it is possible to

(n(r,O,f))\r/ log n(r,0,f) on a

= +00. But the author cannot

construct an entire function f of infinite order such that \];,((:))\ > v

dx
Y(x)

set, of infinite logarithmic measure, where v satisfies floo

obtain a ‘good’ estimate for 7'(r, f) in this case.
Our proofs of the theorems are based on the recent deep results by J.M. Anderson and
V.Ya.Eiderman [11], [12] (cf. Lemma 6).

Theorem C ([11, 12]). Let Z = {z1,2,...,28v} C C, N > 1. There is an absolute
constant ¢ such that for every P > 0 there exists a finite set of disks D; = D(wj,r;) with
the properties:

|2 =

Remark 4. Property (3) from Theorem C is not included in the formulation of the theorem
in [11], but it follows from the next arguments communicated to the author by V.Eiderman.

<P,zeC\U,;Dy; (2) > 2;r <sNvlogN; (3) (Vj) D;NZ # 2.

Proof of property (3). Consider the open set D = U]. D;. It can be represented as a finite
union of pairwise disjoint domains Ay, D = | |, Aj. Take an arbitrary k, then two cases
are possible. If Ay N Z = &, then, by Theorem C, estimate (1) holds on 0A; and F(z) =
PO —— is analytic in A;. By the maximum principle |F(z)| < P for z € Ay. Thus, we
can exclude Ay, from the exceptional set. If Ay N Z # @, recall that A, = [J?*_, D;, is
a finite connected union of discs. If p, = 1, there is nothing to prove. Otherwise, consider
a pair of discs from this union with non-empty intersection. For simplicity assume that
these are Dj; and Dj,. Let (1 = wy, G = wjy, p1 = Tjy, P2 = Tjp, W = % Then
Dj, UDj, C D(C*,p1 + pa), where ¢* = 2(¢1 + G + (p2 — p1)w). In fact, let w € Dy, ie.
|w — (3] < p2. Then

Jm

Q=G p—m
2 2

1
< p2+ 5\\@ — G| = (p2 = p1)l-

[CEl p2 — pP1
w — w

< _
wl< lw— G| + 5 5

lw — ("] = |w— (o + <

Since Dj, N D;, # @, we have ||¢2 — (1| — p2| < p1 by the triangle inequality. The latter two
inequalities give |w — (*| < pa + p1, i.e. w € D(C*, p1 + p2).

Repeating this procedure at most p, — 1 times we obtain a disc D(¢*, p*) D Ay, where
p" =Pt r; Tt means that we can enlarge the exceptional set changing A, by the disc
D(¢*, p*) and preserving the properties (1) and (2) from Theorem C. By the construction

D¢k YN Z # . O
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Similar assertions to Theorems 1 and 3 can be proved for the logarithmic derivative of

log* T'(r
the meromorphic functions in the unit disk. Let o[f] = lim log” T(r /)

be the lower order
rfl — 1Og(1 - T)

of a meromorphic function f in the unit disk.

Theorem 4. Let f be a meromorphic function in D, | € N. Let B € (0,1) be a constant, 1)
a positive non-decreasing function on (0, +00) satisfying fo w t) < +00. Then there exists a

sequence of disks Dj = D(zj,7;) (1 > |z;] > 0) such that }_ r;/(1 — |z]) < +00 and

<o (FrE

(1= 50 =1),0,00,f) Jlog™ 1—r),0,oo,f)w(logﬁ))l, zgzLjJDj.

1—r
(1.7)

+

)f”’(?«*)

Corollary 3. Suppose that the assumptions of Theorem 4 hold. There exists a set E C
[0,27) which has linear measure zero, and a constant C' > 0, such that if 0 € [0,27) \ E,
then there is a constant R = R(f) € (0,1) such that for all z satisfying argz = 6 and
R < |z| < 1, we have that (1.7) holds.

The proof of the corollary is standard and similar to that in [8].

Definition 2. Let A > 0. We say that a function ¢: (0,4+00) — (0,400) belongs to the
class ®(A) if there exist a constant t, > 1 and a function ¢(t) such that ¥(t) > ¢(t)
(t > to), €(x) = ¢(z)/x > 1 is non-decreasing, [~ -% < 400 and E'(t) < A (t > ty), where

o(t)
E(t) = loge(e).

Theorem 5. Let f be a meromorphic function in D, o[f] > 0,1 € N, : (0,4+00) — (0, +00)
such that 1(x) = ze(x) € ®(1). Then there exists a measurable set F' C [0,1) such that

P 1 - < 400 and
fO(2) T(r, /)e(T(r, f))?
Foy | SO0 e
n(r,O,oo,f)ee(n(r,O,oo,f))\/logJr n(r, 0,00, f)\!
L ) r 11, redF. (1.8)

Remark 5. It is plausible that Theorem 4 is best possible in the same sense that Theorem 2.

