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LIE ALGEBRAS ASSOCIATED WITH WREATH PRODUCTS OF
ELEMENTARY ABELIAN GROUPS

N. V. Bondarenko. Lie algebras associated with wreath products of elementary abelian groups,
Matematychni Studii, 26 (2006) 3-16.

We study Lie algebras associated with the lower central series of the wreath product P,
of m copies of elementary abelian p-groups of degree n. It is shown that these Lie algebras have
special ”tableau” representation. We define a wreath product of a Lie algebra L with an abelian
finite-dimensional Lie algebra over the field IF,,. We prove that the Lie algebra associated with
the lower central series of the group P, , is isomorphic to the wreath product of m copies of
the abelian Lie algebra of dimension n over the field F,,.

H. B. Bounapenko. Anzebpor JIu accouuuposantbie o CACMEeHuAMUY IAEMERTNAPHOLEL GOENECHLT
epynn // Maremaruuni Cryaii. — 2006. — T.26, Nel. — C.3-16.

Nzyuarorcs aareOpsr JIu, aCCOMUMPOBAHHBIE C HUKHUM IEHTPAJBHBIM PSIOM 1M-KPATHOTO
cnaerennss P, , 37eMeHTapHBIX abeseBBIX Ipymm panra n. Ilokazano, 9To paccMaTpUBaeMble
anre6pet Jlu uMeror Hekoropoe crnenuaabHoe "Tabauanoe" npegcrapienue. OnpeersieTcs cie-
TeHrne TPou3BOJILHO anredbpst JIu L ¢ abeneBoii anredpoii JIu KOHEYHONH pa3MEPHOCTH HAJIL, TO-
nem F,. ITokazano, uro anrebpa JIn, accomumpoBannas ¢ HUKHAM IEeHTPAIbHBIM PAIOM TDYITIHI
Pr, n, m30MOpdHA M-KPaTHOMY CTIJIETEHNIO abeseBbIx aaredp JIn pasmeprocTn n Haz moseM [Fy,.

Introduction. The idea of constructing Lie rings from abstract groups was raised by Magnus
[9]. Since then Lie algebras associated with nilpotent or residually-nilpotent groups are one
of the important objects of research in the group theory and the theory of pro-finite groups
[4], [16]. Thanks to Lie algebra methods it was possible to solve different group-theoretical
problems, one of the well-known of them is the restricted Burnside problem [17]. The Lie
methods are applied in the study of growth of groups, of some group identities, of Hausdorff
dimension and spectrum of pro-p groups. Association Lie algebra with a group enables one
to use linear methods in calculations and proofs. But Lie algebras associated with groups are
also interesting by themselves. For example the structures of Lie algebras associated with
the Grigorchuk group, Gupta-Sidki group, Fabrykowski-Gupta group were studied in [2],
[3]. Using these descriptions the width of these groups were estimated. In [11], [15], [14] Lie
algebras associated with the Sylow p-subgroups of finite symmetric groups were investigated.

In the present paper we investigate Lie algebras associated with the lower central series
of wreath products of elementary abelian p-groups. In [13] V.I. Sushchansky has shown that
the elements of the wreath product P, ,, of m copies of elementary abelian p-groups of degree
n, have special "tableau" representation. In particular due to this representation the lower
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4 N. V. BONDARENKO

central series of the group F,, , was described. We construct the Lie algebra associated with
the lower central series of the group F,,,, and show that this Lie algebra also has the tableau
representation.

In [15] was defined the notion of a wreath product of a Lie algebra with the one-
dimensional Lie algebra over the field F, residues modulo p. Now we extend this definition
and define the wreath product of a Lie algebra with an abelian finite-dimensional Lie algebra
over the field F,. We prove that the wreath product of a nilpotent (solvable) Lie algebra
with an abelian Lie algebra is nilpotent (solvable). Our definition of the wreath product
allows us to prove that the Lie algebra associated with the lower central series of the group

P,,,, is isomorphic to the wreath product of abelian Lie algebras of dimension n over the
field I,

L(C)" .. 2 (C)") = L((C)") 1. L L((C)™).

1. Wreath product of Lie algebras. We first recall the definition of the semidirect
product of Lie algebras (see [1]).

Let M and N be Lie algebras over the field K and a — ¢, be a homomorphism of the
Lie algebra M to the Lie algebra D(N) of differentiations of the algebra N. Define a Lie
bracket on the direct sum L of K-modules M and N by the equality:

([a1, b1], [ag, bo]) = [(a1, a2), Pa; (b2) — Pay (b1) + (b1, ba)],
where a1,as € M and by,by € N.

