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We study Lie algebras associated with the lower central series of the wreath product Pm,n

of m copies of elementary abelian p-groups of degree n. It is shown that these Lie algebras have
special ”tableau” representation. We define a wreath product of a Lie algebra L with an abelian
finite-dimensional Lie algebra over the field Fp. We prove that the Lie algebra associated with
the lower central series of the group Pm,n is isomorphic to the wreath product of m copies of
the abelian Lie algebra of dimension n over the field Fp.

Í. Â. Áîíäàðåíêî. Àëãåáðû Ëè àññîöèèðîâàííûå ñî ñïëåòåíèÿìè ýëåìåíòàðíûõ àáåëåâûõ

ãðóïï // Ìàòåìàòè÷íi Ñòóäi¨. � 2006. � Ò.26, �1. � C.3�16.

Èçó÷àþòñÿ àëãåáðû Ëè, àññîöèèðîâàííûå ñ íèæíèì öåíòðàëüíûì ðÿäîì m-êðàòíîãî
ñïëåòåíèÿ Pm,n ýëåìåíòàðíûõ àáåëåâûõ ãðóïï ðàíãà n. Ïîêàçàíî, ÷òî ðàññìàòðèâàåìûå
àëãåáðû Ëè èìåþò íåêîòîðîå ñïåöèàëüíîå "òàáëè÷íîå" ïðåäñòàâëåíèå. Îïðåäåëÿåòñÿ ñïëå-
òåíèå ïðîèçâîëüíîé àëãåáðû Ëè L ñ àáåëåâîé àëãåáðîé Ëè êîíå÷íîé ðàçìåðíîñòè íàä ïî-
ëåì Fp. Ïîêàçàíî, ÷òî àëãåáðà Ëè, àññîöèèðîâàííàÿ ñ íèæíèì öåíòðàëüíûì ðÿäîì ãðóïïû
Pm,n, èçîìîðôíà m-êðàòíîìó ñïëåòåíèþ àáåëåâûõ àëãåáð Ëè ðàçìåðíîñòè n íàä ïîëåì Fp.

Introduction.The idea of constructing Lie rings from abstract groups was raised by Magnus

[9]. Since then Lie algebras associated with nilpotent or residually-nilpotent groups are one
of the important objects of research in the group theory and the theory of pro-finite groups

[4], [16]. Thanks to Lie algebra methods it was possible to solve different group-theoretical

problems, one of the well-known of them is the restricted Burnside problem [17]. The Lie

methods are applied in the study of growth of groups, of some group identities, of Hausdorff

dimension and spectrum of pro-p groups. Association Lie algebra with a group enables one

to use linear methods in calculations and proofs. But Lie algebras associated with groups are

also interesting by themselves. For example the structures of Lie algebras associated with

the Grigorchuk group, Gupta-Sidki group, Fabrykowski-Gupta group were studied in [2],

[3]. Using these descriptions the width of these groups were estimated. In [11], [15], [14] Lie

algebras associated with the Sylow p-subgroups of finite symmetric groups were investigated.

In the present paper we investigate Lie algebras associated with the lower central series
of wreath products of elementary abelian p-groups. In [13] V.I. Sushchansky has shown that

the elements of the wreath product Pm,n ofm copies of elementary abelian p-groups of degree
n, have special "tableau" representation. In particular due to this representation the lower
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4 N. V. BONDARENKO

central series of the group Pm,n was described. We construct the Lie algebra associated with

the lower central series of the group Pm,n and show that this Lie algebra also has the tableau

representation.

In [15] was defined the notion of a wreath product of a Lie algebra with the one-

dimensional Lie algebra over the field Fp residues modulo p. Now we extend this definition

and define the wreath product of a Lie algebra with an abelian finite-dimensional Lie algebra

over the field Fp. We prove that the wreath product of a nilpotent (solvable) Lie algebra

with an abelian Lie algebra is nilpotent (solvable). Our definition of the wreath product

allows us to prove that the Lie algebra associated with the lower central series of the group
Pm,n is isomorphic to the wreath product of abelian Lie algebras of dimension n over the

field Fp,

L
(
(Cp)

n o . . . o (Cp)
n
)

= L
(
(Cp)

n
) o . . . o L((Cp)

n
)
.

1. Wreath product of Lie algebras. We first recall the definition of the semidirect

product of Lie algebras (see [1]).

Let M and N be Lie algebras over the field K and a 7→ ϕa be a homomorphism of the

Lie algebra M to the Lie algebra D(N) of differentiations of the algebra N . Define a Lie

bracket on the direct sum L of K-modules M and N by the equality:

([a1, b1], [a2, b2]) = [(a1, a2), ϕa1(b2) − ϕa2(b1) + (b1, b2)],

where a1, a2 ∈M and b1, b2 ∈ N .

Definition 1. The Lie algebra L is called the semidirect product of algebra M and algebra
N which corresponds to the homomorphism ϕ : M → D(N). We denote this algebra as

L = M iϕ N .

Let L be a Lie algebra over the field Fp and An be the n-dimensional abelian Lie algebra
over the field Fp.