2. Preliminaries. Let f be a meromorphic function in D(0, Ry), 0 < Ry < o0, {a,} and
{b,} denote the sequences of all zeros and poles of f, respectively. We have the following
representation |1, Theorem 2.4, p.17| (|z| = r < R).

d\k1f'(z) k! [*"log|f(Re")|Re™ db
(E) f(z) ?/0 (Rei® — 2)k+1

—(k —1)! Z ((au i 2k (32(?%;)’“) k=1 Z ((bu i 2k (Rz(?)@;)k)

|bu|<R
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Hence for k = 1 we have

f’ _/27T|10g|f (Re" ||d9 ’ Z
0 | Re?? — z|2 z— au

+’ 3 R2]+) Y —EE T AT 4T, (2.2)
joul<R® " @ bl<R® T b,
The estimate of the integral I is standard:
R 27 ] 1
I<— log™ | f(Re?)| 41 *) : ’ do <
_ﬂﬁqyﬁ (1o 16" +-log| s ) dt <
< (R )+ m(RA/D) € o (T(R )+ O(), R1Re  (23)
_(R—T)2 ) ) _(R—'I")Q ) ) 0- .

In order to estimate ¥;, j € {1,2,3,4} we use Theorem C, which plays a key role in our
proof.

Lemma 1. Let («,) be a sequence of positive numbers increasing to Ry € (0,+00], ¢ a
non-decreasing positive function, (c,) a sequence of complex numbers in D(0, Ry) without
accumulation points in D(0, Ry) listed according the multiplicities and ordered by increasing
moduli and let n(r) denote the counting function of the sequence (c,). Then for every v € N
and o, < |z| < «,, we have

1 1
> + D | <
2= Cu z — Zvt
leu|<aw1 leuSon 41 n
200 11) 2n(a-2)
< v log* n(a, : D(z,;, 1y 2.4
=~ aon n(ay41)y/log" n(ow41) + 1 — s z gL]J (2055 705) (2.4)
where )
COy11 Qi COy1
g — <zl < + : (2.5)
90(04u+1) ! Q9 90(04u+1)

c is an absolute constant from Theorem C, ). 1,; < Zean 1 n(aviy)—nlay-2)
J w(aw+1) n(ay+1)

Proof of the lemma. We write A, = {¢ : a,—1 < |(| < a, }. Estimate the first sum in (2.4).
First, we suppose that n(a,11) — n(a,—2) > 1. We set

@(Odlﬂrl) TL(
Qpy1

P, = au1)y/logT n(ay,q). (2.6)

Applying Theorem C to the set of {c,} that are contained in A, UA, UA,; we conclude
that there exist disks D,; = D(z,j,7,;), 1 < j < j, such that

1 o,
> < 20 ) flog nen). zea D, @)
Z—Cy Ay -
au—2<|Cu‘Sau+1
ergc Qi1 n(ozy+1)—n(ay_z), (2.8)
p(ay41) n(o41)
Qg — 2L < | < g + e— (2.9)

@(Oéqul)

QO(Q/VJrl)
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On the other hand, for z € A,

1 v
3 <o) (2.10)
|Cu|§0¢u72 z Cu a1 (077))
Hence, using (2.7) we obtain
1 Qa, n(oy,_
Z < il H)n(aVH) log" n(a,41) + UG (2.11)
Z—=Cy Ay Qy—1 — Qp_2
lep <aw1
O¢2
Consider the second sum in (2.4). If |c,| € [a,—2, @y 41], then a1 < [e;| < 24, where

¢, = ai, /T Applying Theorem C to the set of all those {c},} such that ¢, € A, ;UA,UA, 1,
with P = P, we obtain a finite collection of disks l~)yj = D(z,;,7,5) (1<j < jA;) such that

1
Dy

20(av, ~
< pla H)n((x,,ﬂ) log" n(a,1), z€A,\ U D,;, (2.12)
J

au—2<‘cu‘gau+1 Z = Cu &VJFl
Jv
Y R < et n(av+) = nlay-s) (2.13)
2
Ayt ~ a1 Oyt
Qyi1 — C < |z < +c ) (2.14)
SO(O‘VJrl) ’ Q2 ‘P(O‘wrl)
Similarly to (2.10) we have
1 n(ay,_
Z on_H - 042_51 2) : (215)
leul<av—2 2 7 5, G, T W
From the last inequality and (2.12) we obtain
1 o, n(oy, —
Z o < 9051 H)n(a,,H) log" n(a,41) + 025172) (2.16)
leul<an1 # T TG, v a— W
Relationships (2.7), (2.11), (2.12), (2.16) yield
1 1
> | —| <
z—cy sy Qe
leu|<aw1 leuSon 41 n
2¢0(a, 2n(ay,— v v
< MH(O&V+1) logt n(ay,41) + ﬁ, z€ A, \ (U D,; U U D,,j>, (2.17)
Qp41 Qp_1 — Qp_2 =1 j=1
because

2
DS o
a:_g —Qy Z a”(a,,ig - 1) Z Oy — Q3 > Qpy—1 — Q3.

Moreover, according to (2.9) and (2.14), every z,;, 1 < j < j, and Z,;, 1 < j < J,
satisfies (2.5). By (2.8) and (2.13)

ir- +§:? < 2e0vn n(avs) = nlays) (2.18)
! jfl = (lp(aV"l‘l) n(ay+1)

j=1
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And the lemma is proved when n(a, 1) — n(a,—2) > 1.

If n(ay41) — n(a,—2) = 0 inequalities (2.7) and (2.12) are trivial, and using (2.10) and
(2.15) we obtain (2.4) without exceptional sets. If n(a, 1) —n(a,—2) = 1, we have |z—c, |1 <
p(ap)n(ay1)/a 41 and |z — C;|_1 < @(app1)n(ayq1)/ 41 outside D(Cuv m)

D(c},, -—=*+——) for the unique ¢, € A, 1 UA, UA, ;. Therefore (2.7)—-(2.9) and (2.12)—

1 (e 1)n(avt1) )
(2.14) hold. Consequently we obtain the statement of Lemma 1. O

The following two lemmas justify the definitions of the classes W(A) and ®(A).

