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A generalized characteristic method [5, 7] preliminaries are described and used for studying
functional-analytic solutions to the Cauchy problem of noncanonical Hamilton-Jacobi equa-
tions. If the equation is of the Riccati type solutions are obtained and investigated making use
of the classical Leray-Schauder fixed point theory.
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Îïèñàíû îñíîâàíèÿ îáîáùåííîãî ìåòîäà õàðàêòåðèñòèê, èñïîëüçîâàíîãî äëÿ èçó÷å-
íèÿ ôóíêöèîíàëüíî-àíàëèòè÷åñêèõ ðåøåíèé çàäà÷è Êîøè íåêàíîíè÷åñêèõ óðàâíåíèé Ãà-
ìèëüòîíà-ßêîáè. Â ñëó÷àå óðàâíåíèÿ òèïà Ðèêêàòè ðåøåíèÿ ïîëó÷åíû è èññëåäîâàíû ñ
ïîìîùüþ êëàññè÷åñêîé òåîðèè íåïîäâèæíîé òî÷êè Ëåðå-Øàóäåðà.

1. The problem setting. Consider a canonical Hamilton-Jacobi equation

ut + ||ux||2/2 = 0, (1.1)

where || · || is the standard norm in the Euclidean space E
n := (Rn, < ·, · >), and try to

construct its exact functional-analytic [8, 6, 7] generalized solutions u : E
n × R+ → R,

satisfying the Cauchy condition

u|t=+0 = u0 (1.2)

for a given function u0 : E
n → R. One can easily enough to state, making use of the

characteristic method [8, 6, 10, 13], that equation (1.1) possesses for smooth Cauchy data

u0 ∈ C1(En; R) an exact functional-analytic generalized solution in the form

u(x, t) = u0(y) +
1

2t
||x− y||2, (1.3)

where a vector y := y(x, t) ∈ E
n for all (x, t) ∈ E

n × R+ satisfies the following determining

equation

∂u0(y)/∂y − (x− y)/t = 0. (1.4)
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It was proved in [11, 8, 6] that in a more general case of convex and below semicontinuos

Cauchy data u0 ∈ BSC(c)(R
n; R) the expression (1.3) allows the completely equivalent to

(1.3) so called Hopf-Lax type represntation

u(x, t) = inf
y∈En

{u0(y) +
1

2t
||x− y||2}, (1.5)

being a generlaized [8] solution to the Hamilton-Jacobi equation (1.1). The solution (1.3)

satisfies the following natural asymptotic �viscosity� property: limt→∞ u(x, t) = inf{u0(y) :
y ∈ E

n} for almost all x ∈ E
n. The Cauchy problem (1.1) and (1.2) for functions u0 ∈

BSC(En; R)∩ C1(En; R) possesses a unique functional-analytic representation for its gene-

ralized solutions and satisfying the standard viscosity property. Below we consider a generali-

zed geometric Monge charactersitic method of solving noncanonical Hamilton-Jacobi type

equations in the general form ut +H(x, t; u, ux) = 0 wiith Cauchy data (1.2), and give

two examples, where H := H1 = 1
2
< ux, ux > and H := H2 = 1

2
(< ux, ux > +u2), an

evolution Riccati type equation.

2. A generalized Monge characteristic method: short backgrounds.

2.1. A noncanonical Hamilton-Jacobi equation

ut +H(x, t; u, ux) = 0

within the geometric Monge approach [5, 10, 7, 1, 13] can be considered as a characteristic

surface SH ⊂ E
n×R+×E

n×R
2 in the following form:

SH : = {(x, t; u, p, σ) ∈ E
n×R+×E

n×R
2 : σ + H̄(x, t; u, p) = 0, (2.1)

H̄(x, t; u, p) : = H(x, t; u, π)|π=ψ(x;u,p)},

where a related Monge cones parametrization is taken as π = ψ(x; u, p) ∈ E
n, (x; u, p) ∈ SH ,

for some nondegenerate mapping ψ ∈ C1(R2n+1; En), that is det(∂ψ/∂p) 6= 0. We denoted

here ut := σ ∈ R, ux := π ∈ E
n for (x, t) ∈ E

n×R+ and < ·, · > is the standard scalar

product in the Euclidean vector space E
n := (En, < ·, · >). As an example of equation (1.1),

we will put below

H1(x, t; u, π) :=
1

2
< π, π >, H2(x, t; u, π) :=

1

2
(< π, π > +u2). (2.2)

Now one can construct [5, 10, 7] a solution surface S̄H ⊂ E
n×R+×R, which is compatible

with the characteristic surface SH ⊂ E
n×R+×E

n×R
2, and satisfying the following Cartan's

compatibility relationships:

du = σdt+ < ψ, dx >, < dσ,∧dt > + < dψ,∧dx >= 0, (2.3)

holding upon S̄H along any solution u : E
n×R+ → R.