Let L[x1, . . . , xn](p−1) be the Lie algebra of polynomials of n variables over L of degree at
most p−1 for each variable. The addition and the multiplication on the elements of the field
Fp for the polynomials are defined in the natural way. The Lie bracket of the monomials

lxk1
1 . . . xkn

n , l′xm1
1 . . . xmn

n in this algebra is defined in the following way:

(lxk1
1 . . . xkn

n , l
′xm1

1 . . . xmn
n ) =

=

{
(l, l′)xk1+m1

1 . . . xkn+mn
n , if ki +mi < p for all i ∈ {1, 2, . . . , n};

0, if ki +mi ≥ p for some i, 1 ≤ i ≤ n.
(1)

By linearity the Lie bracket is determined for all polynomials.

Farther we fix some basis of the abelian Lie algebra An.

Proposition 1. Every map f : An → L corresponds to the unique polynomial q(x1, . . . , xn)
over L of degree at most p − 1 for each variable such that f(α) = q(α1, . . . , αn), where
α = (α1, . . . , αn) ∈ An.

Proof. The proof goes by induction on dimension n of the Lie algebra An. For the case

n = 1, a map f : A1 → L corresponds to the unique polynomial q(x) over L of degree at

most p− 1 such that f(α) = q(α), α ∈ Fp, is constructed in [15].
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Suppose that the statement is correct for some n > 1. Let us prove it for n+1. Consider
An+1 as An ⊕A1. Then for any fixed βi ∈ A1, i ∈ {0, 1, . . . , p−1}, the map f : An ⊕A1 → L
induces the map fi : An → L such that

fi

(
(α1, . . . , αn)

)
= f

(
(α1, . . . , αn, βi)

)
for any (α1, . . . , αn) ∈ An. By induction maps fi, i ∈ {0, . . . , p − 1}, correspond to the

unique polynomials qi(x1, . . . , xn) over L of degree at most p− 1 for each variable such that
fi(α) = qi(α1, . . . , αn), α = (α1, . . . , αn) ∈ An. Thus the map f induces the map

g : A1 → L[x1, . . . , xn]p−1

such that g(βi) = qi(x1, . . . , xn), βi ∈ A1. This map corresponds to the unique polynomi-

al q(xn+1) over L[x1, . . . , xn](p−1) of degree at most p − 1 such that g(β) = q(β) for

any β ∈ A1 ([15]). Hence q(xn+1) = q(x1, . . . , xn, xn+1) ∈ L[x1, . . . , xn+1](p−1). Moreover,
f
(
(α1, . . . , αn, β)

)
= q(α1, . . . , αn, β) for any (α1, . . . , αn, β) ∈ An+1.

Consequently there exists the bijection between the set of all maps f : An → L and
the set of all polynomials over L of n variables of degree at most p−1 for each variable. The

structure of the Lie algebra L[x1, . . . , xn](p−1) defines the structure of Lie algebra on the set
of all maps f : An → L. The addition, the multiplication on the elements of the field Fp

and the Lie bracket ( , ) for maps f1, f2 : An → L are defined as the respective operations

for corresponding polynomials q1, q2 of the Lie algebra L[x1, . . . , xn](p−1). We will denote this
Lie algebra as Fun(An, L).

Let f ∈ Fun(An, L). Denote by f ′ the derivative of the polynomial f defined by

f(x1, . . . , xn)′ =

(
∂f(x1, . . . , xn)

∂x1
, . . . ,

∂f(x1, . . . , xn)

∂xn

)
.

Proposition 2. For any α = (α1, . . . , αn) ∈ An the map Dα : Fun(An, L) → Fun(An, L)
which is defined by the rule

Dα(f) = αf ′ =
n∑

i=1

αi
∂f(x1, . . . , xn)

∂xi

is a differentiation.

Proof. The linearity of the map Dα follows from the linearity of the derivative. So the fact

that Dα is differentiation is enough to verify for monomials.

Dα(lxk1
1 . . . xkn

n , l
′xm1

1 . . . xmn
n ) =

=




(l, l′)
n∑

i=1

αi(ki +mi)x
k1+m1
1 . . . xki+mi−1

i . . . xkn+mn
n ,

if ki +mi < p for all i ∈ {1, 2, . . . , n};
0, if ki +mi ≥ p for some i, 1 ≤ i ≤ n.
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(Dα(lxk1
1 . . . xkn

n ), l′xm1
1 . . . xmn

n ) + (lxk1
1 . . . xkn

n , D(l′xm1
1 . . . xmn

n )) =

= (l
n∑

i=1

αikix
k1
1 . . . xki−1

i . . . xkn
n , l

′xm1
1 . . . xmn

n ) +

+(lxk1
1 . . . xkn

n , l
′

n∑
i=1

αimix
m1
1 . . . xmi−1

i . . . xmn
n ) =

=




(l, l′)
n∑

i=1

αi(ki +mi)x
k1+m1
1 . . . xki+mi−1

i . . . xkn+mn
n ,

if ki +mi < p for all i ∈ {1, 2, . . . , n};
0, if ki +mi ≥ p for some i, 1 ≤ i ≤ n.

Thus the upper equality coincides with the lower one and Dα is a differentiation.