Lemma 2. Let A >0, B >0, ¢: (0,4+00) — (0,400). Let [;* dt) < 400 and there exist

a constant ty > 1 such that e(x) = ¢ (x)/z is non-decreasing, and E'(t)E(t) < A (t > ty),
where E(t) = loge(e'). Then:

(i) e(BTe(T)) < (et 4+ 0(1))e(T), as T — +oo; (ii) (BT) = (1 + 0(1))e(T) as T — +oo.
Proof. Under our assumptions E(t) is non-decreasing unbounded and E'(t)E(t) < A for
all sufficiently large t. We put R = log7. Let T be such that log B + E(R) > 0. Then
e(BTe(T))/e(T) = exp{loge(BTelog6<T>)—1oge(T)} - exp{E(R+1og B+E(R))—E(R)} -
exp{E'(§)(E(R) + log B)} where £ € (R,R + E(R) + log B) by the Largange theorem.
Now, by the definition of W(A) we obtain e(BTe(T))/e(T) < exp{%(E(R) + log B)} <

exp{A + A;(’Ig%f} = eA(1 + o(1)), r — +oo, and (i) is proved. Part (ii) can be proved

similarly. O
The next two lemmas concern the unit disk case.

Lemma 3. Let Ay, Ay > 0, B > 0. Let 1: (1,+00) — (0,+00) satisfy [;° w(t < +oo and
there exist a constant to > 1 such that e(x) = v¢(x)/x is non-decreasing, and E'(t) < A;
(t > tg), where £(t) = loge(e®"). Let b: (0,+00) — (0, 400) satisfy logb(t) < Aylogt, t > to.
Then

e(b(T)T) < (1 + Ay)Me(T), T — +oo.

The proof is similar to that of Lemma 2.

Lemma 4. Let v: [rg,1) — [vg,+00) be a non-decreasing unbounded function, let
e: [vg, +00) — [1,+00) be a non-decreasing function such that f < +00. Then

vs(v)

Proof. We use the following generalization of the classical Borel-Nevanlinna Theorem.

Theorem D. Let u: [rg, +00) — R be a non-decreasing unbounded function, (ug = u(ry)),
¢: [ug,+o0) — R be a non-increasing function such that ¢p(u) — 0 as u — +oo and
fuoj o(u) du < 4+00. Then for all r > ry except, possibly, a set of finite measure

u(r + cp(u(r))) <u(r—0)+1.

In the case, when u and ¢ are continuous, this theorem is well-known (|1, 3]). The general
case can be proved using similar arguments (see [14, Theorem 1.1, p.7], [3] for details.)

Following J.Miles [5] we write 1+ ¢” = ;1 i.e. r = ez“,

u(x )def logv( e+1> = logv(r) >0
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for x > xo log 122, provided that v(r) > 1 for r > rg.

Since () is non-decreasing we can choose a continuous function e : [vg, +00) — [1, +00)
such that &1 (z) <e(x)/2, 2 > vy and still [ < 400.
We define f(u) = 1(e*). Then

/°° du _/00 ds e
u(ao) B(1) cu(zo) SE(S) ‘

1
“@+ﬁwwn

where F' C [0, 4+00) is of finite measure. Let E = {r =

vel(v)

By Theorem D
) <u(z)+1, zgF (2.19)

I+1 :x € F}. Then

1 1
mesF:/ d:c:/ ( + )dr<+oo,
FN[zg,00) EN[ro,1) I—r

i.e. E is of finite logarithmic measure on [0, 1). Since S(u(z)) = 1(v(r)), (2.19) is equivalent
to 1Ogv< exp{a+1/5(u(x))} ) < 1Ogv< ) +1, z&F or

exp{z+1/B8(u(z))}+1 e?+1
1
v(l — —1> <evu(r), rel0,1)\E.
1+ ﬁem
Butasr» 71
1
1 1 — a0 — ] 1 1)(1 —
. (14 G Dy (o) )y
1 + ea(v T)) 1 + 7’(651(”(7‘)) — 1) 61(U(T))

Therefore, U<7“ exp{ . }) <euv(r) forr >r;, r¢ E,r €[0,1) as required. O

e(v(r))

3. Proofs of the main results.
3.1. The plane case.

Proof of Theorem 1. Let us estimate Zj, 1 < j <4 from (2.2). We may suppose that
n(r,0, f) and n(r,oco, f) are unbounded. Otherwise, corresponding sums are bounded as
R — 4o00.

