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A rotor in a polygon is a closed convex curve that can be completely rotated inside this
polygon so that, in all its positions, it touches all the sides of the polygon. We prove that the
hyperspace of all rotors (respectively, of all smooth rotors) in a regular polygon is homeomorphic
to the Hilbert cube (respectively, the separable Hilbert space). In the case when the polygon
is a square (i.e. for convex curves of constant width) we show that the hyperspace of spherical
rotors is homeomorphic to the set of finite sequences in the Hilbert cube.

Ë. Å. Áàçèëåâè÷. Î ãèïåðïðîñòðàíñòâàõ ðîòîðîâ â âûïóêëûõ ìíîãîóãîëüíèêàõ // Ìàòå-
ìàòè÷íi Ñòóäi¨. � 2006. � Ò.26, �1. � C.49�54.

Ðîòîðîì â ìíîãîóãîëüíèêå íàçûâàåòñÿ çàìêíóòàÿ âûïóêëàÿ êðèâàÿ, êîòîðóþ ìîæíî
ïîëíîñòüþ ïîâåðíóòü â ýòîì ìíîãîóãîëüíèêå òàê, ÷òî âî âñåõ ñâîèõ ïîëîæåíèÿõ îíà êà-
ñàåòñÿ âñåõ ñòîðîí ìíîãîóãîëüíèêà. Äîêàçàíî, ÷òî ãèïåðïðîñòðàíñòâî âñåõ ðîòîðîâ (ñî-
îòâåòñòâåííî âñåõ ãëàäêèõ ðîòîðîâ) â ïðàâèëüíîì ìíîãîóãîëüíèêå ãîìåîìîðôíî ãèëüáåð-
òîâó êóáó (ñîîòâåòñòâåííî ñåïàðàáåëüíîìó ãèëüáåðòîâó ïðîñòðàíñòâó). Â ñëó÷àå, êîãäà
ìíîãîóãîëüíèê ÿâëÿåòñÿ êâàäðàòîì (ò.å. äëÿ âûïóêëûõ êðèâûõ ïîñòîÿííîé øèðèíû) ìû
ïîêàçûâàåì, ÷òî ñîîòâåòñòâóþùåå ãèïåðïðîñòðàíñòâî ñôåðè÷åñêèõ ðîòîðîâ ãîìåîìîðôíî
ïðîñòðàíñòâó ôèíèòíûõ ïîñëåäîâàòåëüíîñòåé â ãèëüáåðòîâîì êóáå.

1. Introduction. The hyperspaces of compact convex sets were first considered in [1]. The

main result of [1] stated that the hyperspace of compact convex sets in the Euclidean space

Rn, n ≥ 2, is homeomorphic to a punctured Hilbert cube. Some other results on topological

properties of the hyperspace of compact convex bodies and its subspaces are considered in

[2]-[4].

A rotor in a polygon is a closed convex curve that can be completely rotated inside this

polygon so that, in all its positions, it touches all the sides of the polygon. See [5]�[7] for

various constructions of rotors. It is known ([8]) that the polygon under consideration must

be either a regular one or a rhombus. The latter case corresponds to the convex curves of

constant width. In [9] (see also [10]) it is proved that the hyperspace of compact convex sets

of constant width d lying in a square of size d is homeomorphic to the Hilbert cube Q =
{(xi)

∞
i=1 | xi ∈ [0, 1]} (the space Q is endowed with the metric d, d((xi), (yi)) =

∑∞
i=1

|xi−yi|
2i .

The aim of this note is an extension of this result to the case of rotors in arbitrary regular

polygons. Our main result states that the hyperspace of rotors in regular polygons is also

homeomorphic to the Hilbert cube.
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Note that rotors exist also in some polyhedra in higher dimensions (see [11]). However,

the results of [11] demonstrate that the hyperspaces of rotors in the polyhedra of dimension

≥ 3 are finite-dimensional, unless these polyhedra are parallellotopes in which case the

hyperspaces of rotors coincide with those of bodies of constant width.

In the sequel, we fix a polygon P as above.

