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In this paper we prove analogs of the Lemma on Logarithmic Derivative and the Second
Fundamental Theorem of the Nevanlinna theory for meromorphic functions on annuli.

A. A. Kougparok, A. 9. Xpucrusauna. O meopuu Hesanaurmnol 0as Gyrnkyut, mepomopphrour
8 naockux Kkpyzoent Koavyaxr. II // Maremarnani Crymii. — 2005. — T.24, Ne2. — C.57-68.

JIOKa3bIBAIOTCA AHAIOTH JIEMMBI O JIOrapuPMUIECKON IIPOM3BOIHON U BTOPO OCHOBHOI TEO-
pewmbl Teopun pacupeaesenus 3uadennit Hepannmuunbt qia GyHKImT, MEPOMOPMHBIX B IJIOCKOM

KPYTrOBOM KOJIBIIE.

In this part of our paper we use the definitions, notations and results of the first part [1].

1. Main results.

Theorem 1. (Lemma on the logarithmic derivative) Let f be a nonconstant mero-

morphic function on A = {z: RLO < |z| < Ry}, where Ry < +00, and let A > 0.Then

(i) in the case Ry = 400,

. (R, f7) — O(log (RTy(R, f)))

for R € (1;400) except for the set Ag such that

/RA_IdR < +00;

AR

f To(R, f)
R,— | =0|log | —==
for R € (1; Ry) except for the set A such that

dR
—(Ro N R))‘H < +00.

’
AR

(ii) in the case Ry < +00,
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Theorem 2. Let f be a nonconstant meromorphic function on A = {z : RLO < |z| < Rp},
where Ry < +00. Let a1, as, ..., a, be p distinct finite complex numbers and A > 0. Then
p
1 ()
mo(R, £)+ 3 mo (R, — ) < ATy(R, f) = N (R, f) + S(R. ). )
v=1 v
where .
MR ) = o (B, 7, ) + 28R ) = Nol . £, ©)
and
1) in the case Ry = 400,
S(R, f) = O(log (RTy(R, f))) (7)

for R € (1;+00) except for the set Ag such that fAR RMYR < 4o0;

2) if Ry < 400 then S — 0 (1 (M))
=0 (1og (21 (8)

for R € (1; Ry) except for the set A}, such that [, # < +00.
L (Ro—

Definition 1. Let f be a nonconstant meromorphic function on A = {2 : 0 < |2| < 400}

and a € C. The value
do(a) = 1i e <R’ f—i“>
a)= lim ——2
0 R:oo TO(Ra f)

is called the deficiency or defect of the function f for the value a,

o . mO(Ra f)
60(00) B RE—TOO TO(Ra f)

Theorem 3. Let f be a nonconstant meromorphic function on A = {z : 0 < |z| < cc}. Let
{a,} be any finite collection of complex numbers possibly including oco. Then,

q
> dolay) < 2.
v=1

Theorems 1 — 3 are generalizations of respective results of the Nevanlinna value distri-
bution theory [2] for meromorphic functions on {z : |z| < Ry}, Ry < +o0.

2. Auxiliary results. Let T(R, f) be the spherical characteristic of the function f. Then
[1]
TO(R: f ) = No (

Since 0 < k(w,a) < 1, we have

1 0
R, m) +m0(R,CL), R>1.

1 0 1] 1

0



If 1 is a nonnegative unit mass distribution on the plane then

1 o 1 [ 1
/NO(R,m)dugTo(R)—i-% / /logwdﬁ dp

la|<+o0 la|<+oo \O
or . X
/ Ny (R ) du+ / Ny (R, ) du < To(R, )+
f—a f—a
la]<+oo la]<+o0
1 : )
— 1 do | d
"o / /ng( ) |
la|<+o0 0
We put

1 1
la]<+oo \O
Note that X .
1
/ ny <t, f—a) g / ni (T: 7 a) 0
t T

1/R 1

Denote . .
Ql(t) = / nq (t, f a) d,u, Qg(t) = / N9 (t, f — a) d,u
la|<+o0 la|<+oo