Definition 1. The Lie algebra L is called the semidirect product of algebra M and algebra
N which corresponds to the homomorphism ¢ : M — D(N). We denote this algebra as
L=MAXK,N.

Let L be a Lie algebra over the field F, and A,, be the n-dimensional abelian Lie algebra
over the field F,,.

Let Lz1,...,2,]p-1) be the Lie algebra of polynomials of n variables over L of degree at
most p—1 for each variable. The addition and the multiplication on the elements of the field
[F, for the polynomials are defined in the natural way. The Lie bracket of the monomials
Iz ke 12 2 in this algebra is defined in the following way:

(Lht . ghe Vgt e =
ke gketma i B omy < pfor all i€ {1,2,...,n); (1)
] 0, if k;+m; > pforsomei, 1 <i<n.

By linearity the Lie bracket is determined for all polynomials.
Farther we fix some basis of the abelian Lie algebra A,,.

Proposition 1. Every map f : A, — L corresponds to the unique polynomial q(x1, ..., ;)
over L of degree at most p — 1 for each variable such that f(a) = q(aq,...,«,), where
a=(ag,...,a,) € A,.

Proof. The proof goes by induction on dimension n of the Lie algebra A,. For the case
n =1, amap f: A; — L corresponds to the unique polynomial ¢(z) over L of degree at
most p — 1 such that f(a) = ¢(a), a € F,, is constructed in [15].
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Suppose that the statement is correct for some n > 1. Let us prove it for n+ 1. Consider
Ani1 as A, @ Ap. Then for any fixed 3; € Ay, 1€ {0,1,...,p— 1}, themap f: A, A, — L
induces the map f; : A, — L such that

fi((al, . .,an)) = f((ozl, . .,an,ﬁi))

for any (aq,...,a,) € A,. By induction maps f;, i € {0,...,p — 1}, correspond to the
unique polynomials ¢;(xy, ..., x,) over L of degree at most p — 1 for each variable such that
fila) = qi(ag, ..., an), a = (ay,...,,) € A,. Thus the map f induces the map

g . Al — L[l’l, Ce ,l’n]p,1

such that ¢g(5;) = ¢i(x1,...,x,), fi € A;. This map corresponds to the unique polynomi-
al q(zn41) over L[zy,...,xn]p-1) of degree at most p — 1 such that g(3) = q(B) for
any 3 € A; ([15]). Hence q(xny1) = q(z1,...,Tn, Tpy1) € Llx1, ..., Zny1]p-1). Moreover,
f((ea, ... an, B)) = qlan,... o, B) for any (oq, ..., 0, 8) € Apy1. O]

Consequently there exists the bijection between the set of all maps f : A, — L and
the set of all polynomials over L of n variables of degree at most p — 1 for each variable. The
structure of the Lie algebra L[y, ..., ,]-1) defines the structure of Lie algebra on the set
of all maps f : A, — L. The addition, the multiplication on the elements of the field F,
and the Lie bracket (, ) for maps fi, fo : A, — L are defined as the respective operations
for corresponding polynomials g1, ¢, of the Lie algebra Lz, ..., x,]p-1). We will denote this
Lie algebra as Fun(A,, L).

Let f € Fun(A,, L). Denote by f’ the derivative of the polynomial f defined by

0 1y--+5Lp 0 1y+-+5Lp
f(xlaaxn)/:( f(xaxl x)aa f(xaxn x>)

Proposition 2. For any a = (o, ..., ) € A, the map D, : Fun(A,, L) — Fun(A,, L)
which is defined by the rule

n

o ’r Aaf(.fb'l,...,l’n)
Do(f) = af _;az O,

is a differentiation.