Let R denote the set of all rotors in P . The set R is naturally identified with a subset

cc(R2) of all nonempty compact convex subsets in R2 with the topology generated by the

Hausdorff metric, dH ,

dH(A, B) = inf{ε > 0 | A ⊂ Oε(B), B ⊂ Oε(A)}.
Using the fact that the hyperspace of the rotors inscribed in P is homeomorphic to the

Hilbert cube, we are able to prove that the hyperspace of smooth rotors is homeomorphic

to the Hilbert space. One more result, which is proved, however, under the restriction that

P is the square, describes the topology of the rotors that consist of finite number of circular

arcs.

By 〈·, ·〉 we denote the inner product in R
2. It is sometimes convenient to identify R

2 and

C; to any point (a, b) ∈ R2 there corresponds a + bi ∈ C. By S1 we denote the unit circle,

S1 = {z ∈ R2 | ‖z‖ = 1}. By �dimension� we mean the covering dimension (see, e.g. [12]).

By ANR we denote the class of absolute neighborhood retracts, i.e. the metrizable spaces

which are neighborhood retracts of every enveloping metrizable space.

2. Result. The main result of this note is the following one.

Theorem 2.1. The hyperspace R of rotors in a regular polygon P is homeomorphic to the

Hilbert cube.

Proof. First, we show that the hyperspace R is a convex subset in cc(R2) with respect to

the convex combination given by the formula

tA + (1 − t)B = {ta + (1 − t)b | a ∈ A, b ∈ B}, A, B ∈ cc(R2), t ∈ [0, 1].

Indeed, A ∈ R if there exists a continuous map fA : S1 → R2 such that, for every z ∈ S1

the set zA + fA(z) is inscribed into P .

We reformulate the condition in terms of the support functions. By hA : S1 → R we

denote the support function of a convex symmetric curve A, hA(z) = max{〈a, z〉 | a ∈ A},
z ∈ S1.

For j ∈ {0, 1 . . . , n − 1}, let cj =
(
cos 2πj

n
, sin 2πj

n

)
.

Without loss of generality, one may assume that P is a regular n-gon centered at the

origin, n ∈ {3, 4, . . .}, located so that hP (cj) = c, where c is the radius of the inscribed in P
circumference.

Then A is a rotor in P if and only if there exists a continuous function fA : S1 → R2

such that

hzA+fA(z)(cj) = hzA(cj) + 〈cj , fA(z)〉 = hA(cjz
−1) + 〈cj, fA(z)〉 = c,

for every z ∈ S1 and j ∈ {0, 1 . . . , n − 1}.
Given A, B ∈ R and t ∈ [0, 1], we have

htA+(1−t)B(cjz
−1) + 〈tfA(z) + (1 − t)fB(z), cj〉 =

= thA(cjz
−1) + (1 − t)hB(cjz

−1) + t〈fA(z), cj〉 + (1 − t)〈fB(z), cj〉 =

= t(hA(cjz
−1) + 〈fA(z), cj〉) + (1 − t)(hB(cjz

−1) + 〈fB(z), cj〉) = tc + (1 − t)c = c,
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whence tA + (1 − t)B ∈ R.

Like in [1], we consider R ⊂ cc(R2) affinely (with respect to the convex combination)

embedded in a normed space.

We are going to prove that the space R is infinite-dimensional. Suppose the contrary,

then the space R′ = R + R2 = {A + z | A ∈ R, z ∈ R2} is finite-dimensional.

It is known from [5] that there exists a noncircular rotor, A, formed by circular arcs. We

may suppose now that the origin is the center of such an arc, which is supposed to be a

maximal (with respect to inclusion) circular arc in A.

We naturally identify every support function on S1 with the corresponding 2π-periodic
function defined on R. Without loss of generality, we may assume that the function hA : R →
R possesses the properties:

hA|[0, t0] = const = c > 0, hA((t0, t1]) ⊂ (0, c).

Let us, s ∈ R, denote the shift operator, (usf)(t) = f(t + s), t ∈ R. It suffices to show that

the set A = {ushA | s ∈ R} is infinite-dimensional.