Define a map ϕ from the Lie algebra An to the Lie algebra of differentiations
D(Fun(An, L)) given by the rule α 7→ Dα. The map ϕ is a homomorphism. Really,

ϕ((α, β)) = 0 and

DαDβ(f) −DβDα(f) = Dα

(
n∑

j=1

βj
∂f

∂xj

)
−Dβ

(
n∑

i=1

αi
∂f

∂xi

)
=

=
n∑

i=1

αi
∂

∂xi

(
n∑

j=1

βj
∂f

∂xj

)
−

n∑
j=1

βj
∂

∂xj

(
n∑

i=1

αi
∂f

∂xi

)
=

=
n∑

i=1

n∑
j=1

αiβj
∂2f

∂xi∂xj
−

n∑
i=1

n∑
j=1

αiβj
∂2f

∂xi∂xj
= 0.

Definition 2. The semidirect product of the Lie algebraAn with the Lie algebra Fun(An, L),
which corresponds to the homomorphism ϕ, we call the wreath product of Lie algebra L with

An and denote by L o An.

Thus, L o An := An iϕ Fun(An, L) = {[a, f ]| a ∈ An, f ∈ Fun(An, L)} with the Lie

bracket

([a1, f1], [a2, f2]) = [0, a1f
′
2 − a2f

′
1 + (f1, f2)]. (2)

Remark 1. The definition of the wreath product of a Lie algebra L with the one-dimensional

Lie algebra introduced in [15] coincides with Definition 2 for n = 1.

Remark 2. Definition 2 allows us to consider the wreath product L o An1 o An2 o . . . o Ank

for arbitrary Lie algebra L.

The subset of the Lie algebra L o An of elements of the form [a, e], where e(α) = 0L for
any α ∈ An and 0L is the null element of L, forms the subalgebra Â which is isomorphic
to An. The subset H of elements of the form [0, f ], where 0 is the null element of the Lie

algebra An, is the subalgebra of L o An which is isomorphic to Fun(An, L).
Let H be a subset of the Lie algebra Fun(An, L). We denote by [0, H ] the subset

{[0, f ] | f ∈ H} of the Lie algebra L o An.

Proposition 3. Let Z(L) be the center of the Lie algebra L then

Z(L oAn) = [0, Z(L)],

where the elements of Z(L) are considered as the constant polynomials of Fun(An, L).
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Proof. By definition of the center we have

Z(L o An) = {[χ, g] ∈ L o An | ([η, g], [α, f ]) = [0, χf ′ − αg′ + (f, g)] =

= [0, e] for all [α, f ] ∈ L o An},
where e(α) = 0L for any α ∈ An.

The following equality

χf ′ − αg′ + (f, g) = e (3)

take place for any α ∈ An and any f ∈ Fun(An, L) if and only if the following conditions

hold simultaneously

χ = 0, g′ = e, (f, g) = e. (4)

Really, if (4) is correct then (3) holds.

Suppose that. Then χ 6= 0 then for α = 0 and f = lx1, l ∈ L, l 6= 0

χf ′ − αg′ + (f, g) = χl + (lx1, g) 6= e,

for any g ∈ An, since the degree of the polynomial (lx1, g) is greater than the degree of lx1

or (lx1, g) = 0.
Suppose that g ∈ Fun(An, L) such that g′ 6= e then for f = l and some α ∈ An

χf ′ − αg′ + (f, g) = 0 − αg′ + (l, g) 6= e,

for any χ ∈ An, since the degree of the polynomial (l, g) is equal to the degree of g and is
greater than the degree of the polynomial g′.

Thus if (3) is correct then (4) holds.
Since g′ = e then g is a constant polynomial of Fun(An, L), i.e. g = l, where l ∈ L. Since

(f, l) = e for any f ∈ Fun(An, L) then from the definition of the Lie bracket (1) in the Lie
algebra Fun(An, L) we have l ∈ Z(L).

Thus we obtain

Z(L o An) = {[0, l] | l ∈ Z(L)}.

Proposition 4. Let L be a solvable Lie algebra of the derived length l. Then the Lie algebra

L oAn is solvable of the derived length l + 1.

Proof. Since the calculation of a term of the commutant series of the Lie algebra L o An

does not depend on the dimension of the abelian Lie algebra An, the proof is carried without

changes from the proof of Proposition 3 for the case n = 1 in [15].

Proposition 5. Let L be a nilpotent Lie algebra of the nilpotent class l. Then the Lie

algebra L o An is nilpotent of the nilpotent class ld, where d = n(p− 1) + 1.

Proof. Consider the lower central series of the Lie algebra L oAn. Let γk+1(L oAn) = (γk(L o
An), L o An), k ≥ 1, be the k + 1-th term of the lower central series.

Denote Fk = {f | [0, f ] ∈ γk(L oAn)} ⊆ Fun(An, L), k ≥ 2. Then γk(L o An) = [0, Fk]. It
follows from (2) that if we take any polynomial f ∈ Fk, k ∈ {2, . . . , n(p− 1) + 1}, then the
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degrees of its monomials (i.d. the sum of degrees of its variables) whose coefficients belong

to L \ γ2(L) are ≤ n(p− 1) − k + 1 and f has also monomials of degrees ≤ n(p− 1) whose
coefficients belong to γ2(L).