Proof. The linearity of the map D,, follows from the linearity of the derivative. So the fact
that D, is differentiation is enough to verify for monomials.

k1 kn ]/ M1 mn) —
D, (lzy* .o U™ o oalin) =

(1,1 > cilk; + mi)$1f1+m1 .. .x?ﬁmi*l . .xl;in-an’
i=1

= if k;+m;<pforallie{l,2,...,n};

n

0, if k;+m; > p for some i,1 <i < n.
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(Do (ko gke) V2™ ) (128 ake DU an)) =

n
—1
= (I3 kg™ kit ke P )
i=1

i

n
—1
(1 ke ST g™ =
i=1

(0> (ks + mi):vlf1+m1 .. .xfﬁmi*l .. phntma
i=1

= if ki+m;<pforallie{l,2,... n};

n

0, if k; +m; > p for some i, 1 < i < n.
Thus the upper equality coincides with the lower one and D,, is a differentiation. O

Define a map ¢ from the Lie algebra A, to the Lie algebra of differentiations
D(Fun(A,, L)) given by the rule &« — D,. The map ¢ is a homomorphism. Really,

(e, 7)) = 0 and

=1 i=1 8952
- o (o of\ a9 (o Of\
71:21%6% (jzlﬁjaxj> J;ﬁ]axj (Zzl ‘0 Z) N
n n 82]0 n o n 82f
- Z:le;l alﬁj 8902890] B ;];1 Zﬁ] c%lax]

Definition 2. The semidirect product of the Lie algebra A,, with the Lie algebra Fun(A,, L),
which corresponds to the homomorphism ¢, we call the wreath product of Lie algebra L with
A, and denote by L A,.

Thus, L1 A, = A, A, Fun(A,,L) = {[a, f]| a« € A,, f € Fun(A,,L)} with the Lie
bracket
(la1, fils [ag, fo]) = [0, a1 f5 — asfy + (f1, f2)]- (2)

Remark 1. The definition of the wreath product of a Lie algebra L with the one-dimensional
Lie algebra introduced in [15] coincides with Definition 2 for n = 1.

Remark 2. Definition 2 allows us to consider the wreath product L A, 0 A, 0 ... 0 Ay,
for arbitrary Lie algebra L.

The subset of the Lie algebra L1 A, of elements of the form [a, €], where e(a) = 0y, for
any o € A, and 0p, is the null element of L, forms the subalgebra A which is isomorphic
to A,. The subset H of elements of the form [0, f], where 0 is the null element of the Lie
algebra A, is the subalgebra of L A,, which is isomorphic to Fun(A,, L).

Let H be a subset of the Lie algebra Fun(A,,L). We denote by [0, H]| the subset

{[0, f]1 | f € H} of the Lie algebra L A,.
Proposition 3. Let Z(L) be the center of the Lie algebra L then
Z(L1 A,) = [0, Z(L)),

where the elements of Z (L) are considered as the constant polynomials of Fun(A,, L).
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Proof. By definition of the center we have

Z(LA,) ={[x, gl € L1 AL | (I g, [a, f]) = [0, xf — g’ + (f,9)] =
= [0, ¢e] for all [a, f] € LV A,},

where e(a) = 0, for any a € A,,.
The following equality

xf' —ag +(f,g9)=e (3)

take place for any o € A,, and any f € Fun(A,, L) if and only if the following conditions
hold simultaneously

x =0, g/:€7 (fag>:€ (4)

Really, if (4) is correct then (3) holds.
Suppose that. Then x # 0 then for a =0 and f=lzy,l € L, [ #0

xf' —ag 4+ (f,9) = xl + (lx1, 9) # e,

for any g € A, since the degree of the polynomial (lxy, g) is greater than the degree of lz;
or (lx1,9) = 0.
Suppose that g € Fun(A,, L) such that ¢’ # e then for f =1 and some a € A,

xf' —ag +(f,9) =0—ag +(I,9) #e,

for any y € A,, since the degree of the polynomial ([, g) is equal to the degree of g and is
greater than the degree of the polynomial ¢'.

Thus if (3) is correct then (4) holds.

Since ¢’ = e then g is a constant polynomial of Fun(A,, L), i.e. g =1, where [ € L. Since
(f,1) = e for any f € Fun(A,, L) then from the definition of the Lie bracket (1) in the Lie
algebra Fun(A,, L) we have | € Z(L).

Thus we obtain

Z(LVA,) ={[0,1]] |l e Z(L)}.

O

Proposition 4. Let L be a solvable Lie algebra of the derived length [. Then the Lie algebra
L A, is solvable of the derived length [ + 1.

