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In this paper we prove analogs of the Lemma on Logarithmic Derivative and the Second
Fundamental Theorem of the Nevanlinna theory for meromorphic functions on annuli.

À. À. Êîíäðàòþê, À. ß. Õðèñòèÿíèí. Î òåîðèè Íåâàíëèííû äëÿ ôóíêöèé, ìåðîìîðôíûõ

â ïëîñêèõ êðóãîâûõ êîëüöàõ. II // Ìàòåìàòè÷íi Ñòóäi¨. � 2005. � Ò.24, �2. � C.57�68.

Äîêàçûâàþòñÿ àíàëîãè ëåììû î ëîãàðèôìè÷åñêîé ïðîèçâîäíîé è âòîðîé îñíîâíîé òåî-
ðåìû òåîðèè ðàñïðåäåëåíèÿ çíà÷åíèé Íåâàíëèííû äëÿ ôóíêöèé, ìåðîìîðôíûõ â ïëîñêîì
êðóãîâîì êîëüöå.

In this part of our paper we use the definitions, notations and results of the first part [1].

1. Main results.

Theorem 1. (Lemma on the logarithmic derivative) Let f be a nonconstant mero-

morphic function on A = {z : 1
R0

< |z| < R0}, where R0 ≤ +∞, and let λ ≥ 0.Then

(i) in the case R0 = +∞,

m0

(
R,

f ′

f

)
= O(log (RT0(R, f))) (1)

for R ∈ (1; +∞) except for the set ∆R such that∫
∆R

Rλ−1dR < +∞; (2)

(ii) in the case R0 < +∞,

m0

(
R,

f ′

f

)
= O

(
log

(
T0(R, f)

R0 − R

))
(3)

for R ∈ (1; R0) except for the set ∆
′
R such that∫

∆
′
R

dR

(R0 − R)λ+1
< +∞.

(4)
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Theorem 2. Let f be a nonconstant meromorphic function on A = {z : 1
R0

< |z| < R0},
where R0 ≤ +∞. Let a1, a2, ..., ap be p distinct finite complex numbers and λ ≥ 0. Then

m0(R, f) +

p∑
ν=1

m0

(
R,

1

f − aν

)
≤ 2T0(R, f) − N

(1)
0 (R, f) + S(R, f), (5)

where

N
(1)
0 (R, f) = N0

(
R,

1

f ′

)
+ 2N0(R, f) − N0(R, f ′), (6)

and

1) in the case R0 = +∞,
S(R, f) = O(log (RT0(R, f))) (7)

for R ∈ (1; +∞) except for the set ∆R such that
∫
∆R

Rλ−1dR < +∞;

2) if R0 < +∞ then

S(R, f) = O

(
log

(
T0(R, f)

R0 − R

))
(8)

for R ∈ (1; R0) except for the set ∆
′
R such that

∫
∆

′
R

dR

(R0−R)λ+1 < +∞.

Definition 1. Let f be a nonconstant meromorphic function on A = {z : 0 < |z| < +∞}
and a ∈ C. The value

δ0(a) = lim
R→+∞

m0

(
R, 1

f−a

)
T0(R, f)

is called the deficiency or defect of the function f for the value a,

δ0(∞) = lim
R→+∞

m0(R, f)

T0(R, f)
.

Theorem 3. Let f be a nonconstant meromorphic function on A = {z : 0 < |z| < ∞}. Let
{aν} be any finite collection of complex numbers possibly including ∞. Then,

q∑
ν=1

δ0(aν) ≤ 2.

Theorems 1 � 3 are generalizations of respective results of the Nevanlinna value distri-

bution theory [2] for meromorphic functions on {z : |z| < R0}, R0 ≤ +∞.

2. Auxiliary results. Let
o

T 0(R, f) be the spherical characteristic of the function f . Then
[1]

o

T 0(R, f) = N0

(
R,

1

f − a

)
+

o
m0(R, a), R > 1.

Since 0 ≤ k(w, a) ≤ 1, we have

N0

(
R,

1

f − a

)
≤

o

T 0(R, f) +
1

π

π∫
0

log
1

k(f(eiθ), a)
dθ.



If µ is a nonnegative unit mass distribution on the plane then

∫
|a|<+∞

N0

(
R,

1

f − a

)
dµ ≤

o

T 0(R) +
1

2π

∫
|a|<+∞


 π∫

0

log
1

k(f(eiθ), a)
dθ


 dµ

or ∫
|a|<+∞

N1

(
R,

1

f − a

)
dµ +

∫
|a|<+∞

N2

(
R,

1

f − a

)
dµ ≤

o

T 0(R, f)+

+
1

2π

∫
|a|<+∞


 π∫

0

log
1

k(f(eiθ), a)
dθ


 dµ.