2.2. Consider now a related characteristic vector field on the surface SH in the form

dx/dτ = µ(1|1)∂H̄/∂p, dp/dτ = −µ(1|1),∗(∂H̄/∂x+ ψ∂H̄/∂u − H̄∂ψ/∂u),(2.4)

du/dτ = < p, µ(1|1)∂H̄/∂p > −H̄, dσ/dτ = σ∂H̄/∂u, dt/dτ = 1,
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under the following mixed Cauchy data:

x|τ=0 = y := y(x, t), x|τ=t = x, , (2.5)

u|τ=0 = u0(y), p|τ=0 = p0(y),

ψ(x0; u0, p0) : = ∂u0(x0)/∂x,

where, by definition, the tensor µ(1|1) := (∂ψ/∂p)∗,−1 and the condition u|τ=t = u(x, t) for all

(x, t) ∈ E
n×R+ is assumed, owing to the relationships (2.3), to be satisfied. The equations

(2.4) fully ensure [3, 10, 5, 13, 7] the invariance of the characteristic SH and fulfillment of

the related Cartan's compatibility conditions (2.3). The problem (2.4) and (2.5) is, actually,

an inverse one subject to the corresponding initial data at τ = 0 ∈ R+, if the corresponding
data at τ = t ∈ R+ are a priori given. The general solution to this inverse problem gives

rise [10, 5] to the following exact functional-analytic expression:

u(x, t) = (u0(y) + P(x, t; y))|y=x0(x,t) , (2.6)

where a vector y := x0(x, t) ∈ E
n, defined by (2.5), must belong to the set of points

U(x) ⊂ E
n, reachable at τ = t ∈ R+ by the vector field (2.4) starting at x ∈ E

n, and the

kernel

P(x, t; y) :=

∫ t

0

L(τ ; x(τ), ẋ(τ)|u)dτ, (2.7)

ẋ := dx/dτ, is defined by the Lagrangian function

L(τ ; x(τ), ẋ(τ)|u) :=
(
< ψ, µ(1|1)∂H̄/∂p > −H̄(x, τ ; , p)

)∣∣
ẋ=µ(1|1)∂H̄/∂p (2.8)

for all reachable points (x(τ), τ) ∈ U(x)×R+. The functional analytic expression (2.6) for

the Cauchy problem (1.1) and (1.2) gives rise [7] right away to its generalized solution

in the Hopf-Lax type form, since the tensor field µ(1|1) ∈ C1(En×R+; En ⊗ E
n) on the

corresponding characteristic surface SH is symplectic [2, 1, 4, 12]. This means, in particular,

that the differential 2-form

ω(2) :=< dψ,∧dx > |ΣH
(2.9)

is nondegenerate on the characteristic strip ΣH ⊂ SH . We can now easily obtain from (2.4),

(2.5) and (2.6) that the Hamilton-Jacobi equation (1.1) with Cauchy data u0 ∈ C1(En; R)
possesses solution (1.3) for all (x, t) ∈ R

n × R+, defined by the vector y = x0(x, t) ∈ E
n,

which solves the determining equation (1.4).

3. Examples.

Example 3.1. The canonical Hamiltonian function H1(x, t; u, π) := 1
2
< π, π > .