Proof. Since the calculation of a term of the commutant series of the Lie algebra L A,
does not depend on the dimension of the abelian Lie algebra A,,, the proof is carried without
changes from the proof of Proposition 3 for the case n =1 in [15]. O

Proposition 5. Let L be a nilpotent Lie algebra of the nilpotent class [. Then the Lie
algebra L A,, is nilpotent of the nilpotent class ld, where d = n(p — 1) + 1.

Proof. Consider the lower central series of the Lie algebra L A,. Let yx11(LUA,) = (7 (L2
A,), LV A,), k> 1, be the k + 1-th term of the lower central series.

Denote Fi, = {f| [0, f] € (L1 A,)} C Fun(A,, L), k > 2. Then v(LY A,) =0, F]. It
follows from (2) that if we take any polynomial f € Fy, k € {2,...,n(p — 1) + 1}, then the
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degrees of its monomials (i.d. the sum of degrees of its variables) whose coefficients belong
to L\ v(L) are < n(p—1) —k+ 1 and f has also monomials of degrees < n(p — 1) whose
coefficients belong to vo(L).

It is easy to see that Flp_1)4141 C Fun(An,v(L)). In a similar way we obtain
Fitar1 € Fun(A,,v3(L)) and so on. Thus,

Y1) (LU AL) = [0, Flaiy)] € [0, Fun(Ay, vi11(L))] = [0, 0].

Therefore, if L is nilpotent Lie algebra of the nilpotent class [ then the Lie algebra L A, is
nilpotent of the nilpotent class at most Id.

Notice that [0, L] C (L A,), 2 < k < d, where we consider the elements of L as
constant polynomials. In a similar way we obtain [0,7(L)] C v,(L 1 A,),d+1 < s < 2d.
Hence we have

[0,’7(1)(L)] CY(LtA,),(I—1)d+1<s<ld

Consequently, the Lie algebra L A, is nilpotent of the nilpotent class at least Id.
Thus the Lie algebra L A, is nilpotent of the nilpotent class Id. O

2. Wreath product of elementary abelian groups. Consider the group P, , =
(Cp)" ... 1(Cy)", where (C,)" is the direct product of n copies of the cyclic group C,.

g

The elementary abelian p-group of rank n can be considered as additive group of the vector
space V,, of dimension n over the field F,. The elements of this group in fixed basis of the
space V,, have the tableau representation of the form ([13])

air a12(T11, - 1) oo @m(T11, e i ey T 1 1s - - o Tn—1m)
(5)
QAp1 ang(xu, e ,ZL‘ln) Ce anm(l‘lla ey Lpy e v s >$m—1,1, e >J7m—1,n)
where a;; € [F, and on the intersection of k-th column and i-th row stands the
polynomial (11, ..., T1ny -y Tk—11, - - - s Th—1,n) Over F, reduced by modulo of ideal (z}; —
T1tse s Ty = Tipy o T — Th115 5 Ty — Tho1n) (P € {1, n}ik €{2,...,m}).
We denote the k-th column of the tableau (5) by a(Xy,..., X, 1) or a(X_1) and the
(1, k)-th coordinate of the tableau (5) as a;, (X, ..., Xx_1) or a;; for short. We say that the
tableau (5) has depth k if its k first columns are zeros and at least one coordinate of the
k + 1-th column is nonzero.
Then the identity of the group F,, is the tableau with zeros coordinates. The

product of two tableaux with coordinates a;(z11,..., %10, s Th—11,---,Th—1,) and
bir(T11, - -y T1ny - oy Th—1.1, - - - , Th—1.n) 1S the tableau with coordinates
k(115 Ty o ooy T2y - - Tho10) + bik(T11 — Q11,5 -+, T1p —
—0ply .-y Tp—11 — al,kfl(xlla .- 7xk72,n>7 ces T—1n —

—n k—1(T11y -, Thm2n)), 1€ {1,...,n ke {l,...,m}.
The inverse for the tableau (5) is the tableau with coordinates

—a(T11 + Q11 - Tin + Ants - - y Tp—1,1 + ar p—1(z11 +
Fait, ), Thein + -1 (T + a1, 2)),
ie{l,....n};ke{l,...,m}.
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The height of a monomial z}}' ... 20 ... 2 ... 2" is defined as the positive integer

number i
h=>Y d™> i;+1,
=1 j=1

where d = n(p—1)+1. The height of zero monomial is equal to zero. The height of a reduced
polynomial is defined as the largest height of its monomials.