Then

Let 1 be absolutely continuous as a function of a set on the (a)-plane. Then p has
nonnegative finite density p(a) almost everywhere and therefore the mass y(e) of the measur-
able set e is equal to the Lebesgue integral

o) = [ playio,

€

where do, means an element of the measure on the plane.
Then [2]

- [ n(%ﬁ) adr, = [ [ 7P,

la]<+o0 % |z]<1



where do, = rdrdyp, z = re*?.
Similarly,

wm = [ w (Rt )adn = [ [IrP ).
la|<+o00 1<|z|[<R

We also suppose that the function p(a) is such that the derivatives Q}(R) and Q) (R) exist
and are finite. Thus,

1 2

R

2m 1
" (7)
0

Lemma 1. Let f be a nonconstant meromorphic function on A = {z : 3- < |2| < Ro}
b

where Ry < 400. Let pu be an absolutely continuous mass distribution and p(a%
Then

PN e, (R = R [[17/(Re™)p(f(Re)dp

e its density.

—/log (| (Re®)*p(f(Re®)))db < log™ 92/75? +1log 2, (11)

2m
1 + (L[ L i RO (R)
il ¢ —é < 12
27T/log <f (Re ) p(f (Re df <log o + log 2 (12)
0

for R € (1; Ry)
The proof of Lemma 1 is similar to that of Lemma 1 from [2, p. 249].

Lemma 2. Let f be a nonconstant meromorphic function on {z : 0 < |z| < 400}, and let
A > 0. Then

(i)
SQ/
log RTl(R) <4logQ1(R)+ (3A+2)log R
7r

for R € (1;400) except for the set Ag) such that [, R*'dR < +o00;
R
(ii)
2(R)
2R
for R € (1;+00) except for the set A2 such that Ja@ RMdR < +o0.
R

log < 4log Q2(R) + 3\1log R

Proof. The proof of statement (i7) of Lemma 2 may be obtained by the same way as the
proof of Lemma 2 ([2], p. 250).

The proof of statement (4) is also similar to that from [2]. Namely, choose Ag) such that

0 (R) > RNQ1(R))? and (R) > R* (4 (R))?).



Then ([2], p-250) fAu)d(RTA) < +oo. Thus, we obtain that everywhere on the set
R
(1 +00)\A

RPQ)(R) < RPR*H(M(R))* = R (Q(R))* < RPR™(Qu(R))" = R™(Qu(R))"

Lemma 2 is proved. O
Lemma 3. Let f be a nonconstant meromorphic function on A = {z : RLO < |z| < Rp},
where Ry < +o00, and let \ > 0. Then
(1) AUR)
log QT < 9logTQ2(R) + (4\ + 4) log R
for R € (1; Ry) except for the set AR such that fA@) m < 400;

(ii)

1
log R*QY(R) < 9log™Q1(R) + (4\ 4 4) log - 3log Ry
0 —
for R € (1; Ry) except for the set Ag) such that fA(l) # < +o00.
a —

Proof. (i) Let A;%,@) be a set of R (1 < R < Ry) such that

Qu(r) > QU0+ (08 Qa(R)))
(Ro — R)
Then
dR B dR dQQ(R) B R dR
/ (Ro — R / dQ2(R) (Ry — R / M (R) (Ry — R =

AR, (2) AR (2) AR (2)

(Ro — R dQx(R) dlog Qx(R)
<&H/Q2 H%%%(DM%—MM_RO/(Hﬂ%%WWfMR

R(2) AR,(2)

Similarly, if AR@) is a set of R (1 < R < Ryp) such that

D(R) _ Qa(R)(1+ (log %(R))*)
R — (RO . R)A+1

arR_—— dR  dW(R) R dQ%(R)
/ (Ro— R / A0%(R) (Ry — R / ROG(R) (By— B
A

R,(2) R(2) AR, (2)