It is easy to see that Fn(p−1)+1+1 ⊆ Fun(An, γ2(L)). In a similar way we obtain
Fd+d+1 ⊆ Fun(An, γ3(L)) and so on. Thus,

γ(d·l+1)(L o An) = [0, F(d·l+1)] ⊆ [0, Fun(An, γl+1(L))] = [0, 0].

Therefore, if L is nilpotent Lie algebra of the nilpotent class l then the Lie algebra L oAn is

nilpotent of the nilpotent class at most ld.
Notice that [0, L] ⊆ γk(L o An), 2 ≤ k ≤ d, where we consider the elements of L as

constant polynomials. In a similar way we obtain [0, γ2(L)] ⊆ γs(L o An), d + 1 ≤ s ≤ 2d.
Hence we have

[0, γ(l)(L)] ⊆ γs(L oAn), (l− 1)d+ 1 ≤ s ≤ ld.

Consequently, the Lie algebra L o An is nilpotent of the nilpotent class at least ld.
Thus the Lie algebra L o An is nilpotent of the nilpotent class ld.

2. Wreath product of elementary abelian groups. Consider the group Pm,n =
(Cp)

n o . . . o (Cp)
n︸ ︷︷ ︸

m

, where (Cp)
n is the direct product of n copies of the cyclic group Cp.

The elementary abelian p-group of rank n can be considered as additive group of the vector

space Vn of dimension n over the field Fp. The elements of this group in fixed basis of the
space Vn have the tableau representation of the form ([13])

 a11 a12(x11, . . . , x1n) . . . a1m(x11, . . . , x1n, . . . , xm−1,1, . . . , xm−1,n)
. . . . . . . . . . . .
an1 an2(x11, . . . , x1n) . . . anm(x11, . . . , x1n, . . . , xm−1,1, . . . , xm−1,n)


 (5)

where ai1 ∈ Fp and on the intersection of k-th column and i-th row stands the

polynomial aik(x11, . . . , x1n, . . . , xk−1,1, . . . , xk−1,n) over Fp reduced by modulo of ideal 〈xp
11−

x11, . . . , x
p
1n − x1n, . . . , x

p
k−1,1 − xk−1,1, . . . , x

p
k−1,n − xk−1,n〉 (i ∈ {1, . . . , n}; k ∈ {2, . . . , m}).

We denote the k-th column of the tableau (5) by a(X1, . . . , Xk−1) or a(Xk−1) and the
(i, k)-th coordinate of the tableau (5) as aik(X1, . . . , Xk−1) or aik for short. We say that the

tableau (5) has depth k if its k first columns are zeros and at least one coordinate of the
k + 1-th column is nonzero.

Then the identity of the group Pm,n is the tableau with zeros coordinates. The

product of two tableaux with coordinates aik(x11, . . . , x1n, . . . , xk−1,1, . . . , xk−1,n) and

bik(x11, . . . , x1n, . . . , xk−1,1, . . . , xk−1,n) is the tableau with coordinates

aik(x11, . . . , x1n, . . . , xk−1,1, . . . , xk−1,n) + bik(x11 − a11, . . . , x1n −
−an1, . . . , xk−1,1 − a1,k−1(x11, . . . , xk−2,n), . . . , xk−1,n −
−an,k−1(x11, . . . , xk−2,n)), i ∈ {1, . . . , n}; k ∈ {1, . . . , m}.

The inverse for the tableau (5) is the tableau with coordinates

−aik(x11 + a11, . . . , x1n + an1, . . . , xk−1,1 + a1,k−1(x11 +

+a11, . . .), . . . , xk−1,n + an,k−1(x11 + a11, . . .)),

i ∈ {1, . . . , n}; k ∈ {1, . . . , m}.
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The height of a monomial xi11
11 . . . x

i1n
1n . . . x

ik1
k1 . . . x

ikn
kn is defined as the positive integer

number

h =

k∑
l=1

dl−1

n∑
j=1

ilj + 1,

where d = n(p−1)+1. The height of zero monomial is equal to zero. The height of a reduced

polynomial is defined as the largest height of its monomials.

Denote by {u}ik the (i, k)-th coordinate of the tableau u ∈ Pm,n. The matrix ‖h({u}ik)‖
is called the characteristic of the tableau u and is denoted by h(u). Introduce the partial

order of coordinate-wise comparison on the set of all characteristics of tableaux: h(u) < h(v)
if and only if h({u}ik) ≤ h({v}ik) for all i ∈ {1, . . . , n}; k = {1, . . . , m}.
Definition 3. A subgroup U ⊂ Pm,n is called parallelotopic if for every u ∈ U and v ∈ Pm,n

the inequality h(v) ≤ h(u) implies v ∈ U . Such a subgroup is completely determined by the

matrix with elements

|U |ij = max
u∈U

{h({u}ij)}, i ∈ {1, . . . , n}; j ∈ {1, . . . , m}.

This matrix is called the characteristic of the parallelotopic subgroup U and is denoted by

h(U).

Definition 4. A normal parallelotopic subgroup U of Pm,n is called homogeneous if the

elements of each column of the matrix h(U) coincide.

Hence each homogeneous parallelotopic subgroup is uniquely determined by the sequence

〈k1, k2, . . . , km〉, where
kj = max

u∈U
{h({u}i,j), i ∈ {1, . . . , n}}.