Denote by {u}i the (i, k)-th coordinate of the tableau u € P, ,,. The matrix ||h({u}i)||
is called the characteristic of the tableau u and is denoted by h(u). Introduce the partial
order of coordinate-wise comparison on the set of all characteristics of tableaux: h(u) < h(v)
if and only if h({u}y) < h({v}y) foralli € {1,...,n};k={1,...,m}.

Definition 3. A subgroup U C P, , is called parallelotopic if for every u € U and v € P, ,,
the inequality h(v) < h(u) implies v € U. Such a subgroup is completely determined by the
matrix with elements

Ulij = max{h({u};)}, i€ {L,...,n}: je{l,...,m}.
This matrix is called the characteristic of the parallelotopic subgroup U and is denoted by
h(U).

Definition 4. A normal parallelotopic subgroup U of P,,, is called homogeneous if the
elements of each column of the matrix h(U) coincide.

Hence each homogeneous parallelotopic subgroup is uniquely determined by the sequence
(k1,kay ...y km), where

]i]j = mea[;({h({u}i,j), 1€ {1, c. ,77,}}
The following theorem is proved in [13].

Theorem 6. The k-th term ~y(P,,,) of the lower central series of the group P, is
homogeneous parallelotopic subgroup with characteristic

<(1—-k+D)Nd—-k+Dt . @ —k+1)t >
whered=n(p—1)+ 1, (d" ' —k+1)" =maz{0,d' —k+1} (i €{1,...,m}; k> 1).
Corollary 6.1. The group P,,,, is nilpotent of the nilpotent class d™ .

The subgroup vi(P,,.) has depth [ if and only if the inequality d'' + 1 < k < d'+1
holds.

Corollary 6.2. The subgroup vg(Pp,), d~'+1 < k < d' + 1, is generated by modulo of
Ye+1(Pm.n) by tableaux of the form

uijt: O,...,O,ajt(Xl,...,Xi),O,...,O],

where a;(X1,...,X;) is the (i + 1)-th column with the unique nonzero coordinate which
contains the monomial of the height d — k + 1,43 € {l,....m—1},j € {1,...,n}, t €

{1,...,7i}, where rj; is the number of monomials on the (j,)-th coordinate of the height
d'—k+1
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Corollary 6.3. The quotients vx(P.n)/Vk+1(Pm.n) of the lower central series of the group
P,,, are elementary abelian p-groups.

3. Lie algebra L,,,. Consider the set L,,, of tableaux of the form

C11 012(3011, e 7371n) ce Clm(xlla ey Tiny ey Tm—1,15 - - - 7xm71,n)
(6)
Cn1 Cn2(x117 s 7x1n) e Cnm(xlla N STIREE 7xm71,17 s 7xm71,n>
where ¢;; € F, and cip(211, ... T1n, - ooy Tk—1.1,- - - » Tk—1n) 1S & polynomial over F, reduced

by modulo of ideal (x,,... 2%, ..., 2} | 1,..., 20 1,) @ €{l,...,n};k€{2,...,m}).

We will use the same notations for tableau (6) as in §3.

On the set L,,, we introduce the structure of Lie algebra in the following way. Define
the addition, the multiplication on the elements of the field IF, and the Lie bracket (, ) for
tableaux u, v by the following equalities (1 <i <n,1 <k <m):

(1) Au+vin = {uba + {v}i;

(17) {ou}ly = a{ulip, a € Fp;

(i) {(w0)} m—kif(a{“}““ (- 222 (o1

s=1 j=1

Theorem 7. The set L,,,, with operations (i) — (i) forms a Lie algebra over the field IF,,.

Proof. The set L,,, with the addition (i) is obviously an elementary abelian p-group. It is
also easy to check that the Lie bracket defined by the equality (iii) is linear and satisfies
the identity (u,u) = 0. Hence it is sufficient to check the Jakobi identity. Let u,v,w € L,
be any tableaux. Then

{(w, (v, w)) i = i (M {u};s — {(v,0)};s - a{“}zk) _

8:133] xS]

:Z(aa (Z(a{;“} {oh — b 3{2’:’“))-{%—
(&5 <>> ).