<(/ (Ro — R d%@>::/ dlog Qx(R)
) B (g% (R)Y) (Fo - R (1+ (log 2(R))*)

R,(2) AR,(2)

then




Thus, we have
dR
/ m < (Ro + 1),
0 —

2
AR

where Ag) = A;%,(2) U A;7(2). So, on (1; RO)\Ag),

U(R) _\, Q(R)(1+ (log %(R))%)
log —n < log (o R)Ml
Q2(R)(1 + (log Q2(R))?) 2\
< log ( e e 0+ (om0 >> Sl @uR
+1log(1 + (log Q2(R))*) + (2 + 2) log 7 1_ 7 +log(1 + (log 2 (R))?) <
<logtQ(R) + 2logtQ2(R) + (2X\ + 2) log 7 1_ I + 2log™ 2 (R).
Since
+ +@a(R)(1+ (0g @a(R))") _ 4 v
log™Qy(R) < log (R — R < log"Q2(R) + 2log™ Qa(R) + log (Ry— R

(13) can be rewritten as follows:

QL (R
log % < 9logtQo(R) + (4X\ + 4) log

Ry— R
(i) Let A'R(l) be a set of R (1 < R < Ry) such that

Q1(R)(1+ (log Q1(R))?)
(RO o R))\Jrl :

0 (R) >

Then similarly as in case (i) we have

dR
| T s

ARr)

Let A;/%,(l) be a set of R (1 < R < Ry) such that

(R)(1+ (log i (R)*)

N (R) >

Then

/ dR dR  d(R) < / dQ(R) <

_ T
Jo(Ro—RM™ ) dU(Ry—RM T ) Q(R)(1+ (log Qu(R))*) T
AR, AR, R,(1)
Thus iR
/ W < (Ro + 1),



Let R € (1; Ry)\AY, then

log(R*Y(R)) = 3log R + log ), (R) < 3log Ry + log ) (R).

Since )
O (R)(1 + (log 4 (R))”)
log Q' (R) < lo
g Qi (R) 8 (RO—R)AH
Q1(R)(1 + (log Q1 (R))*) 2
< log (1+ (logQ(R))) |,
< (R() o R)2>\+2
we have )
log R*Q)(R) < 9log™ Q1 (R) + (4\ +4) log g 3log Ry.
o —
Lemma 3 is proved. 0
Choose the mass distribution p with the density
(a) — i 1
P 2w [P (1 + (log [al?)
Then
d|al
dp = / a)do, = =1
|a[(1 + (log|al)?)

la] <400 la| <400
Let w € C. At first we consider the expression
P(w) / 1 ! d
w) = og ———dpu.
® kw.a)™
la] <400
Lemma 4. P(w) becomes infinite only whenever w is equal to 0 or to co.

Proof. We have

=log\/1+ |w|>+ U(w)
/ log \/1—|—]a\2

Jw—al

where

Jal <-+o0

It is easy to see that —U(w) is a subharmonic in C function and depends only on |w].
According to the Jensen theorem for subharmonic functions ([3]) we can write

< U(hwle))do — 5 / U(lwole®))ds = N(|w], ~U) — N(|wol, ~U),  Jwol < Jul,

(14)

where
|w]

N(ol, <) - Nl ~0) = [ Pt

|wol



and n(t) = p({z : |z] <t}). Thus,
A0 it _ 1 f o

Ow| — fw| — Jwl \w! \a! (1+ (log|al))*"

|a|<[wl|

After integrating we obtain

1
U(w) = ~(log /1 + (log [w])?) — log |uo| - arctg log [w| - 3 log [w]) + U(1),

where

\/1 2
/ + |a / log V1 + e—2t
0

Jal <-+o0

is finite. Thus P(w) is finite for all complex w except for w = 0 and w = oco. This completes
the proof of Lemma 4. O

3. Proof of Theorem 1. We follow [2|. Find upper estimate for m(R, &)

f
! 1 7 1 - '( Rei®)|?
m R,i :—/log+ d9§—/log+ A |F(ReT)] - do+
f 4 4
0 0

2

f'(Re)
f(Re?)

|f(Re?)[2(1 + (log [ f (Re™)[)?)