(9)

We put

Qi(R) =

∫
|a|<+∞

Ni

(
R,

1

f − a

)
dµ, i ∈ {1, 2}.

Then (9) can be written as follows:

Q1(R) + Q2(R) ≤
o

T 0(R, f) +
1

2π

∫
|a|<+∞


 π∫

0

log
1

k(f(eiθ), a)
dθ


 dµ. (10)

Note that
1∫

1/R

n1

(
t, 1

f−a

)
t

dt =

R∫
1

n1

(
1
τ
, 1

f−a

)
τ

dτ.

Denote

Ω1(t) =

∫
|a|<+∞

n1

(
1

t
,

1

f − a

)
dµ, Ω2(t) =

∫
|a|<+∞

n2

(
t,

1

f − a

)
dµ.

Then

Qi(R) =

R∫
1

Ωi(t)

t
dt, i ∈ {1, 2}.

Let µ be absolutely continuous as a function of a set on the (a)-plane. Then µ has
nonnegative finite density ρ(a) almost everywhere and therefore the mass µ(e) of the measur-

able set e is equal to the Lebesgue integral

µ(e) =

∫
e

ρ(a)dσa

where dσa means an element of the measure on the plane.

Then [2]

Ω1(R) =

∫
|a|<+∞

n1

(
1

R
,

1

f − a

)
ρ(a)dσa =

∫ ∫
1
R
≤|z|≤1

|f ′(z)|2ρ(f(z))dσz ,



where dσz = rdrdϕ, z = reiϕ.
Similarly,

Ω2(R) =

∫
|a|<+∞

n2

(
R,

1

f − a

)
ρ(a)dσa =

∫ ∫
1≤|z|≤R

|f ′(z)|2ρ(f(z))dσz.

We also suppose that the function ρ(a) is such that the derivatives Ω′
1(R) and Ω′

2(R) exist

and are finite. Thus,

Ω′
1(R) = − 1

R2


− 1

R

2π∫
0

∣∣∣∣f ′
(

1

R
eiϕ

)∣∣∣∣
2

ρ

(
f

(
1

R
eiϕ

))
dϕ


 =

=
1

R3

2π∫
0

∣∣∣∣f ′
(

1

R
eiϕ

)∣∣∣∣
2

ρ(f(
1

R
eiϕ))dϕ, Ω′

2(R) = R

2π∫
0

|f ′(Reiϕ)|2ρ(f(Reiϕ))dϕ.

Lemma 1. Let f be a nonconstant meromorphic function on A = {z : 1
R0

< |z| < R0},
where R0 ≤ +∞. Let µ be an absolutely continuous mass distribution and ρ(a) be its density.
Then

1

2π

2π∫
0

log+(|f ′(Reiθ)|2ρ(f(Reiθ)))dθ ≤ log+ Ω′
2(R)

2πR
+ log 2, (11)

1

2π

2π∫
0

log+

(∣∣∣∣f ′
(

1

R
eiθ

)∣∣∣∣
2

ρ

(
f

(
1

R
eiθ

)))
dθ ≤ log+R3Ω′

1(R)

2π
+ log 2 (12)

for R ∈ (1; R0)

The proof of Lemma 1 is similar to that of Lemma 1 from [2, p. 249].

Lemma 2. Let f be a nonconstant meromorphic function on {z : 0 < |z| < +∞}, and let

λ ≥ 0. Then

(i)

log
R3Ω′

1(R)

2π
< 4 log Q1(R) + (3λ + 2) log R

for R ∈ (1; +∞) except for the set ∆
(1)
R such that

∫
∆

(1)
R

Rλ−1dR < +∞;

(ii)

log
Ω′

2(R)

2πR
< 4 log Q2(R) + 3λ log R

for R ∈ (1; +∞) except for the set ∆
(2)
R such that

∫
∆

(2)
R

Rλ−1dR < +∞.

Proof. The proof of statement (ii) of Lemma 2 may be obtained by the same way as the

proof of Lemma 2 ([2], p. 250).

The proof of statement (i) is also similar to that from [2]. Namely, choose ∆
(1)
R such that

Ω1(R) ≥ Rλ(Q1(R))2 and Ω′
1(R) ≥ Rλ−1(Ω1(R))2).



Then ([2], p.250)
∫
∆

(1)
R

d
(

Rλ

λ

)
< +∞. Thus, we obtain that everywhere on the set

(1; +∞)\∆(1)
R

R3Ω′
1(R) < R3Rλ−1(Ω1(R))2 = Rλ+2(Ω1(R))2 < Rλ+2R2λ(Q1(R))4 = R3λ+2(Q1(R))4.