St (o + S g, -

B C) (L Wt W ) 32 17 -{u}js>‘

826,57» al'sj

7 li(Ma{w}ﬁ (ohe— Mu}ix 0{v} s {w}rt).

g s s 0rs; Oy Org; Oy



LIE ALGEBRAS ASSOCIATED WITH WREATH PRODUCTS OF ABELIAN GROUPS 11

Notice that the index ¢ in the last sum changes from 1 to s — 1, because its components
with indices ¢t > s are equal to zero. Similarly fill expressions {(v, (w, u))}ix, {(w, (u,v))}ik-
It remains to write down in expanded form the sum

{(u, (v, 0)) i + (v, (w, w)) yar + {(w, (u,0)) }in-

It is easy to see that this sum is equal to zero for any i € {1,... ., n};k € {1,2,...,;m}. The
proof is complete. ]

4. Lie algebra associated with group P, ,. Recall the general construction of a Lie ring
associated with the lower central series of a nilpotent group, described for instance in [§],
[10].

Let G be a nilpotent group and

G =m(G) > 7(G) > >n(G) ={e}

be its lower central series.
The Lie ring associated with this series is the direct sum of its quotients

@ Yi(G) /7ir(G)

with Lie bracket defined for homogeneous elements @ = u - v;41(G), 7 = v - v;11(G) € L(G)
by the equality

(ﬂa @) = (u : %‘Jrl(G)’ v 7j+1(G)) = [uv U] : 7i+j+1(G)a

For all elements of L(G) the Lie bracket extends by bi-additivity.

If each quotient v;(G)/7i+1(G) (i € {1,2,...}) is an elementary abelian p-group for fixed
prime p then each of these quotients, and thus the whole ring L(G), can be considered as an
additive group of a vector space over the field IF,, of appropriate dimension. In this case it is
possible to introduce the operation of multiplication of the elements of L(G) on the elements
of IF,,. This operation transforms the Lie ring L(G) to the Lie algebra over the field F,,.

Theorem 8. The Lie algebra L(P,,,) associated with the lower central series of the group
P, ,, is isomorphic to the Lie algebra L,, .

Proof. Let @ = u - yg4+1(Pn.n) be a homogeneous element of the Lie algebra L(P,,,), i.d.
U € Ye(Prn)/Yes1(Pmn) for some k € {1,2,...,d™ '}. By Theorem 6 we have

h(Yi(Pn)) =< 0,...,0,(d —k+1),....,(d" ' —k+1) >
(Ve (Prn)) l ( ) ( )

where d =n(p— 1)+ 1 and [ = [log,(k — 1)] + 1.
>From the corollaries of Theorem 6 it follows that 74 (P, )/ Vk+1(Pm.n) is an elementary
abelian p-group generated by modulo of v1(P,,,) by tableaux of the form

Uit = 0,...,0,ajt(X1,...,X»,O,...,O], (7)

i



12 N. V. BONDARENKO

where a;;(Xy,...,X;) is the (¢ + 1)-th column with the unique nonzero coordinate which
contains the monomial of the height d* — k + 1, i € {I,. -1}, 7€ {l,...,n}, t €
{1,...,7ji}, where rj; is the number of mon0m1als on the (j, ) th coordinate of the height
d’ — k + 1. Then the tableau u can be represented in the form

m—1 n Tji

u = Z Z Z Ot Uige, Qe € Fp. (8)

i=l j=1 t=1

Consider the map ¢ : L(P,,) — L, which maps the homogeneous element
U = u- Vit1(Pmn) € L(P,,,) to the tableau u € L, ,. Using (7) and (8), we have

n Tji n Tji
(p(ﬂ) - 0 E § al]ta]t § E Qm—1.5, ta]t m— 1)
Jj=1t=1 j=1 t=1

Arbitrary element v € L(P,, ) is the sum of homogeneous elements %,;. Then the map ¢
for any v € L(P,,,) is defined by the following equality

= Z@(ﬂz’)

The map ¢ is well-defined, because () is a tableau. Moreover each tableau w € L, ,
can be uniquely presented as a sum of tableaux of the form (7). Thus the constructed map
is a bijection.

It is easy to check that p(u+7) = ¢(u)+¢ () and p(au) = ap(u) for any @, v € L(Pp, ),
a € F,. It remains to check that the map ¢ is a homomorphism, i.d.

(@, 7)) = (p(), ¢ (V).