2T
1 A
— / log /T + (log | F (Re®)[)2d6.
0

(15)
Let Ry = +00. Using Lemmas 1 and 2 we can estimate the first integral in (15)
2m
|f'(Re)? L oo
log™ A A df < —(4log™Q +3MogR) <
17 | [FRP(+ Gog ey = 2108 @) T

< %(41@(@1(1%) + Qa(R)) + 3\ log R),

where A > 0. This inequality is valid for R € (1; +00) except for the set Ag) from Lemma 2.
Similarly,

27
1 f’ 1
— L) == [ loet
m(R’f) 47T/Og
0

F(e”)
FCke)

2
1
—/log\/1+ <log
4

0

9 2m i
1 |f/(l z€)|2
df < — [ log" —— v
§47T0/ " TR+ (og[FGRDD

1 2
/()

+
(17)
and
. 2 ’f( 19)‘2 1 .
") £ (Le®)[2(1 + (log | f(Lei®)])? )de 5 (4logTQ1(R) + (3A + 2) log R) < )

0

%(Zﬂog (Q1(R) + Q2(R)) + (3X + 2) log R),



where A > 0. This inequality holds for R € (1;4o00) except for the set Ag) from Lemma 2.
The case when Ry, < +o0 is similar. Inequalities (15) and (17) are still valid. Using
Lemmas 1 and 3, we have

27
| F(Re)?
lo : A deo
i ) 8 TR+ (log TR = (19)

< % (9log+(Q1(R) + @2(R)) + (4X +4) log Ry 1_ R) ’

where A > 0. This inequality holds for R € (1; Ry) except for the set Ag) from Lemma 3.

And
1 |f/(1 i9)|2
/ 1+ (og TR (20)

g§<9log (@(F) +Qu(R >>+<4A+4>logR01_R+slogRo),

where A > 0. This inequality holds for R € (1; Ry) except for the set Ag) from Lemma 3.
In the case when the function f has neither zeroes nor poles on the circle {z : |z] =
1}, we obtain, using (10), (16) and (18), that the first integrals in (15) and (17) are

O(log (R%O(R, 1)), for R € (1;400) except for the set Ay My A(2) Similarly, if Ry < 400
then the first integrals in (15) and (17) are O <log ToRf) ) for R € (1; Ry) except for the

set Ag) U Ag).
Now we can estimate the last integrals of (15) and (17):

2 27

1 4 1 .

g / log /1 + (log | f(Re™)])?d0 < log -~ / V14 (log | f(Re)[)2d0 <
0 0 (21)

27
1 ‘ .
= a/“*‘log!f(Rel%dee ~ log (1 +m(R. f) +m (R,?)) |
0

Similarly,

2 D)
ﬁ/log \/1 + (log f (%eie) D df < log (1 +m (%,f) +m (%, %)) . (22)
0

Since To(R, f) = m(R, f)—i—m(%,f) —2m(1, f)+ No(R, f) and Ty(R, f) = To(R, %), we have

< log(1 4 2To(R, f) +4m(1, f)) <

) (23)
+O(1), R e (1;R0),

)

+

11
log (1 +m (— f) +m 7 ) <log(l+2TH(R, f) +4m(1, f)) < (24)



Using (15)-(18), (21)-(24) and the relation To(R, f) = %O(R, f)+0(1), R € (1;+00)
(|1]), we obtain in the case Ry = +o0
f/

N o
m(R,7)—0<log<RTo<R,f>>>, m(R f) Olog (RTy(R. ))). R — oo (25)

except for the sets Ag) and Ag) mentioned above.
When R, < +oo we obtain using (15), (17), (19), (20), (21)-(24) and the relation