Given a > 1 we put o, = vVar, A, = {( a1 < |{| € a,}, v €N, p(t) = ¢(log™ t).
Fixing v € N we apply Lemma 1 to the zero set {a,} of f, which lay in A, UA, UA, 41,
Ry = oo. There exists a finite collection of disks D,; = D(z,;,7,;) (1 < j < j,) such that

1 1 2n(oy,_9, 0,
D R g R B
lap| <o 41 B lap|<api1 2 g—: v—1 v—9
29 (log av,,
+Mn(ay+1,0, f)\/log+ n(CYV.H,O, f) S
Ay
2y(log(ar)) 2n(ar,0, f)

IN

Jv
n(ar, 0, f)\/log+ n(ar,0, f) + z€ A\ U D,;.
j=1

Var (= va)’
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Similarly, there exists a finite collection of disks D}; = D(z; 1 < j <) such that

1/]7 u]) (

2 : b > 1a2 < 2avz,00.f)
lbul <1 G bul<au1 # %—:1 Q-1 = Q2
2¢(log av,
+w”(%+1, 00, f)\/logJr n(a,y1,00, f) <
v+1

2 (log(ar))
< Jar

2n(ar, oo, f)

niar, oo o+noz7"oo —_—
(a0, f)y/log* n{ar,00, ) + S,

iz
z€ A\ U Dy;.
j=1

Therefore
2 0
B0+ Do+ By 4 3 < 20T fiontar, 0,00, futlostar)). (3.)
By (2.3) |I] < (aii:i)g (T(ows1, [) +0(1)) < (\f mz (T(ar, f) + O(1)). Substituting the
latter estimates in (2.2) we obatin (|z| = r)

[0 Tanf) | slardios,)
fR1T T Wa=-12\ r

z€ C\Q, where Q = J~ 1( . D,; U U ) [t remains to estimates the exceptional
set 2. By Lemma 1 we have

11 (1/Va® = ¢/(108(0111))) < [2s] < i (VP + c/b(log(ena) ).

Thus, a2 < |z,;|/a,+1 < o for all v greater than some v;. Hence,

> Ty - QTV -
ZZ‘ZJ‘—ZZ ] ZwlogOcVH ;w (Slog(a)) =

(6]
v=r1 j=1 v=r; j=1 v+l

\/log+ n(ar,0, oo, f)zb(log(ar))) . (3.2)

Similarly, > > ;“ 17/ 125;] < 0o, Theorem 1 is proved. O

Proof of Theorem 3. Let A > 0, v € W(A), ¢(t) is a corresponding function from the
definition of the class W(A), e(t) = ¢(t)/t. We shall write T'(r) and n(r, a) instead of T'(r, f)
and n(r, a, ), respectively, and n(r) instead of n(r,0, oo, f).

It is sufficient to prove (1.5) for € instead of £. We define a sequence (a,,) by the induction.
Let ag be such that min{n(ag,0), n(ap,o0)} > 1,

1
SeAe(T(22tL))

v

Gyl = Qy exp{ }, vel,. (3.3)

The definition is correct, because for hi(z) = z, he(z) = eXp{m}, v EZly,,

hy(cw) < ho(ay), hy(x) T 400, ha(x) | 0 as & — +o0. Therefore, there exists the unique a4
such that hq(a,11) = ho(a,41). Moreover, from (3.3) it follows that o, T +00 (v — 400).

Without loss of generality we may assume that f(0) = 1. Then, it is well-known that
for A >0, p >0, o/ = pe®, n(p,a) < T(p)/A for a € {0,00}. We choose p = a1,
p = a2, /o, and consequently, A = 1/(3e?e(T(a?,,/a,))). Then

n(ayy1,a) < SeAT(%)e<T(%)>, a € {0,00}. (3.4)

ay
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Applying Lemma 2 with B = 3e”, we obtain (a € {0,00})

e(n(ay41,a)) < e(SeAT<%>e<T<%>>)§ (e? + 0(1))€<T<%>>, v — +00.

Q, Q,y, ay
(3.5)

Let o, < r <, and v is sufficiently large. Using (3.5) and the definition of «, we
deduce

B 1 1+ o(1)
e O b KO R G e e SO
1 1+o(1)
: ”(“”‘leXp{se%(T(%)) " 3e(nlarar, @) }’a) :
o(1) o(1)
= n(a,,_l exp{ 3;:2@,,,1(1)) + 36(711(—ic_yy+11, a)) }’ a) = n(r exp{ e(n(71”, a)) }’ a),

as v — 00; a € {0,00}. In particular, a, 44 <71’ = rexp{m}. By (3.3) we have

Qpy1

S (3.6)
T ()

(097

and a,41 ~ a, as ¥ — +00. Now we apply Lemma 1 with ¢(t) = €(n(¢,0)). By (3) we have

Z : Z 1
2
z _ %
lap|<caw41 lap|<ow+1 z ap

v1, 0)e(n(ay+1,0
+n(a +1 )e(n(a +1 )) \/]og+ n(ay+1a O) <
[e7yEN]

n(o,_9,0)

_|_

Qpy_1 — Q2

A

< n(r, O)eﬁn(r’, 0) logn(r’,0)(1 + o(1)) + M36A€<T<£>>, (3.7)

r

where ‘
= AV \ jr;l Dyﬁ Zj T < ay41(n(aw41,0)—n(ay—2,0) )

2 2 E(n(a'/+170))n(au+l70)
If 20 < v, then T(22) < T(r). Otherwise,

2

o,y 2
T(—) <T|a, sexp
- 36A6<T

) <ol =7

v—2

ay_1

In any case T< : ) < T(r"). Now we apply the following Borel-Nevanlinna type lemma

Qy—2
([5])-
Lemma 5. Let ¢: (0,400) — (0,+00), e(z) " oo, floo zg(”;) < 00, u be a nondecreasing
unbounded function on (0,00). Then

u(r exp{l/g(u(r))}) <eu(r), r— +o0
outside a set of finite logarithmic measure.
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Remark 5. J.Miles deduces Lemma 5 from the classical Borel-Nevanlinna lemma [1, The-
orem 1.2, p.120| when ¢ and u are supposed to be continuous. But the classical lemma (see
Theorem D) holds even if € and w are non-decreasing but not necessarily continuous. So, we
have the assertion of Lemma 5 (see also the proof of Lemma 4).