Let @ = w-Yit1(Pnn), U = 0-7+1(Pp,n) be some homogeneous elements of the Lie algebra
L(P,, ). Moreover such that elements u € v;(P,, ), v € %(Pm ») have unique nonzero (r, k)-

:ck" of the tableau u and (¢,1)-th

n

. . . 17, ] i
th coordinate with the monomial aTxlll ST

it it
coordinate with the monomlal b, xj n, x]ﬁf . xﬁl ...a;" of the tableau v. Notice, that the
hight of the monomial arxn . lelrf o ’“Tf is equal to d* — i+ 1 and the hight of the

monomial b, xj“ . x]ﬁf . xﬁl . x?ﬁl" is equal to d' — j + 1.
If £ =1 then [u,v] = 0. Let k # [ and without loss of generality suppose that k < [. Then

(1, 0) = [u, V] Vi jt1(Pnn)
and (i) {[u,v]}s =0, for s#I+1,(te€{l,...,n});

.. -1, -1
(47) {lu, o] i = {u v wvt =
it Jin it Jtn it Jtn Jta Jk+1 r—1
= by oy eayt o ay = by T X

i1 U Tt Tkt1,-1 Tkt1m Tt
X <xk+177-_a/7‘x11 . fL’Im 'l'k+17T+1...l'k+17n l’ln

. -t
_ It Jtn _ it Jk4+1,r—1
= by .o — bt Ty g X



LIE ALGEBRAS ASSOCIATED WITH WREATH PRODUCTS OF ABELIAN GROUPS 13

jli-&-l,r .+ .+ .
518 Tet1,r78 1 Ten S Te+1,5-1 Jin _
X E (=1°C; . wfy (e aly)” | oy =

Jk+1,r
s=0

¢ ¢ ¢ -t -t
_ Ji1 Jin Ji1 Jkn Jkt1,r-1
= by oagt = by T X
-t it _ . . -t .t
Thtir ot R R i 1 ion \ o Jk41,r41 It
X <xk+1,r — Jk+10Tkr1r @Tr1 - T ) Tpg oy - Ly =
ot b it Jin j12+1,r71 j12+1,r_1 jltc+1,'r+1
= Je+1,,0tT11 - - - Ty L1 101 E+1,r41 -

X ji"’l’n ]an . Zvl‘l ZZn —
B e A R (O R e

. . + .+ . .
0 (btx]h Jin Ji Jln) i1 Ui

X

:3xk+1 Wttt ) s apa L xlr =
,r
o{v ol .
_ A gy O ey Gnce {udors = 0.
i1, OTki1,r

Since each element of the Lie algebra L(P,,,) can be represented as the sum of elements of
the form

0 ... 0 0 0 ... 0

i i i1 g1
Ty T T T e Yir1(Prn),
0 ... 0 0 0 ... 0

(i € {1,...,d™" '};k € {1,...,m}), using linearity of the Lie bracket we have that the
constructed bijection agrees with the Lie bracket.

Remark that under taking the commutator of two tableaux of the group P, , in case
(ii), the elements of the form z;,, where s > pin P, , reduced using the equality 2, = z,,
are equal to xiq, where [ < p. In this case the calculation of the hight of the polynomial
{[w, v]}1 441 gives that {[u,v]}ei41 € Vitj+1(Pmn). Hence [u,v] is equal to zero by modulo
Yitj+1(Pmn). Thus in the definition of the Lie algebra L(F,,,) we should use equations
zf, =0. O

Theorem 9. L,,, ~ A, A, ... A,, where A, is the abelian Lie algebra of dimension n

g
m

over the field IF,.

Proof. We note that since P, , = (Cp)"U(C,)"...0(C,)" and by Theorem 8 L, , ~ L(P,,.)
then we can replace the assertion of the theorem by

LU(C)™ 2 (C)" 1. L (C)™) ~ Ay A ... A,

We will prove the theorem by induction on the number of the components of the wreath
product. Define £,,, = A, ¢ ... 0 A,.

m
) ~ A,, and the assertion is correct. Suppose that the assertion is
) =~ L,,. We will show that

If m =1 then L((C,)"
true for m, that is L(P,,
Every function f : A, — L,, can be uniquely represented by the tableau

[a(X1),a(X1, Xa),...,a(Xq,..., Xn)l, (9)
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Really, f(X7) is a polynomial of n variables over the Lie algebra L,, of degree at most p — 1
for each variable. According to the assumption of induction and Theorem 8 the coeffici-
ents of f(X;) are represented by tableaux of the form [b,b(X3),...,b(Xs,..., X)] € L.
Then f(X) is uniquely represented in the form [a(X;),a(X1, Xs),...,a(Xy, ..., X,,)], where
a(Xy,...,X;) is the i-th column with polynomials of ni variables.