To(R, f) = To(R, f) + O(1), R € (1; Ry), [1]:

! To(R 1 f To(R
(15)-00HER). w0 ). 1 o

except for the sets Ag) and Ag)
In the case when the function f has zeroes or poles on the circle {z : |z| = 1} we consider
the function

- b)"
fi(z) = () 22
[1(z = a;)"
j=1
where a; are the zeroes, b; are the poles of the function f on the {z : |2] = 1} and k;, {;

are their multiplicities respectively. Then the function f; has neither zeroes nor poles on
{z : |z] = 1}. The functions m(R, f) and m(R, f1) differ at most by the value O(log R) for
R € (1; Ry). The same holds for the pairs of the functions m(%, f), m(s, f1), and To(R, f),
To(R, f1) for R € (1; Ry). Therefore, (25) holds in this case too.

4. Proof of Theorem 2. Using the well-known inequality log™ab < logTa+log™b we obtain

m(R,f’)zm(R,fL/ <m(Rp)+m(RL).
m<ﬁ’f/)_m<z%ff Sm(ﬁ’f)“”(ﬁ’?)'

Let ay,as, ...,a,, p > 2, be a set of distinct finite complex numbers and § = min{|a,, —
ag|, 1}, n # k. Then as in [2, p. 244-245] we have

p /
2p
< ) Zm _au m(R, f_ay>—plog7—log3,

v=1 (28)
11 » 1 1 1 & ' 2p
—, = ——— ) —m|= — plog == — log 3.
m(R7f/)>;m(R7f_ay) m(R’;f—a,,) pog5 Og

We obtain from (27) and (28)

sy on(hr) sowem (1) (5 (). em



1 11 L 1 2 11
m(R,f)—i-m(ﬁ,?) > :1m(R’f—a,,)+;m(ﬁ’7f—a,,)_ 0
~ [ Ly~ f 2p
—m (R,Vlf_ay> _m<ﬁ’zf—ay> —2plog7—210g3,

Add —2m(1, f') + No(R, f') and —2m(1, %) + No(R, %) to both sides of (29) and (30)

respectively. Using the equality To(R, f') = To(R, %), 1 < R < Ry ([1]) we can make the
conclusion that the characteristic Ty (R, f’) lays between two values

u 1 i 1 1 Lo 1 & f
Zm(R,f_ay)+Zm(E,f_ay)_m<R,Zf_ay>—m<§,;f_%)_

v=1 v=1

1 1 2p
—2m (1, ?> + Ny (R, ?> — 2plog? — 2log 3

1 ! 1 f
)+ (o ) b (R o (5.5 ) — 2 )+ Mot )
In particular, the first value is less then the second one. Therefore,

P 1 P 11 1 '
Zm(R,m) +Zm(ﬁ’f—ay) <m(R,f)+m(E,f) +m<R,f7)+

v=1 v=1
1 f , , ~ 1 <~ f
—l—m(ﬁ,7)—Qm(l,f)—f-No(R,f)—i-m R’;f—a,,>+m<E’;f—ay>+

1 1 2
+2m <1, F) — Ny (R, ? +2plog—p + 2log 3.

and

)
(31)
Add m(R, f) +m(%, f) to both sides of inequality (31). Then
z 1
mo(R, f) + ; mo (R, f_—a) < 2Ty(R, f) = N (R, ) + S(R, ), (32)
where
MR ) = No (B4, ) + 200, 1) = Nal . ) (33)
and

S(R f):m<R i/)—irm(i £)+m<Ri f >+m<l i f )—l—
’ f R f '~ f-a, R “ f—a,
+4m(1, f) — 2m(1, f') +2m (1, %) + +2plog %Tp + 2log3.
(34)
Application of Theorem 1 completes the proof of Theorem 2.

5. Proof of Theorem 3. Theorem 3 is a consequence of Theorem 2, Theorem 4 from [1]
and the respective result of Nevanlinna theory [2, p.270].
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