The following theorem is proved in [13].

Theorem 6. The k-th term γk(Pm,n) of the lower central series of the group Pm,n is

homogeneous parallelotopic subgroup with characteristic

< (1 − k + 1)+, (d− k + 1)+, . . . , (dm−1 − k + 1)+ >

where d = n(p− 1) + 1, (di−1 − k + 1)+ = max{0, di−1 − k + 1} ( i ∈ {1, . . . , m}; k ≥ 1).

Corollary 6.1. The group Pm,n is nilpotent of the nilpotent class dm−1.

The subgroup γk(Pm,n) has depth l if and only if the inequality dl−1 + 1 ≤ k < dl +1
holds.

Corollary 6.2. The subgroup γk(Pm,n), dl−1 + 1 ≤ k < dl + 1, is generated by modulo of

γk+1(Pm,n) by tableaux of the form

uijt = [0, . . . , 0︸ ︷︷ ︸
i

, ajt(X1, . . . , Xi), 0, . . . , 0],

where ajt(X1, . . . , Xi) is the (i + 1)-th column with the unique nonzero coordinate which

contains the monomial of the height di − k + 1, i ∈ {l, . . . , m − 1}, j ∈ {1, . . . , n}, t ∈
{1, . . . , rji}, where rji is the number of monomials on the (j, i)-th coordinate of the height

di − k + 1.
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Corollary 6.3. The quotients γk(Pm,n)/γk+1(Pm,n) of the lower central series of the group

Pm,n are elementary abelian p-groups.

3. Lie algebra Lm,n. Consider the set Lm,n of tableaux of the form
 c11 c12(x11, . . . , x1n) . . . c1m(x11, . . . , x1n, . . . , xm−1,1, . . . , xm−1,n)
. . . . . . . . . . . .
cn1 cn2(x11, . . . , x1n) . . . cnm(x11, . . . , x1n, . . . , xm−1,1, . . . , xm−1,n)


 (6)

where ci1 ∈ Fp and cik(x11, . . . , x1n, . . . , xk−1,1, . . . , xk−1,n) is a polynomial over Fp reduced

by modulo of ideal 〈xp
11, . . . , x

p
1n, . . . , x

p
k−1,1, . . . , x

p
k−1,n〉 (i ∈ {1, . . . , n}; k ∈ {2, . . . , m}).

We will use the same notations for tableau (6) as in §3.
On the set Lm,n we introduce the structure of Lie algebra in the following way. Define

the addition, the multiplication on the elements of the field Fp and the Lie bracket ( , ) for
tableaux u, v by the following equalities (1 ≤ i ≤ n, 1 ≤ k ≤ m):

(i) {u+ v}ik = {u}ik + {v}ik;

(ii) {αu}ik = α{u}ik, α ∈ Fp;

(iii) {(u, v)}ik =

k−1∑
s=1

n∑
j=1

(
∂{v}ik

∂xsj
· {u}js − ∂{u}ik

∂xsj
· {v}js

)
.

Theorem 7. The set Lm,n with operations (i) − (iii) forms a Lie algebra over the field Fp.

Proof. The set Lm,n with the addition (i) is obviously an elementary abelian p-group. It is
also easy to check that the Lie bracket defined by the equality (iii) is linear and satisfies

the identity (u, u) = 0. Hence it is sufficient to check the Jakobi identity. Let u, v, w ∈ Lm,n

be any tableaux. Then

{(u, (v, w))}ik =
k−1∑
s=1

n∑
j=1

(
∂{(v, w)}ik

∂xsj

· {u}js − {(v, w)}js · ∂{u}ik

∂xsj

)
=

=
k−1∑
s=1

n∑
j=1

(
∂

∂xsj

(
k−1∑
t=1

n∑
r=1

(
∂{w}ik

∂xtr

· {v}rt − {w}rt · ∂{v}ik

∂xtr

))
· {u}js−

−
(

s−1∑
t=1

n∑
r=1

(
∂{w}js

∂xtr
· {v}rt − {w}rt · ∂{v}js

∂xtr

))
· ∂{u}ik

∂xsj

)
=

=
k−1∑
s=1

n∑
j=1

k−1∑
t=1

n∑
r=1

(
∂{w}ik

∂xsj∂xtr
· {v}rt{u}js +

∂{w}ik

∂xtr

∂{v}rt

∂xsj
· {u}js−

− ∂{v}ik

∂xsj∂xtr
· {w}rt{u}js − ∂{v}ik

∂xtr

∂{w}rt

∂xsj
· {u}js

)
−

−
k−1∑
s=1

n∑
j=1

s−1∑
t=1

n∑
r=1

(
∂{u}ik

∂xsj

∂{w}js

∂xtr
· {v}rt − ∂{u}ik

∂xsj

∂{v}js

∂xtr
· {w}rt

)
.
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Notice that the index t in the last sum changes from 1 to s − 1, because its components

with indices t ≥ s are equal to zero. Similarly fill expressions {(v, (w, u))}ik, {(w, (u, v))}ik.

It remains to write down in expanded form the sum

{(u, (v, w))}ik + {(v, (w, u))}ik + {(w, (u, v))}ik.

It is easy to see that this sum is equal to zero for any i ∈ {1, . . . , n}; k ∈ {1, 2, . . . , m}. The
proof is complete.