Choosing u(z) = n(x, O) we find that n(r’,0) < en(r,0) outside a set E; U [0, 1], where
Ey C [1,00) such that [, % < +oo. Let F, = U, 2] — 70, [25] + 74;]. By Lemma 1

20,41 (n(ay+1,0) — n(ay_2,0))
e(n(ay+1,0))n(ay11,0)

mes F,, < 227",,]- <

J
For F' =, F, we have (v > 11 > 2)

Z Z Tvj <9 Z Oéu+1 (Oéu+17 O) - n<az/f27 0)) <
(-2 = iaioy) (@i, 0))nfay41,0) —

zZ
v=v1 j ‘ VJ‘ v=rq 5(71(061/+10

a,,H, —n(a,_2,0) / dn(t,0)
<3 <3 <
Z au+17 ) (au—l—l) 0) 1;1/1 (ap—2;0041] w(”(t 0))

> dn(t,0) — 1 -
<9 vty =2 v < (38)

n=1

V>

It means that the logarithmic mesure of F' is finite. Therefore (3.7)—(3.8) yield

Z . —1a + Z 1a3+1 < n(r, O)efﬂn(r, 0))\/1ogn(r, 0)(e+o(1))+
‘au|§0¢u+1 " ‘au|§0¢u+1 Z = ?
+ (Z .0) (3e* + o(1))e (T(’I“”)), r— 4oo,r & By UF. (3.9)
Similarly,
1 1 n(r, o0)e(n(r, o0))
> T >, | < V/logn(r, 00)(e + o(1))+
‘bu|§0¢u+1 H |bu|§0¢u+1 z = IB)—:l "
TL(T, OO) (36A + 0(1))€(T(T”)), r — 400, 7 g E,, (3.10)

where Fy C [1,+00) is of finite logarithmic measure.
For a,_; <r <, we have

T(‘)‘;_jl) = T(a,, eXp{mp =

Qy

2 2 4
: T(a”eXp{%Ae(T(oji)) ! 3eAe(T(%24)) PE TOGXp{WH 311)

v—1 oy

Applying Lemma 5 with u(z) = T(z) and e(z) = 5r€(x), we obtain that

T(r exp{W}) <el(r), r— +4oo, r¢ Ej, (3.12)
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where F3 C [1,00) is of finite logarithmic measure.

Since . .
At _ %exp{—oﬁ} > 14—, (3.13)
" " Bede(T(—=)) Bede(T(—£))
using (2.2), (3.11) and (3.12) we have
042 Ot2
_ daun(T(ap) +0(1) _ 360+ o()eMT(Eeer(her))
- (g1 —1)? - r -
T(r)e(T

< 37€2A+1M7 r— 400, & Es. (3.14)

,
If n(r) > T(r), we have n(r)e(n(r)) > n(r)e(T(r)), otherwise T(r)e*(T(r)) > n(r)e(T(r)).
Hence, (3.9)—(3.14) yield (1.5) for [ = 1.

Now, let { > 1. As in [7, p.94] we deduce that for R = 41, 2 € A,

d\=1f'(2)
— < 5! [—1)! 3.15
’(dz) f) 1= (R—r)H! (R—r) ( ) |z — cul! (3.15)
leu|<R
Using (3.3)—(3), and (3.12) we obtain
n(ayi,0) _n0r0) (36A€(T(%)))l n(r, 0)(e(T(r)))!
v+1, S C v S C(A) ) ’ (316)
(ayyq — 1)t 7l rt
as r — 400,17 € Fy, where FEj is of finite logarithmic measure.
In order to estimate >, ., . |z — c,|7" we apply Cartan’s lemma.
Lemma 6 ([13, pp.19—21]). Let ay, as, - - - , a,, be any finite collection of complex numbers,

and let d > 0 be any given positive number. Then there exists a finite collection of closed disks
Dy, Ds,---, D, with corresponding radii r1,7s,- - ,r, that satisfy r +ro + -+ 4+ 1, = 2d,
such that if z ¢ D; for all j € {1,2,---,q}, then there is a permutation of the points
a1, 09, Ay, Say, by, by, -+ by, that satisfies |z — by| > kd/m for k = 1,2,---  m, where
the permutation may depend on z.

