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Every essential closed oriented and smooth of class Cr surface in standard position in a

closed braid complement admits a singular foliation in a natural way. We show that each such

foliation of the surface is orientable, i.e. there is a flow F of the class Cr−1 on this surface such

that the trajectory of F yields the given singular foliation.

Ë. Ï. Ïëàõòà. Îá îðèåíòèðóåìîñòè ñèíãóëÿðíûõ ñëîåíèé ïîâåðõíîñòåé â äîïîëíåíèÿõ

çàìêíóòûõ êîñ // Ìàòåìàòè÷íi Ñòóäi¨. � 2005. � Ò.24, �2. � C.192�196.

Êàæäàÿ ñóùåñòâåííàÿ çàìêíóòàÿ îðèåíòèðîâàííàÿ è ãëàäêàÿ êëàññà Cr ïîâåðõíîñòü â

ñòàíäàðòíîì ïîëîæåíèè â äîïîëíåíèè çàìêíóòîé êîñû äîïóñêàåò åñòåñòâåííîå ñèíãóëÿð-

íîå ñëîåíèå. Ìû ïîêàçûâàåì, ÷òî êàæäîå òàêîå ñëîåíèå ïîâåðõíîñòè ÿâëÿåòñÿ îðèåíòèðó-

åìûì, ò.å. ñóùåñòâóåò ïîòîê F êëàññà Cr−1 íà ýòîé ïîâåðõíîñòè òàêîé, ÷òî òðàåêòîðèÿ F
èíäóöèðóåò çàäàííûå ñèíãóëÿðíûå ñëîåíèÿ.

1. Introduction. We think S3 of as R
3 union a point at ∞. Let L be a non-split link in

S3 represented as a closed braid with the axis A. Birman and Menasco ([2]) studied the

geometric positions of incompressible surfaces S in R
3 \L via the natural foliations on them

induced by the open book decomposition of R
3 by half-planes with boundary on the z-axis

A (see also [1] for details). Such the foliations of a surface S are usually singular and can

be standardized by using a sequence of smooth isotopies and exchange moves to the ones

which have a typical structure (see Section 1 for precise definitions). The main purpose of

this note is to show that such standardized singular foliations can be thought of as smooth

flows on S.
Section 1 presents some preliminaries. Here we review the singular foliations of incompre-

ssible surfaces in closed braid complements and their combinatorial patterns.

Let L ⊂ R
3 be an oriented closed braid with the axis A and let H = {Hθ : θ ∈ [0, 2π]}

be the open book decomposition of R
3 by half-planes with boundary on the axis A. Let S ′

be a closed orientable incompressible surface in R
3 \L. Assume that S ′ is in general position

with respect to H. The intersection of the Hθ's with S ′ induces a (singular) foliation F ′ on

the surface S ′.

Using isotopy in R
3 \L, one can standardize the foliation F ′ so that the resulting foliated

surface S is essential and allows a decomposition into some typical foliated regions ([1],
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Theorem 1.1). Each such region contains a unique saddle point and admits a canonical

embedding in R
3 with respect to the z-axis A ([1]). The combinatorial decomposition S of a

foliated surface S is supplied with some additional data called the decoration. This yields a

combinatorial pattern for the foliated surface S.
In Section 2, we show that if S is a smooth closed orientable surface in a closed braid

complement S3 \L, which is in standard position, then the natural (singular) foliation F of

S is orientable. In this case we can speak about the class of smoothness of the foliation F
and the corresponding flow on S. That is, if S is smoothly embedded in S3 of class Cr, r ≥ 2,
then the singular foliation F is of class Cr−1, in some reasonable sense, and there is a flow

X on S of class Cr−1, whose trajectories induce the given foliation F . In our proof we use

the method and techniques from [5].

2. Foliated surfaces in closed braid complements. All the surfaces embedded in R
3 or

in S3 are assumed to be smooth of class Cr where r ≥ 2. Throughout Sections 1 and 2, L
denotes a non-split link in three-space.

First we review the Birman and Menasco approach to the study of incompressible surfaces

in closed braid complements. For details see [2] and [1]. Choose cylindrical coordinates (r, θ, z)
in 3-space R

3 (remind that S3 thought of as R
3 union a point at ∞). Let H = {Hθ : θ ∈

[0, 2π]} be the open book decomposition of R
3 by half-planes with boundary on the z-axis.