4. Lie algebra associated with group Pm,n. Recall the general construction of a Lie ring

associated with the lower central series of a nilpotent group, described for instance in [8],

[10].

Let G be a nilpotent group and

G = γ1(G) > γ2(G) > · · · > γl(G) = {e}

be its lower central series.

The Lie ring associated with this series is the direct sum of its quotients

L(G) =
l−1⊕
i=1

γi(G)/γi+1(G)

with Lie bracket defined for homogeneous elements u = u · γi+1(G), v = v · γj+1(G) ∈ L(G)
by the equality

(u, v) = (u · γi+1(G), v · γj+1(G)) = [u, v] · γi+j+1(G),

For all elements of L(G) the Lie bracket extends by bi-additivity.

If each quotient γi(G)/γi+1(G) (i ∈ {1, 2, . . .}) is an elementary abelian p-group for fixed

prime p then each of these quotients, and thus the whole ring L(G), can be considered as an
additive group of a vector space over the field Fp of appropriate dimension. In this case it is

possible to introduce the operation of multiplication of the elements of L(G) on the elements
of Fp. This operation transforms the Lie ring L(G) to the Lie algebra over the field Fp.

Theorem 8. The Lie algebra L(Pm,n) associated with the lower central series of the group

Pm,n is isomorphic to the Lie algebra Lm,n.

Proof. Let u = u · γk+1(Pm,n) be a homogeneous element of the Lie algebra L(Pm,n), i.d.
u ∈ γk(Pm,n)/γk+1(Pm,n) for some k ∈ {1, 2, . . . , dm−1}. By Theorem 6 we have

h(γk(Pm,n)) =< 0, . . . , 0︸ ︷︷ ︸
l

, (dl − k + 1), . . . , (dm−1 − k + 1) >

where d = n(p− 1) + 1 and l = [logd(k − 1)] + 1.
>From the corollaries of Theorem 6 it follows that γk(Pm,n)/γk+1(Pm,n) is an elementary

abelian p-group generated by modulo of γk+1(Pm,n) by tableaux of the form

uijt = [0, . . . ,0︸ ︷︷ ︸
i

, ajt(X1, . . . , Xi), 0, . . . , 0], (7)
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where ajt(X1, . . . , Xi) is the (i + 1)-th column with the unique nonzero coordinate which

contains the monomial of the height di − k + 1, i ∈ {l, . . . , m − 1}, j ∈ {1, . . . , n}, t ∈
{1, . . . , rji}, where rji is the number of monomials on the (j, i)-th coordinate of the height

di − k + 1. Then the tableau u can be represented in the form

u =

m−1∑
i=l

n∑
j=1

rji∑
t=1

αijtuijt, αijt ∈ Fp. (8)

Consider the map ϕ : L(Pm,n) → Lm,n which maps the homogeneous element

u = u · γk+1(Pm,n) ∈ L(Pm,n) to the tableau u ∈ Lm,n. Using (7) and (8), we have

ϕ(u) =


0, . . . ,0︸ ︷︷ ︸

l

,

n∑
j=1

rji∑
t=1

αljtajt(X l), . . . ,

n∑
j=1

rji∑
t=1

αm−1,j,tajt(Xm−1)




Arbitrary element v ∈ L(Pm,n) is the sum of homogeneous elements ui. Then the map ϕ
for any v ∈ L(Pm,n) is defined by the following equality

ϕ(v) =

dm∑
i=1

ϕ(ui)

The map ϕ is well-defined, because ϕ(v) is a tableau. Moreover each tableau w ∈ Lm,n

can be uniquely presented as a sum of tableaux of the form (7). Thus the constructed map
is a bijection.

It is easy to check that ϕ(u+v) = ϕ(u)+ϕ(v) and ϕ(αu) = αϕ(u) for any u, v ∈ L(Pm,n),
α ∈ Fp. It remains to check that the map ϕ is a homomorphism, i.d.

ϕ((u, v)) = (ϕ(u), ϕ(v)).

Let u = u·γi+1(Pm,n), v = v ·γj+1(Pm,n) be some homogeneous elements of the Lie algebra
L(Pm,n). Moreover such that elements u ∈ γi(Pm,n), v ∈ γj(Pm,n) have unique nonzero (r, k)-

th coordinate with the monomial arx
ir11
11 . . . x

ir1n
1n . . . x

irk1
k1 . . . x

irkn
kn of the tableau u and (t, l)-th

coordinate with the monomial brx
jt
11

11 . . . x
jt
1n

1n . . . x
jt
l1

l1 . . . x
jt
ln

ln of the tableau v. Notice, that the

hight of the monomial arx
ir11
11 . . . x

ir1n
1n . . . x

irk1
k1 . . . x

irkn
kn is equal to dk − i+ 1 and the hight of the

monomial brx
jt
11

11 . . . x
jt
1n

1n . . . x
jt
l1

l1 . . . x
jt
ln

ln is equal to dl − j + 1.
If k = l then [u, v] = 0. Let k 6= l and without loss of generality suppose that k < l. Then

(u, v) = [u, v] · γi+j+1(Pm,n)

and (i) {[u, v]}ts = 0, for s 6= l + 1, (t ∈ {1, . . . , n});