First, using (3.11), (3.12) and Lemma 2 we obtain
3 | 1 _ _nlovs) < Cn(r)<w>l < Cn(r)<m>l’ rd B

z—cult T (r—ay_g) r r

‘CIA‘SQU—Q

Then, applying Lemma 6 to the points ¢, such that a,_» < |c,| < a4 with d =
20, (n(o41) — n(aw—2))/d(n(a,41)), we deduce that there exists a finite collection of closed
disks Dy, ..., D,;, whose radii have a total sum equal to 2d such that if z ¢ U;”Zl D,; then

there is a permutation of the points c,, a,—a < |c,| < @i, 53y B, ..+, Ba(arir)—n(an_0) that
satisfies |z — (x| > km Then

1 n(ay41)—n(ay—2) |
- <
> — T
o —2<|cp|Sowqt |2 — ¢l k=1 |2 — Dl

n(av41)—n(ay—2)

< (é(n(awl)))l 3 1 O(¢(n(7“))>l, r & Byr — oo,

py1 k=1 kl - r
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where Fj5 is a set of finite logarithmic measure. Thus,

3 1 §C<¢(n(r)))l’ r & Byt — 00, (3.17)

z—c,lt r
|2 — ¢,

‘CH‘SQWH

Finally,
avnT(avn) _ T(r)(e(T(r)"™!
(@V+1 - T)lJrl N rl

, r—+oo, r & E. (3.18)

/ " ! 2
Since E(f?) = f? - <f7) , using (3.15) with [ = 2 and Theorem 3 for [ = 1, and
(3.16)—(3.18) we can deduce that

e

( ()( ())) +O(T(T)(6(T(T)))2 n(r)e(n(r)) 10g+n(?“)>2

+ n(r

( )<€<Tr(7’))>2+

+
r r

SC( (T')(( (r)))? N n(r)e(n(r)) 10g+n(7“)>2’

r r

r — +oo,r € E.

In general, we have (cf. [3]).

Lemma 7. Let there exist f™(z), m € N, f(x) # 0. Then

£)(a) Fr@)\ e @)y
fx) 0<;m ““---Z‘mﬂ((f(x)) ) +<f(x)) )

Z:siszm

where the sum is taken over all nonnegative integers iy, ..., iy, such that 3 " si; = m,
a;, 4, are real.

Using this lemma, (3.15), and estimates (3.16)—(3.18), similar to [10, p.141-142] it can
be deduced that for each positive integer [
‘f;z(? < C(T(T)(G(T(T’)))2 | nr)e(n(r)) ylog™ n(?“)>l
z

r r
where F is of finite logarithmic measure. Theorem 3 is proved. O

Y T—>+OO7T¢E7

Proof of Corollary 2. From relationships (3.4), (3.5), (3.11) and (3.12), it follows that
n(r,0,00, fle(n(r, 0,00, f)) < C(A)T(r, f)e*(T(r, f)), T &FE,

where £ is the set of finite logarithmic measure form the proof of Theorem 3. The inequality
Vlogn(r, 0,00, f) < C+/log T(r, f) is easy to obtain with the aid of Lemma 2 similar to (3.5).
Now, the statement of the corollary follows from Theorem 3 and the latter inequalities. [

3.2. The disk case.

Proof of Theorem 4. Proof of Theorem 4 is similar to that of Theorem 1 (cf. proof of
Theorem 3.1 [8]). We should define a, = 1 — b, b = /3, and p(t) = ¢(1og§)’ and then

1—t
apply Lemma 1. O
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Proof of Theorem 5. We give the proof of Theorem 5 in details. Let A > 0, ¢» € ®(A),
©(t) is a corresponding function from the definition of the class ®(A), €(t) = ¢(t)/t. Let
Ay = Alog(1+2). We define a sequence (o) by the induction. Let 1 > cg > 1 be such that
min{n(ao, 0), n(ag, 00)} > 1,

1- v
Q1 = eXp{ &2 }, vETL,. (3.19)
")

Since e < 1+ (e— 1)z (0 <z < 1) and €(T) > 1, it is easy to see that a,, < 1 for all v,
moreover o, — 1 (v — 00).
We also note that and 1 — a1 ~ 1 — «, as v — 400, because

v 1 - v
log 21 — 0;2 =o(l—a,), v— 0. (3.20)
Qy 36A1€(T(;—j1))
_ 2 _ l1—ay
We choose p = a41, p' = a1/, and consequently, A = ST o) Then

3 Aq 2 2
n(ayy1,a) < ‘ T<a"+1>e<T(M>>, a € {0,00}.
ay

1—q, Qay,

By the definition of the order o[T'(r, f)] > 0, for all n > 0 we have % < T(oy,)otm

(v — +00). We can apply Lemma 3 with b(T) = T'=7¢(T). We obtain (a € {0, 00})
2
Aq OéV—‘,—l
e(n(ayi1,a)) < (e +0(1))6<T<—% )) v — 400 . (3.21)

Let a, 1 < r < «, and v is sufficiently large. Using (3.21), the definition of «, and
(3.20) we deduce

s )= exp{?)e/*i(;(a:i—f» poa) <nfwen{ gl 5 ) <
< n<oz,,1 eXP{BeAlleZTOE?‘—lgl)) + (1;;0 Ozy+11,_ o },a)
(+o()(1=a,) (14 0(1))(1 — 04,, L) <a(s exp{ - T)) La),

3e(n(ay,a)) 3e(n(ay11,a))

S n <041/71 exp{

as v — 00; a € {0,00}. By (3.19) we have

v 1— v
AR @ (3.22)

O ehe(T (%))

v

Now we apply Lemma 1 with ¢(t) = e(n(¢,0))/(1 —t). By (3) we have
(T = reXP{e(n(rO))})

1 1
D PRI g
Z—ay z — vl
|au|§au+l |QH‘§OCV+1 ay
' 0 ' 0 0 ;
< MR OAUO) iognlr,0)(1 +0(1) + 2 Daene(r(221)), (329
1—1r 1—r e
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v 1—a, n(ay+1,0)—n(ay—2,0
where 2 € A, \ ULy Dujy Yoy < S0 And,

T(ZZ_;) < T<T6Xp{%}> =T(r").