Given n ∈ N, let τ > 0 be such that nτ < t0 and τ < t1 − t0. Let hj = u−jτhA,

j ∈ {0, 1, . . . , n}. Suppose that h =
∑n

j=0 λjhj = 0, for some λ0, . . . , λn ∈ R. Evaluating the

function h at the points t0 + jτ , j ∈ {0, 1, . . . , n}, we obtain

h(t0) = c

n∑

j=0

λj = 0,

h(t0 + τ) = λ0hA(t0 + τ) + c
n∑

j=1

λj = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

h(t0 + nτ) =

n−1∑

j=0

λjhA(t0 + τ) + cλn = 0.

Since h(t0 + τ) < c, we consequently obtain from (1) that λ0 = λ1 = · · · = λn = 0.
Thus, the set {h0, . . . , hn} is linearly independent. Because of arbitrariness of n, the set A
is infinite-dimensional.

It is easy to see that the space R is compact. Now we are going to apply the classical

Keller theorem ([13]). The space R, being a compact convex infinite-dimensional metrizable

space, is homeomorphic to the Hilbert cube.

Remark 2.2. In the above proof, one can also demonstrate the convexity of the hyperspace

R by means of the Fourier expansions for the support functions of rotor curves. Indeed,

according to Meissner ([14]), every rotor in a regular n-gon can be described by an equation

of the form

p(θ) = a0 +

∞∑

k=1

ak sin kθ +

∞∑

k=1

bk cos kθ,

where ak = bk = 0 for k 6= ±1 mod n, and that the convex combination of two such

equations is also an equation of a rotor.
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Let Rc denote the subset of R formed by the rotors consisting of finite number of circular

arcs. We denote by σ the subspace {(xi) | xi = 0 for all but finitely many i} of the Hilbert

cube Q. The pair (Q, σ) is characterized in [13] in terms of skeletoids. One can conjecture

whether the hyperspace Rc is homeomorphic to σ.
At the moment, we are able to prove this fact only for the case P = square (i.e. for the

case of curves of constant width).

Theorem 2.3. The pair (R,Rc) is homeomorphic to the pair (Q, σ).

Proof. One can easily see that Rc is a convex subset in R (i.e. tA +(1− t)B ∈ Rc for every

A, B ∈ Rc and t ∈ [0, 1]). It is known (see, e.g. [15]; a detailed proof is given also in [16])

that the hyperspace Rc is dense in R.

Using the fact that each A ∈ Rc consists of finite number of circular arcs one can show

that the space Rc is σ-finite-dimensional, i.e. is the union of countably many closed finite-

dimensional subsets. Given natural l, m, n, let Klmn denote set of all curves inRc that can be

represented as the union of l circular arcs of length ≥ 1
m

and such that the consequent arcs

form the angle ≥ π− 1
l
. It is easy to see that the set Klmn is closed inRc for every l, m, n ∈ N.

Let A ∈ Klmn. Assign to every (maximal) circular arc forming A its center and the endpoints

(taken counterclockwise), we obtain a point in R2 ×R2 ×R2 which uniquely determines the

arc and continuously depends on it. To the whole curve, there corresponds therefore the

set of l points in R2 × R2 × R2, i.e. an element of the hyperspace expl(R
2 × R2 × R2) of

subsets of cardinality ≤ l in R2 × R2 × R2 endowed with the Hausdorff metric. It is easy

to demonstrate that the described map Rc → expl(R
2 × R2 × R2) is, in fact, a topological

embedding. Since the dimension of the expl(R
2 × R2 × R2) is finite, we conclude that the

space Rc is finite-dimensional.

Note that the above argument also shows that the set Rc is σ-compact.

Finally, it follows from [17, Theorem 2(i)] that the pair (R,Rc) homeomorphic to the

pair (Q, σ).

Let s = {(xi) | xj ∈ (0, 1) for every j} be the pseudointerior of the Hilbert cube Q. By

R1 we denote the class of smooth rotors.

Theorem 2.4. The pair (R,R1) is homeomorphic to the pair (Q, s).

Proof. We first remark that R1 is closed with respect to the Minkowski combination. Next,

if A ∈ R \ R1, B ∈ R, then, for every t ∈ (0, 1], we have tA + (1 − t)B ∈ R \ R1. Given

arbitrary B ∈ R, for t small enough, we see that tA+(1− t)B ∈ R\R1 is close to B. Thus,

R \R1 is dense in R.