3.1. Actually, the Lagrangian function (2.8) corresponding to this case, owing to the

(2.2), equals the expression

L(τ ; x(τ), ẋ(τ)|u) = ||ẋ||2/2, (3.1)

where, owing to equations (2.4) and conditions (2.5), the following relationships

x(τ) − y = ψ(x0; u0, p0)τ, ψ(x0; u0, p0) := ∂u0(y)/∂y, (3.2)
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hold for all τ ∈ R+. Therefore, the expressions (2.6) and (2.7) give rise to such an exact

solution to the equation (1.1):

u(x, t) = u0(y) +
1

2t
||x− y||2

∣∣∣∣
y=x0(x,t)

, (3.3)

where a vector y := x0(x, t) ∈ E
n for all (x, t) ∈ E

n × R+ satisfies the determining equation

(1.4), easily following from (3.2), that is

∂u0(y)/∂y − (x− y)/t = 0. (3.4)

The result obtained one can interestly interpret making use of the Lagrangian variational pri-

nciple: the system (2.4) of charactersitic Hamiltonian vector fields is completely equivalent

to the variational equation δL(τ ; x(τ), ẋ(τ)|u)/δx = 0, solving the extremum problem

ũ(x, t) = inf
x∈C2([0,t];R)

{x(0)=y∈E
n,x(t)=x∈E

n}

(u0(y) +

∫ t

0

L(τ ; x(τ), ẋ(τ)|u)dτ) (3.5)

in the space of smooth functions x ∈ C2([0, t]; R), t ∈ R+.

3.2. A very important fact concerning the constructed function (3.5) consists in that it

satisfies [14] the Hamilton-Jacobi equation for all (x, t) ∈ E
n×R+ exactly the same as (1.1),

that is

∂ũ/∂t+ ||ũx||2/2 = 0 (3.6)

under the evident initial condition

ũ|t=0 = u0. (3.7)

Thereby, we can identify the obtained function (2.4) with our solution to the Hamilton-

Jacobi equation (1.1) with Cauchy data (1.2), that is u = ũ. Since the infimum problem

(3.5) is equivalent to that

u(x, t) = inf
y∈U(x)

{u0(y) +

∫ t

0

L(τ ; x(τ), ẋ(τ)|u)dτ} (3.8)

in the space of solutions to the equations (2.4) with Cauchy data (2.5), we obtain right

away its well known [8, 6] the Hopf-Lax type representation

u(x, t) = inf
y∈Rn)

{u0(y) +
||x− y||2

2t
}, (3.9)

where we took into account that U(x) = R
n and the kernel (2.7) equals

P(x, t; y) =
||x− y||2

2t
(3.10)

for all (x, t) ∈ E
n × R+. If the Cauchy data u0 ∈ BSC(c)(E

n; R)∩C1(En; R), a vector

y = y(x, t) ∈ E
n, solving the problem (3.9), satisfies evidently the equation (3.4), thereby

confirming the result, obtained previously.

Example 3.2. The evolutionary Hamilton-Jacobi equation of the Riccati type: the Hami-

ltonian function H := H2 = 1
2
(< π, π > +u2).
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3.3. The corresponding characteristic vector fields equations on the surface SH , parametri-

zed as π := ψ(x; u, p) ∈ E
n, (x; u, p) ∈ SH , are given as

dx/dτ = ψ(x; u, p),
(∂ψ/∂p)dp/dτ = −uψ,

du/dτ = 1
2
(< ψ, ψ > −u2),

(3.11)

where parameter τ ∈ R. It is easy to see that a suitable parametrization of SH can be given

by the mapping ψ(x; u, p) := up/||p|| for all (x; u, p) ∈ SH . Then, the system of equations

(3.11) transforms into

dx/dτ = up/||p||,
(I−p⊗ p/||p||2)dp/dτ = −up/||p||,
du/dτ = 1

2
(< ψ, ψ > −u2) = 0,

(3.12)

meaning that the solution u : E
n × R+ → R along the corresponding charactersitic strip

ΣH ⊂ SH is exactly constant. Solve now the inverse Cauchy problem related with system

(3.12):

x|τ=0 = x0 := y(x, t), x|τ=t = x, (3.13)

p|τ=0 = p0(y) = ||p0(y)||∂ ln u0(y)/∂y

for any fixed (x, t) ∈ E
n × R+. Before doing this, note that the latter condition of (3.12)

imposes the natural constraint on the class of Cauchy data (1.2):

u0(x) = c0 exp[

∫ 1

0

< p0(xλ), x >

||p0(xλ)|| dλ] (3.14)

for all x ∈ E
n. Here c0 ∈ R+ is arbitrary positive constant and a vector-function p0 ∈