(ii) {[u, v]}t,l+1 = {u−1v−1uv}t,l+1 =

= btx
jt
11

11 . . . x
jt
1n

1n ...x
jt
l1

l1 . . . x
jt
ln

ln − btx
jt
11

11 . . . x
jt
1n

1n ...x
jt
k1

k1 . . . x
jt
k+1,r−1

k+1,r−1×
×
(
xk+1,r − arx

ir11
11 . . . x

irkn
kn

)jt
k+1,r · xjt

k+1,j−1

k+1,r+1 . . . x
jt
k+1,n

k+1,n . . . x
jt
ln

ln =

= btx
jt
11

11 . . . x
jt
ln

ln − btx
jt
11

11 . . . x
jt
k+1,r−1

k+1,r−1×
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×
(jt

k+1,r∑
s=0

(−1)sCs
jt
k+1,r

x
jt
k+1,r−s

k+1,r

(
arx

ir11
11 ...x

irkn
kn

)s) · xjt
k+1,j−1

k+1,r+1...x
jt
ln

ln =

= btx
jt
11

11 . . . x
jt
ln

ln − btx
jt
11

11 . . . x
jt
kn

kn . . . x
jt
k+1,r−1

k+1,r−1×
×
(
x

jt
k+1,r

k+1,r − jt
k+1,rx

jt
k+1,r−1

k+1,r arx
ir11
11 . . . x

irkn
kn

)
x

jt
k+1,r+1

k+1,r+1 . . . x
jt
ln

ln =

= jt
k+1,rbtx

jt
11

11 . . . x
jt
kn

kn x
jt
k+1,r−1

k+1,r−1x
jt
k+1,r−1

k+1,r x
jt
k+1,r+1

k+1,r+1 . . .×
× . . . x

jt
k+1,n

k+1,n . . . x
jt
ln

ln · arx
ir11
11 . . . x

irkn
kn =

=
∂

∂xk+1,r

(
btx

jt
11

11 . . . x
jt
1n

1n . . . x
jt
l1

l1 . . . x
jt
ln

ln

)
· arx

ir11
11 . . . x

irkn
kn =

=
∂{v}t,l+1

∂xk+1,r
· {u}r,k+1 − ∂{u}t,l+1

∂xk+1,r
· {v}r,k+1, since {u}t,l+1 = 0.

Since each element of the Lie algebra L(Pm,n) can be represented as the sum of elements of

the form
 0 . . . 0 0 0 . . . 0

. . . . . . . . . x
it11
11 . . . x

it1n
1n . . . x

itk−1,1

k−1,1 . . . x
itk−1,n

k−1,n . . . . . . . . .

0 . . . 0 0 0 . . . 0


 · γi+1(Pm,n),

(i ∈ {1, . . . , dm−1}; k ∈ {1, . . . , m}), using linearity of the Lie bracket we have that the
constructed bijection agrees with the Lie bracket.

Remark that under taking the commutator of two tableaux of the group Pm,n in case
(ii), the elements of the form xs

rq, where s ≥ p in Pm,n reduced using the equality xp
rq = xrq

are equal to xl
rq, where l < p. In this case the calculation of the hight of the polynomial

{[u, v]}t,l+1 gives that {[u, v]}t,l+1 ∈ γi+j+1(Pm,n). Hence [u, v] is equal to zero by modulo
γi+j+1(Pm,n). Thus in the definition of the Lie algebra L(Pm,n) we should use equations
xp

rq = 0.

Theorem 9. Lm,n ' An o An o . . . An︸ ︷︷ ︸
m

, where An is the abelian Lie algebra of dimension n

over the field Fp.

Proof. We note that since Pm,n = (Cp)
n o(Cp)

n o . . . o(Cp)
n and by Theorem 8 Lm,n ' L(Pm,n)

then we can replace the assertion of the theorem by

L((Cp)
n o (Cp)

n o . . . o (Cp)
n) ' An o An o . . . An.

We will prove the theorem by induction on the number of the components of the wreath
product. Define Lm = An o . . . o An︸ ︷︷ ︸

m

.

If m = 1 then L((Cp)
n) ' An and the assertion is correct. Suppose that the assertion is

true for m, that is L(Pm,n) ' Lm. We will show that

Lm o An ' L(Pm,n o (Cp)
n).

Every function f : An → Lm can be uniquely represented by the tableau

[a(X1), a(X1, X2), . . . , a(X1, . . . , Xm)], (9)
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Really, f(X1) is a polynomial of n variables over the Lie algebra Lm of degree at most p− 1
for each variable. According to the assumption of induction and Theorem 8 the coeffici-

ents of f(X1) are represented by tableaux of the form [b,b(X2), . . . ,b(X2, . . . , Xm)] ∈ Lm.

Then f(X) is uniquely represented in the form [a(X1), a(X1, X2), . . . , a(X1, . . . , Xm)], where
a(X1, . . . , Xi) is the i-th column with polynomials of ni variables.