Lemma 2 is proved.

Lemma 3. Let f be a nonconstant meromorphic function on A = {z : 1
R0

< |z| < R0},
where R0 < +∞, and let λ ≥ 0. Then

(i)

log
Ω′

2(R)

R
< 9log+Q2(R) + (4λ + 4) log

1

R0 − R

for R ∈ (1; R0) except for the set ∆
(2)
R such that

∫
∆

(2)
R

dR

(R0−R)λ+1 < +∞;

(ii)

log R3Ω′
1(R) < 9log+Q1(R) + (4λ + 4) log

1

R0 − R
+ 3 log R0

for R ∈ (1; R0) except for the set ∆
(1)
R such that

∫
∆

(1)
R

dR

(R0−R)λ+1 < +∞.

Proof. (i) Let ∆
′
R,(2) be a set of R (1 < R < R0) such that

Ω2(R) ≥ Q2(R)(1 + (log Q2(R))2)

(R0 − R)λ+1
.

Then ∫
∆

′
R,(2)

dR

(R0 − R)λ+1
=

∫
∆

′
R,(2)

dR

dQ2(R)

dQ2(R)

(R0 − R)λ+1
=

∫
∆

′
R,(2)

R

Ω2(R)

dR

(R0 − R)λ+1
≤

≤ R0

∫
∆

′
R,(2)

(R0 − R)λ+1

Q2(R)(1 + (log Q2(R))2)

dQ2(R)

(R0 − R)λ+1
= R0

∫
∆

′
R,(2)

d log Q2(R)

(1 + (log Q2(R))2)
≤ πR0.

Similarly, if ∆
′′
R,(2) is a set of R (1 < R < R0) such that

Ω′
2(R)

R
≥ Ω2(R)(1 + (log Ω2(R))2)

(R0 − R)λ+1

then ∫
∆

′′
R,(2)

dR

(R0 − R)λ+1
=

∫
∆

′′
R,(2)

dR

dΩ2(R)

dΩ2(R)

(R0 − R)λ+1
=

∫
∆

′′
R,(2)

R

RΩ′
2(R)

dΩ2(R)

(R0 − R)λ+1
≤

≤
∫

∆
′′
R,(2)

(R0 − R)λ+1

Ω2(R)(1 + (log Ω2(R))2)

dΩ2(R)

(R0 − R)λ+1
=

∫
∆

′′
R,(2)

d log Ω2(R)

(1 + (log Ω2(R))2)
≤ π.



Thus, we have ∫
∆

(2)
R

dR

(R0 − R)λ+1
≤ (R0 + 1)π,

where ∆
(2)
R = ∆

′
R,(2) ∪ ∆

′′
R,(2). So, on (1; R0)\∆(2)

R ,

log
Ω′

2(R)

R
< log

Ω2(R)(1 + (log Ω2(R))2)

(R0 − R)λ+1
<

< log

(
Q2(R)(1 + (log Q2(R))2)

(R0 − R)2λ+2
(1 + (log Ω2(R))2)

)
= log Q2(R)+

+ log(1 + (log Q2(R))2) + (2λ + 2) log
1

R0 − R
+ log(1 + (log Ω2(R))2) ≤

≤ log+Q2(R) + 2log+Q2(R) + (2λ + 2) log
1

R0 − R
+ 2log+Ω2(R).

(13)

Since

log+Ω2(R) ≤ log+Q2(R)(1 + (log Q2(R))2)

(R0 − R)λ+1
≤ log+Q2(R) + 2log+Q2(R) + log

1

(R0 − R)λ+1
,

(13) can be rewritten as follows:

log
Ω′

2(R)

R
< 9log+Q2(R) + (4λ + 4) log

1

R0 − R
.

(ii) Let ∆
′
R,(1) be a set of R (1 < R < R0) such that

Ω1(R) ≥ Q1(R)(1 + (log Q1(R))2)

(R0 − R)λ+1
.

Then similarly as in case (i) we have∫
∆

′
R,(1)

dR

(R0 − R)λ+1
≤ πR0.

Let ∆
′′
R,(1) be a set of R (1 < R < R0) such that

Ω′
1(R) ≥ Ω1(R)(1 + (log Ω1(R))2)

(R0 − R)λ+1
.

Then ∫
∆

′′
R,(1)

dR

(R0 − R)λ+1
=

∫
∆

′′
R,(1)

dR

dΩ1

dΩ1(R)

(R0 − R)λ+1
≤

∫
∆

′′
R,(1)

dΩ1(R)

Ω1(R)(1 + (log Ω1(R))2)
≤ π.