A link L is a closed braid with the z-axis A as its braid axis if each component intersects

every half-plane Hθ, θ ∈ [0, 2π], through the axis transversely. Then S3 \ A is foliated by

open half-panes H ′
θ parameterized by the polar angle θ ∈ [0, 2π]. This foliation is called the

braid fibration of S3 \A and is denoted by H . Let S ′ be a closed orientable surface in R
3 \L.

Assume that S ′ is in general position with respect to H. The intersection of the Hθ's with

S ′ induces a smooth foliation F ′ of S ′ of class Cr−1. The foliation F ′ is, in general, singular.

The singular points of F ′ are the points where S meets the braid axis A or is tangent to the

half-planes Hθ, and are called the vertices of F ′ and the singularities of F ′, respectively. By

general position, the number of singular points is finite and all singularities can be assumed

to be of saddle type or center type. Since S ′ does not intersect L, each non-singular leaf is

either an arc which has both its endpoints on the axis A, or a circle. As in [2], we shall call

the leaves in the first case b-arcs, while in the second case the non-singular leaves are called

c-circles. After appropriate isotopy in S3 \L, S ′ can be replaced with an essential, smoothly

embedded surface S, so that the natural foliation F of S has the following properties (see

Theorem 1.1 of [1]):

(i) The foliation is radial at the vertices. All singularities are of saddle type. The singularity

together with its leaves (branches) is called then a singular leaf of F ;

(ii) The singularities fall into three types bb, bc and cc (see below);

(iii) The vertices are (circularly) ordered by their order on the braid axis A. Moreover,

after appropriate isotopy, distinct singular leaves are on distinct singular half-planes

(singular fibers) Hθ, so they are also circularly ordered.

In the following, we shall assume that an embedded essential surface S is chosen so that

its natural foliation has properties (i)-(iii).

Consider now the different types of singularities which can occur in the foliation of an

essential surface S of genus g. There are only two types of non-singular leaves, so it can occur

at most three possible types of singularities, called bb, bc and cc-singularities, according to



the types of leaves which are surgered when passing through a singularity. The number of

branches of singular leaves coming from a vertex v of the foliation F is called the valence

of v.
The dual point of view is instead of a foliation F and its singular leaves to consider a

decomposition of a surface S into the regions, one for each saddle point of F , by cutting

the surface along appropriate b-arcs and c-circles. By Theorem 1.2 of [1], either S is a torus

foliated by c-circles, or is decomposed into canonically embedded regions of type bb, bc, cc.
The latter gives a combinatorial pattern S for a foliated surface S in R

3 \ L. Next, each
vertex of F has a sign and the singularities are also marked by signs. The sign of a vertex v
is + (respectively, −), if the positive normal vector to S at v agrees (respectively, disagrees)

with the orientation of the axis A. The sign of a singularity s or the region contained

s is + (respectively, −) if the positive normal to S at the point s agrees (respectively,

disagrees), with the normal to Hθ which points in the direction of increasing the angle θ.
By Theorem 2.1 of [1], we may assume that any two vertices v and w which are adjacent to

the same singularity s so that v, s and w lie on the boundary of a face D have the different

signs. Moreover, all non-singular leaves of F are essential in the closed braid complement

R
3 \ L with respect to the axis A (see [1]). S is called essential if all b-arcs and c-circles in

F are essential.

We shall say that a foliationF of S is standard if the decomposed foliated surface S satisfi-

es all conditions mentioned above. Note that all the steps in the procedure of standardization

of a foliation F and the corresponding foliated surface S can be performed in the smooth

category.

3. Proof of the main result. Let L be a closed braid with the axis A which represents a

non-split link in S3. Let S ⊂ S3 \ L be an essential smooth of class Cr surface which is in

standard position. Fix an orientation on S and in R
3. As we have seen in Section 1, the open

book decomposition H = {Hθ : θ ∈ [0, 2π]} of R3 induces a foliation F of S so that all non-

singular leaves and the branches of non-singular leaves are the curves of class Cr. We may

suggest that the foliation F and the foliated surface S are standard. S is the Riemannian

manifold with the metric inherited from R
3.

We shall say that a singular foliation F on S is orientable if there is a vector field X on S
whose (non-trivial) trajectories and critical points coincide with the leaves and singular points

(which are the vertices and singularities in our case), respectively, of the given foliation.