Now we apply Lemma 4. Choosing u(z) = n(z,0), we find that

n(r',0) <en(r,0), r¢FE; C0,1) (3.24)

such that [, % < 400. Let Fy, = U;[|20;] = 705, |205] + 15]. By Lemma 1

2(1 = @y 1) (0(0:1,0) = 002, 0))

mes F, <2 T, <
2 e(n(aw+1,0))n(aw41,0)

J
For F' =], F, we have (v > 11 > 2)

[e.9]

Z Z Ty Z (1 —ayy1)(n(au41,0) —n(a,9,0))
STl <1 ~ @t = g 1 (0, 0)n(t41,0)
04,,“, —n(a,_9,0) * dn(t,0)
<3 <9 — <X
Z QVJrh 0)) N ap 1/1(”(757 O))

V>

It means that the logarithmic mesure of F' is finite. Therefore (3.23)—(3.24) yield

Z . —1a + Z : 1a3+1 < n(r, Oieﬁnﬁr, 0))\/1ogn(r, 0)(e+o(1))+
lap|<awt1 " lap|<ow 1~ 7 Tg,
N 1(7;0) (3¢4 + o(1))e (T(T,,)» r — +o0,r ¢ By UF. (3.25)
Similarly,
) |Z z —1 bu |b |Z z —10‘3+1 = n(T’ OO)ET(’n(T, OO)) logn(r, OO)(e + 0(1))+
ul<owga ul<ow g by,
n(?‘, OO) (SeA + 0(1))6(T(7ﬂ))’ r— 1,7 & Fs, (3.26)

where Ey C [0, 1) is of finite logarithmic measure.
For a,_1 < r < a, we have

r(he) =r(onmnl )

v

(i-ov)) | _201-a) (44 0()(1 — 1)
<7 (o exp{ng}dT(%)) i 36/42161@(%1)) D=rleel S D)

Applying Lemma 4 with v(z) = T'(z) and £(z) = —-€(z), we obtain that

e

T<7“ exp{%}) <el(r), r—1,r¢E;, (3.27)
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where E3 C [0, 1) is of finite logarithmic measure.
Then, using (2.2) and (3.22) we have

A(T(y) +O(1) _ 360+ o) TGt (T((52)

1< Qv <
- (wp—r)? T (1—r)? -
T(r)e*(T(r
< 376”‘1“%, r—1,r¢E;. (3.28)
Hence, (3.25)—(3.28) yield (1.8). Theorem 5 is proved. O

4. An example.

Proof of Theorem 2. Given p € (0,400) we set ¢ = [p|, r,, = 4%, n € Z, and define a
Weierstrass product of the form

B(2) = [T T B2 0)
where E(w,q) is a Weierstrass primary factor of genus ¢ ([1], [2]), zeros a, satisfy 7,1 <
|ank| < 7rn, 1 < k <47 and will be specified later. Now we just note that since n(r,, 0, B)
4(4" — 1)/3, we have n(t,0,B) =< t* as t — 4o0. It is well-known that the product is
absolutely convergent in C. Moreover,

B/(Z) oo 4" El(ﬁ?Q) oo 4™ 4
_ D = (4.1)
B " Bl A e o)
We use a Construction due to V. Eiderman and J.Anderson ([11], [12]). Set E©® = [—1 1]

and at the ends of E® take submtervals E ) of length 1, j € {1,2}. Let
=UL B =[5 -1 vk %}

We then Construct in a similar manner, two sub- 1ntervals E ) of length 472 in each E(l)
and denote by E® the union of the four intervals E . Contmumg this process we obtam
a sequence of sets E™ consisting of 2" intervals of length 4=". We define E, = E®™ x B
the Cartesian product, and note that E,, consists of 4" squares E, ;, k € {1,...,4"} with
sides parallel to the coordinate axes.

Theorem E. Let P > 0 be given and set E = (100P)~'\/n4"E,, is the set defined above. Let
v be the measure formed by 4" Dirac masses located at the cornes z, of the squares which
form E,. Then for any covernig {D(wj, p;)} of the set Z = {Z eC: ‘Z4n+ > P}
have Z pj = o 5 \/log 47+l where ¢y > 0 is an absolute constants.

Moreover the projection of | J; D(wjy, p;) onto the straight line y = x/2 has measure at
least ¢33 \/log 4+l where ¢35 > 0 is an absolute constant.
Remark 6. [11, 12] Let z,, be the centers of E,; which form E in Theorem E. Then

Z D Upex, D(2,4,0.001y/n/P), and card KC,, > ¢44™ where ¢4 > 0 is an absolute constant.
We choose

n+1 E i ¥
Pn = ;Lmq \/Ww<10g TTL+1)7 En = l\g;lan - o

4004/ (1+1/n) log 43 (log rn11)
Hence the side length d,, of E,, satisfies

k=1 2—z,

T'n+1 d, < T'n41
800¢(1Og rnJrl) N 4OO¢(1Og rnJrl)