C1(En; En) satosfies the following compatibility condition:

p′0 − p′,∗0 = ||p0||−2[p′,∗ (p0 ⊗ p0) − (p0 ⊗ p0) p
′
0], (3.15)

where p′ := ∂p0(x)/∂x ∈ E
n⊗E

n, x ∈ E
n, is the usual Jacobi matrix. We will call further

this class of Cauchy data as Ricc(En; R). Having assumed now that the Cauchy data satisfy

conditions (3.14) and (3.15), one can easily solve the inverse Cauchy problem (3.13) for

equations (3.12) as follows:

y = x+
p0(y)

||p0(y)||(1 − e−ut)u−1, (3.16)

u = u0(x+
p0(y)

||p0(y)||(1 − e−ut)u−1),

holding for all (x, t) ∈ E
n × R+. The system of functional-analytic equations (3.16) is,

evidently, equivalent to the following fixed point problem

P(y; u) = (y; u) (3.17)

for (y; u) ∈ C(En; En) × C(En; R) and any fixed parameter t ∈ R+, where the mapping

P(y; u) := (x+
p0(y)

||p0(y)||(1 − e−ut)u−1; u0(y)) (3.18)

with u0 ∈ Ricc(En; R). The following lemma simply follows from the expressions (3.16)

and (3.14).
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Lemma 3.3. The mapping (3.18) is continuous with respect to the norm

||(y; u)||
En := sup

x∈En
(exp(−||x||)|u(x)|) + sup

x∈En
(||y||),

where (y; u) ∈ C(En; En) × C(En; R).

It is easy to see, owing to (3.14) and (3.16), that the mapping (3.18) leaves the convex

set B1(E
n; En) × Cexp(E

n; R+) invariant for any fixed t ∈ R+, where we denoted

B1(E
n; En) : = {y ∈ C(En; En) : sup

x∈En

||y(x) − x|| ≤ 1}, (3.19)

Cexp(E
n; R) : = {u ∈ C(En; R) : sup

x∈En
exp(−||x||)|u(x)| ≤ e}.

Take now any compact K ⊂ E
n and consider the mapping (3.17) reduced to points x ∈ K.

Then the mapping (3.17) also will leave the set B1(K; En) × Cexp(K; R+) invariant for any
fixed t ∈ R+. Concerning the constructed set B1(K; En)×Cexp(K; R+) the following lemma,

owing to the definitions (3.19), holds.

Lemma 3.4. The set of functions B1(K; En) × Cexp(K; R+) is bounded and uniformly

continuous with respect to the induced norm ||(y; u)||K := supx∈K(exp(−||x||)|u(x)|) +
supx∈K(||y||) for any compact K ⊂ E

n and all fixed t ∈ R+.

From the above lemma 3.4 we find, owing to the standard Riesz criterium [9, 8], the next

corollary.

Corollary 3.5. The set of functions B1(K; En) × Cexp(K; R+) is convex and compact for

any compact K ⊂ E
n and all fixed t ∈ R+.

Thereby, one can apply to the constructed above reduced mapping

P : B1(K; En) × Cexp(K; R+) → B1(K; En) × Cexp(K; R+) (3.20)

the classical Leray-Schauder theorem [8, 9] about the existence of a fixed point (ȳ; ū) ∈
B1(K; En) × Cexp(K; R+), such that P(ȳ; ū) = (ȳ; ū). Really, owing to Lemma 3.3 and

Corollary 3.4, the following theorem holds.

Theorem 3.6. (Leray-Schauder type) The mapping (3.18), being continuous in the Banach

space C(K; En) × C(K; R), leaves the convex and compact set of functions B1(K; En) ×
Cexp(K; R+) invariant and possesses there a fixed point.

The obtained fixed point of the mapping (3.20) solves, obviously, our Cauchy problem

(1.2) for any given function u0 ∈ Ricc(En; R), finishing our calculations. In particular,

we showed that solutions to the canonical Hamilton-Jacobi equation (1.1) with Cauchy

data (1.2) can be constructed effectively in the functional-analytic form, using the generali-

zed charactersitic method. Within those exact functional-analytic solutions can exist such

ones, whose asymptotic properties possess nontrivial asymptotic viscosity behavior, being of

importance important for applications.
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