Then Dα(f), where α = (α1 . . . , αn) ∈ An, is represented in the form

[q(X1),q(X1, X2), . . . ,q(X1, . . . , Xm)], where

qi,k(X1, . . . , Xk−1) =

n∑
j=1

αj
∂aik(X1, . . . , Xk−1)

∂x1j
(10)

Moreover, for any functions

f = [a(X1), a(X1, X2), . . . , a(X1, . . . , Xm)], g = [b(X1),b(X1, X2), . . . ,b(X1, . . . , Xm)]

the function (f, g) is of the form [0, c(X1, X2), . . . , c(X1, . . . , Xm)], where

cik(X1, . . . , Xk−1) =

k−1∑
s=2

n∑
j=1

(
∂bik
∂xs,j

· ajs − ∂aik

∂xs,j
· bjs

)
(11)

Indeed, from the linearity of the representation (9) follows that it is enough to veri-

fy (11) only for monomials. Let f = lxm1
11 . . . x

mn
1n and g = hxk1

11 . . . x
kn
1n, where l =

[l, l(X2), . . . , l(X2, . . . , Xm)], h = [h,h(X2), . . . ,h(X2, . . . , Xm)] ∈ Lm. Then

f = [lxm1
11 . . . x

mn
1n , l(X2)x

m1
11 . . . x

mn
1n , . . . , l(X2, . . . , Xm)xm1

11 . . . x
mn
1n ],

g = [hxk1
11 . . . x

kn
1n,h(X2)x

k1
11 . . . x

kn
1n, . . . ,h(X2, . . . , Xm)xk1

11 . . . x
kn
1n]

The coefficients from (11) look like:

cik(X1, . . . , Xk−1) =
k−1∑
s=2

n∑
j=1

(
ljsx

m1
11 . . . x

mn
1n

∂hik

∂xs,j

xk1
11 . . . x

kn
1n−

−hjsx
k1
11 . . . x

kn
1n

∂lik
∂xs,j

xm1
11 . . . x

mn
1n

)
=

=




k−1∑
s=2

n∑
j=1

(
∂hik

∂xsj
ljs − ∂lik

∂xsj
hjs

)
xm1+k1

11 . . . xmn+kn
1n ,

if i,mi + ki < p for all i ∈ {1, 2, . . . , n};
0, if mi + ki ≥ p for some i, 1 ≤ i ≤ n.
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Then the Lie bracket (f, g) is represented by the tableau (9) of the form:

(f, g) =

=

{
(l, h)xm1+k1

11 . . . xmn+kn
1n , if mi + ki < p for all i ∈ {1, 2, . . . , n};

0, if mi + ki ≥ p for some i, 1 ≤ i ≤ n.
=

=




[0,d(X2), . . . ,d(X2, . . . , Xm)]xm1+k1
11 . . . xmn+kn

1n ,
if mi + ki < p for all i ∈ {1, 2, . . . , n};

0, if mi + ki ≥ p for some i, 1 ≤ i ≤ n.
=

=




[0,d(X2)x
m1+k1
11 . . . xmn+kn

1n , ...,d(X2, ..., Xm)xm1+k1
11 ...xmn+kn

1n ],
if mi + ki < p for all i ∈ {1, 2, . . . , n};

0, if mi + ki ≥ p for some i, 1 ≤ i ≤ n,

where dik (X2, . . . , Xk−1) =
k−1∑
s=2

n∑
j=1

(
∂hik

∂xs,j

ljs − ∂lik
∂xs,j

hjs

)
.

Thus the function (f, g) is of the form [0, c(X1, X2), . . . , c(X1, . . . , Xm)].
Let us construct the map ϕ : Lm o An → L(Pm,n o Cn

p ) by the rule

ϕ([a, f ]) = [a, a(X1), . . . , a(X1, . . . , Xm)].

Since to every tableau [a(X1), a(X1, X2), . . . , a(X1, . . . , Xm)] uniquely corresponds some

function f : An → Lm, the map ϕ is a bijection.
Let us show that ψ is linear. Really:

ψ(α[a, f ] + β[b, g]) = ψ([αa+ βb, αf + βg]) =

= [αa+ βb, αa(X1) + βb(X1), ..., αa(X1, ..., Xm) + βb(X1, ..., Xn)] =

= α[a, . . . , a(X1, . . . , Xm)] + β[b, . . . ,b(X1, . . . , Xm] = αϕ([a, f ]) + βϕ([b, g]).

It remains to prove that ϕ(([a, f ], [b, g])) = (ϕ([a, f ]), ϕ([b, g])). From (10) and (11) follow:

ϕ(([a, f ], [b, g])) = ϕ([0, ag′ − bf ′ + (f, g)]) = [0,d(X1), . . . ,d(X1, . . . , Xm)],

where

dik(Xk−1) =
n∑

j=1

(
aj1

∂bik
∂x1,j

− bj1
∂aik

∂x1,j

)
+

k−1∑
s=2

n∑
j=1

(
∂bik
∂xs,j

ajs − ∂aik

∂xs,j
bjs

)

Thus we obtain

ϕ(([a, f ], [b, g])) = ([a, a(X1), . . . , a(Xm)], [b,b(X1), . . . ,b(Xm)]) = (ϕ([a, f ]), ϕ([b, g])).

Due to Propositions 5 and 4 we have the following

Corollary 9.1. The Lie algebra Lm,n is nilpotent of the nilpotent class dm−1 and is solvable

of the derived length m+ 1.
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