Note that the set R\R1 is σ-compact. Denote by Cn the set of all A ∈ R\R1 satisfying

the condition

(∗)n there exists a point a ∈ ∂A and two supporting lines at a forming the (smaller)

angle ≥ 1/n.
By applying elementary geometric considerations, we can easily demonstrate that every

set Cn is closed in R. Obviously, R \R1 = ∪∞
n=1Cn.

Note also that the set R1 is dense in R. Indeed, for any r > 0, the closed r-ball of
A ∈ R (we denote it by Or(A)) is a rotor in a polygon Pr whose sides are parallel to the

corresponding sides of P and are of distance r from them (we suppose that Pr ⊃ P ). Now,

the homothetic copy of Or(A) with coefficient h/(h + r), where h denotes the height of P ,

is in R1 and is close enough to A provided r is small enough.
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Finally, the set R\R1 contains a Keller cube (i.e. a convex subset homeomorphic to the

Hilbert cube), namely, the set (1/2)K +(1/2)R, where K is an arbitrary element of R\R1.

The rest of the proof now follows from the results of [18].

Corollary 2.5. The hyperspace of smooth rotors in a regular polyhedron is homeomorphic

to the separable Hilbert space `2.

Proof. This follows from Theorem 2.4 and the fact that s is homeomorphic to `2 (see, e.g.,

[13]).

The rotors in regular mn-gon Pmn are also the rotors in the regular n-gon Pn, n, m ∈ N,

n ≥ 3, m ≥ 2 (we assume that Pmn is inscribed into Pn and both are inscribed in the same

circle).

In the sequel, we use the notation R(P ) instead of R in order to indicate explicitly the

polygon under consideration.

Recall that a set A in an ANR-space X is said to be a Z-set in X if the identity map 1X

can be approximated by maps into X \ A (see, e.g. [19]).

Proposition 2.6. The pair (R(P4),R(P8)) is homeomorphic to the pair (Q×[0, 1], Q×{0}).
Proof. We are going to prove that R(P8) is nowhere dense in R(P4). Simple geometric

arguments demonstrate that the Reuleaux triangle inscribed in P4 is not contained in P8.

Denoting the Reuleaux triangle by K, consider arbitrary A ∈ R(P8). Given ε > 0, we see

that εK +(1−ε)A /∈ R(P8). If ε is sufficiently small, the set εK +(1−ε)A is close enough to

A. This shows that R(P8) is nowhere dense in R(P4). The set R(P8), being a convex subset

of R(P4), is a Z-set in the latter.

Since Q×{0} is obviously a Z-set in the space Q×[0, 1], which is homeomorphic to the Hi-

lbert cube, it follows from the Z-set unknotting theorem ([19]) that the pairs (R(P4),R(P8))
and (Q × [0, 1], Q× {0}) are homeomorphic.

One can similarly prove that the pairs (R(P4),R(P2n)), n ≥ 3, and (R(P3),R(P3m)),
m ≥ 2, are homeomorphic to the pair (Q × [0, 1], Q × {0}).
3. Remarks and open questions. The results of this note demonstrate that the hyperspace

of rotors behaves similarly to the hyperspace of compact convex sets in a euclidean space as

well as the hyperspace of compact convex sets of constant width.

In connection with Theorem 2.3 the following question arises.

Question 3.1. Let Rc denote the subset of all circular rotors, i.e. rotors formed by circular

arcs in P . Is the pair (R,Rc) homeomorphic to the pair (Q, σ)?

Analyzing the proof of Theorem 2.3 one can reduce this question to the following one.

Question 3.2. Is the set of all trammel (i.e., formed by circular arcs) rotors dense in R?

The following question is related to Proposition 2.6.

Question 3.3. Is the pair (R(Pn),R(Pmn)), n ≥ 3, m ≥ 2, homeomorphic to the pair

(Q × [0, 1], Q × {0})?
The corresponding questions concerning rotors in polyhedra can be also considered in

the realm of spherical and hyperbolic geometry (see [20] and [7] for known results on these

rotors).
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