Next, we say that the foliation F is coorientable ([5]) if there is a continuous vector field

Y on R
3 so that for each y ∈ R

3 we have ‖ Yy ‖= 1 and Yx ⊥ Ex for each x ∈ S, where Ex

denotes the tangent plane to S at the point x.
Note, that in the terminology of the papers [3] and [4] all singular points of standard

foliations F on S are of orientable type. There is known, in principle, a procedure which

allows to enhance S with the structure of a vector field or a flow whose trajectories induce the

given foliation (see, for example, [3]). This can be done by passing first from the given singular

foliation of S to a field of line elements on S. Here we indicate explicitly the construction of

the desired smooth vector field on S.

Theorem 3.1. Let S be an essential closed oriented smooth of class Cr, r ≥ 2, surface in a

closed braid complement S3 \L and let F be a standard foliation of S induced by the braid

fibration of S3 \ A, where A is the axis. Then there is a smooth of class Cr−1
vector field

X on S whose trajectories and critical points coincide with the leaves and singular points,

respectively, of F .



Proof. We shall construct a vector field X on S so that

(i) the vetrices and singularities of F correspond to the elliptic and saddle points, respecti-

vely, of X ;

(ii) the remaining trajectories of X are exactly the non-singular leaves or the branches of

singular leaves of F .

Consider on S the Riemannian metric inherited from the one of R
3. It follows directly from

definition that the foliationH = {H ′
θ : θ ∈ [0, 2π]} of S3\A is coorientable (the corresponding

vector field T which is transverse to the fibers Hθ is defined as (∂x/∂θ, ∂y/∂θ, 0), which can

be normalized).

For each point x ∈ S denote by nx the positive normal to the surface S at x of length 1.
Let ϕT be the flow on R

3 defined by the vector field T . For each non-singular point y ∈ S of

the foliation F let uy denote the tangent vector of length 1 at y to the (smooth) trajectory

ly of the flow ϕT . Note that if y is a non-singular point in S, then the vectors ny and ty
are non-colinear (i.e. they are not equal each to other in our case). Therefore, if y is a non-

singular point, then there is a unique vector vy of length 1 which is orthogonal to the plane

spanned by ny and uy and so that the triple (ny, uy, vy) defines the given orientation of R
3.

We thus define a smooth of class Cr−1 vector field X0 on the punctured surface S ′, where

S ′ = S \ {all singular points of F}. It is easy to see that the trajectories of X0 coincide just

with all leaves of the foliated surface S ′ = S \ {all singular points of F}. If V = S = ∅, i.e.

S is a circularly foliated torus, then we are done.

Suppose V 6= ∅. Then we have V 6= ∅. Now our aim is to define a suitable smooth flow

or vector field in a neighborhood of each singular point v of F . Let v be any vertex in S. By
the definition of standard foliation, a small neighborhood Uv of the vertex v on S is foliated

radially. Therefore, under the choice of appropriate local coordinates (may be in a smaller

neighborhood U ′
v of v) around v, the leaves of F in U ′

v can be considered as the trajectories

of a gradient vector field Xu for a corresponding height function h. Clearly, h may be chosen

to be of class Cr. Similarly, in a small neighborhood Vs of a singularity s one can choose local

coordinates, so that the leaves of F in Vs will be the trajectories of a gradient vector field

Xs modeled by the height function h in a neighborhood of a saddle point s on a hyperboloid

in R
3. Since S is smooth of class Cr, h can be also chosen to be of class Cr. Therefore in

both the cases, Xv and Xs will be at least of class Cr−1. We may reach also without any

efforts that the orientations of the trajectories t of Xv and X , and X and Xs coincide in the

common regions. Let V and T be the sets of vertices and singularities, respectively, of F
and |V | = l and |T | = m.

The collection of open sets {S ′, Uv1 , . . . , Uvl
, Us1, . . . , Usm} forms a cover of the surface

S. Let {µ(S ′), µ(Uv1), . . . , µ(Uvl
), µ(Us1), . . . , µ(Usm)} be the corresponding partition of unity

on S of class Cr. Put X = µ(S ′)X 0 + Σv∈V µ(Uv) · Xv + Σs∈Sµ(Us) · Xs. By the construction,

X is a smooth of class Cr−1 vector field on S with the desired properties. Moreover, X has

a finite number of critical elements, all they are the critical points of hyperbolic type. This

completes the proof.
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