A\

(4.2)
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We rotate En on the anlge 7/6 clockwise and move along Oz such that the right vertex
of the square coincides with r,,;. We denote by a,414, 1 < k < 4™*1 the vertecies of the
squares that form the obtained square E.
Then by Theorem E for any covering {D(wy, j, pn;)} of the set
qntl

def{ ‘Z \/Ww (log Ty +1}

we have > pn; > corpy1/¥(logrn41). Let 2 € M,. According to Remark 6 we can assume
that 2 € Uper, D(20, 10720+ 1/P,) C M, Then, by (4.2)

4n+1

Z_anJrlk)_ Tnt1

n+1 Tnt1
< rppr 4+ 0.001—— <1, ,
2 n+1 Tn )
21 2 ey = o = 000175 2 sy — gt
n n+1
We split the sum from (4.1)(Api = 2 (ia k))
mk m

4n+1

Z:nozl ﬁl Apr = Z:anl Zizl Api+ k=1 An+1,k+2:no=n+2 Zgl Apr = X1+ +33.
Using (4.2) and (4.3) we estimate X3 for z € M, |z| =r

[e.e] o0 4ﬂl
23] < < 2r1 ———— <
PR R
n(r
< Ci(p)|z|? Z rP=1t = Cy(p)rir? i ' < Cs(p) i>, r — 400. (4.4)
m=n+2
Similarly,
n n 4m 3 T’piq7 p > q
=) < <20ty o = a4 <
THZI;\G k| \Z—amk| — T n, p=q
rP=1L, N 1
<C(p)-{ | PEN _ponmlosr (4.5)
rP~logr, peN r
Finally, let us estimate the difference
Hak 21 Zg < - 277 + 292 + -+ an+1 k
1 a;]z—f—l Wz — an—i—l,k) i (S W) Bt |an+1,k|‘1 -
< Cs(p) & - L < Chlp ) (4.1), (4.4)—(4.5), the latter estimate and
the definition of M, that for z € Mn, |z| =r
n+1 gnt1 gnt+1
B'()| |
> _
’ B(z) |~ ; 2 = On+1k ; aiﬂ,k( — Qny1k) — ~ an+1k
4m

>08(p)n(r)\/log7;znrw log 1) —O(M> >

o r

e p)n(r)\/ log Z(T)w(log 7)

, T — 400.
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On the other hand,

Pn,j Tn+1 1 o
Z ; r—nj = ; ro(logry, 1) = ; Y(nlogd) oo

Theorem 2 is proved. O

I would like to thank Prof. V. Eiderman, Prof. G. Gundersen and Prof. O. Skaskiv for
valuable remarks.

REFERENCES

1. Tombmbepr A.A., Ocrposckuit 11.B. Pactnpenenenue 3uadennii mepomopdunix dyuxnuit, M.Hayxka, 1970,
592 c.

2. Hayman W. K. Meromorphic functions, Clarendon Press, Oxford, 1964.

3. Crpemnun III. Acumnrorunyeckue cBOACTBA aHATUTHYIECKUX periernii qudepeHuaibHbIX yPaBHEHH. —
Bunbaroc, MunTuc, 1972, 468 c.

4. Tompabepr A.A., Tpunmreitn B.A. O aozapugpmuneckoli npouszsodnoti mepomoppuoti dynrkyuu,
Mar.3amerku 19 (1976), no.4, 525-530. Math.Notes 19 (1976), 320-323.

5. Miles J. A sharp form of the lemma of the logarithmic derivative, J. London Math. Soc. 45 (1992),
243-254.

6. Heittokangas J., Korhonen R., Rattya J., Generalized logarithmic derivative estimates of Gol’dberg-
Grinshtein type, Bull. London Math. Soc. 36 (2004), 105-114.

7. Gundersen G. Estimates for the logarithmic derivative of a meromorphic function, plus similar estimates,
J. London Math. Soc. (2) 37 (1988) 88-104.

8. Chyzhykov I., Gundersen G.G., Heittokangas J. Linear differential equations and logarithmic derivative
estimates, Proc. London Math. Soc. (3) 86 (2003), 735-754.

9. Heittokangas J. On complex differential equations in the unit disc, Ann. Acad. Sci. Fenn. Math. Diss.
122 (2000) 1-54.

10. Strelitz Sh. On upper bounds for the logarithmic derivative of a meromorphic function, Complex vari-
ables, 23 (1993), 131-143.

11. Anderson J.M., Eiderman V.Ya. Estimates for the Cauchy transforms of point masses (the logarithmic
derivative of a polynomial), Doklady Ross Akad. Nauk 401 (2005), no.5, 583-586.

12. Anderson J.M., Eiderman V.Ya. Cauchy transforms of point masses (the logarithmic derivative of
polynomials ), Annals of Math. 163 (2006), no.3, 1057-1076.

13. Levin B. Ja. Distribution of zeros of entire functions, revised edition, Transl. Math. Monographs, V.5
(translated by R. P. Boas) et al (Amer. Math. Soc., Providence, 1980).

14. Cymuk O.M., Ymxukos [.E. Mepomopdui dyukmnii Ta mixiiiai nudepenniaabhi pisagHHs, JIbBiB, JIbBiB-
cbKkuit Ha11. yH-T, 2005. — 98 c.
http://www.franko.lviv.ua/faculty /mechmat /Departments/ TFTJ /Web/pdf _ps/met/ne_ de.pdf

Faculty of Mechanics and Mathematics,
Lviv Ivan Franko National University,
ichyzh@lviv.farlep.net

Received 29.08.2006
Revised 5.01.2007