Then D,(f), where o« = (a;...,a,,) € A,, is represented in the form
[q(Xl)’ q(X17X2)7 RN q(X17 s 7Xm)]7 where

n 8az~ X,...,X_
G(X1, . Xpmr) = )y k(X1 1)

j=1

(10)

8301]-

Moreover, for any functions

k—1 n
abz 8ai
Cik(Xla"'anfl) = ( k' “Qjs — S bjs) (11)
=1

Indeed, from the linearity of the representation (9) follows that it is enough to veri-

fy (11) only for monomials. Let f = Iz ...27" and ¢ = hatl... 2% where | =

[1, ].(Xg), .. .,I(XQ, .. .,Xm)], h = [h, h(Xg), .. .,h(XQ,. .. ,Xm)] S Em Then

o= [l (X)) . oar (X, X))t 2],
g = [haf . ah n(Xy)ah ek (X, X)Lk

The coefficients from (11) look like:

oh;
i i mi Mn ik k1 kn
Cik(Xl,...,Xk‘_l) — <l]81'11 ...l’ln Wﬂ?ll ...fL’ln—
s=2 j=1 $)J
h k1 kn allk mi mn) _
s¥11 1 11 1 -
J nax&j n
& (o ol +k +k
ik]. __ ik . mi 1 m
Z Z <8x:j l]s axlsj h]s) 11 ce xlnn n,
s=2 j=1

- if i,m;+k; <pforallie{l,2,... n}

0, if m;+ k; > p for some 7,1 < i < n.
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Then the Lie bracket (f,g) is represented by the tableau (9) of the form:

(f,9)=
@ )R et i, 4k < pforall i € {1,2,...,n});
] 0, ifm; +k; >pforsomei, 1 <i<n

0,d(X5),...,d(Xy, ..., X,)|aleth otk
if mi+k; <pforallie{l,2,...,n}; =
0, if m; + k; > p for some 7,1 < i <n.

[0, d(X2)$ﬁl+kl ot d(X, L X )xﬁﬁkl :pﬁ"*k"],

= if m;+k; <pforallie{l,2,...,n};
0, if m; + k; > p for some 7,1 <7 <n,

o~ [ Oh ol
where dig (Xo,..., Xp) = > > :(axlk is axz’“.hjs)
S,] 5,

s=2 j=1

Thus the function (f, g) is of the form [0, c(X1, X5),...,c(Xq,..., X0n)].
Let us construct the map ¢ : £,, 1 A,y — L(Pp, 1 C)') by the rule

o([a, f]) = [a,a(Xy),...,a(Xy, ..., X))

Since to every tableau [a(X)),a(Xi, Xs),...,a(Xy,...,X,,)] uniquely corresponds some
function f: A, — L,,, the map ¢ is a bijection.
Let us show that ¢ is linear. Really:

Y(ala, f1+ Blb, g]) = P([aa + b, af + Bgl) =
= [aa+ ﬁb,oza(Xl) + ﬁb(Xl) oza(Xl, ,Xm) + ﬁb(Xl, ,Xn)] =
=afa,...,a(Xy,. . X))+ Bb, . b(Xy, - Xon] = ag([a, 1) + Be([b, g]).

It remains to prove that ¢(([a, f1, [b, 9])) = (#([a, f1),¢([b, g])). From (10) and (11) follow:

@(([aa f]v [bv g])) = @([Ovagl - bf/ + (fv g)]) = [0’ d(Xl)a .- '>d(X17 e aXm)]a

where

— n abzk‘ aaik‘ L ablk aa/ik-
d( X :E ik E E ik ik,
ik (Xg-1) (aﬂc‘?m,j jlam,j) * , 8905,]'%8 Oxg; 7°

j=1 s=2 j=1

Thus we obtain

((la, f1,[b, 9]) = ([a,a(X1), ..., a(Xw)], [b,b(X1), ..., b(Xw)]) = (¢([a, f1), (b, g])).

Due to Propositions 5 and 4 we have the following

Corollary 9.1. The Lie algebra L,,,, is nilpotent of the nilpotent class d™~! and is solvable
of the derived length m + 1.
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