Thus ∫
∆

(1)
R

dR

(R0 − R)λ+1
≤ (R0 + 1)π,



where ∆
(1)
R = ∆

′
R,(1) ∪ ∆

′′
R,(1).

Let R ∈ (1; R0)\∆(1)
R , then

log(R3Ω′
1(R)) = 3 log R + log Ω′

1(R) < 3 log R0 + log Ω′
1(R).

Since

log Ω′
1(R) < log

Ω1(R)(1 + (log Ω1(R))2)

(R0 − R)λ+1
<

< log

(
Q1(R)(1 + (log Q1(R))2)

(R0 − R)2λ+2
(1 + (log Ω1(R))2)

)
,

we have

log R3Ω′
1(R) < 9log+Ω1(R) + (4λ + 4) log

1

R0 − R
+ 3 log R0.

Lemma 3 is proved.

Choose the mass distribution µ with the density

ρ(a) =
1

2π2

1

|a|2(1 + (log |a|)2)
.

Then ∫
|a|<+∞

dµ =

∫
|a|<+∞

ρ(a)dσa =
1

π

+∞∫
0

d|a|
|a|(1 + (log |a|)2)

= 1

Let w ∈ C. At first we consider the expression

P (w) =

∫
|a|<+∞

log
1

k(w, a)
dµ.

Lemma 4. P (w) becomes infinite only whenever w is equal to 0 or to ∞.

Proof. We have

P (w) = log
√

1 + |w|2 + U(w),

where

U(w) =

∫
|a|<+∞

log

√
1 + |a|2
|w − a| dµ.

It is easy to see that −U(w) is a subharmonic in C function and depends only on |w|.
According to the Jensen theorem for subharmonic functions ([3]) we can write

1

2π

2π∫
0

(−U(|w|eiθ))dθ − 1

2π

2π∫
0

(−U(|w0|eiθ))dθ = N(|w|,−U) − N(|w0|,−U), |w0| < |w|,

(14)

where

N(|w|,−U) − N(|w0|,−U) =

|w|∫
|w0|

n(t)

t
dt



and n(t) = µ({z : |z| ≤ t}). Thus,

−∂U(|w|)
∂|w| =

n(|w|)
|w| =

1

|w|
∫

|a|≤|w|

dµ =
1

|w|
1

π

∫
|w|

d|a|
|a|(1 + (log |a|))2

.

After integrating we obtain

U(w) =
1

π
(log

√
1 + (log |w|)2) − log |w| · arctg log |w| − π

2
log |w|) + U(1),

where

U(1) =

∫
|a|<+∞

log

√
1 + |a|2
|a − 1| dµ =

2

π

+∞∫
0

log
√

1 + e−2t
dt

1 + t2

is finite. Thus P (w) is finite for all complex w except for w = 0 and w = ∞. This completes

the proof of Lemma 4.

3. Proof of Theorem 1. We follow [2]. Find upper estimate for m(R, f ′
f
)

m

(
R,

f ′

f

)
=

1

4π

2π∫
0

log+

∣∣∣∣f ′(Reiθ)

f(Reiθ)

∣∣∣∣
2

dθ ≤ 1

4π

2π∫
0

log+ |f ′(Reiθ)|2
|f(Reiθ)|2(1 + (log |f(Reiθ)|)2)

dθ+

+
1

4π

2π∫
0

log
√

1 + (log |f(Reiθ)|)2dθ.

(15)
Let R0 = +∞. Using Lemmas 1 and 2 we can estimate the first integral in (15)

1

4π

2π∫
0

log+ |f ′(Reiθ)|2
|f(Reiθ)|2(1 + (log |f(Reiθ)|)2)

dθ ≤ 1

2
(4log+Q2(R) + 3λ log R) ≤

≤ 1

2
(4log+(Q1(R) + Q2(R)) + 3λ log R),

(16)

where λ ≥ 0. This inequality is valid for R ∈ (1; +∞) except for the set ∆
(2)
R from Lemma 2.

Similarly,

m

(
1

R
,
f ′

f

)
=

1

4π

2π∫
0

log+

∣∣∣∣f ′( 1
R
eiθ)

f( 1
R
eiθ)

∣∣∣∣
2

dθ ≤ 1

4π

2π∫
0

log+ |f ′( 1
R
eiθ)|2

|f( 1
R
eiθ)|2(1 + (log |f( 1

R
eiθ)|)2)

dθ+

+
1

4π

2π∫
0

log

√
1 +

(
log

∣∣∣∣f
(

1

Reiθ

)∣∣∣∣
)2

dθ

(17)
and

1

4π

2π∫
0

log+ |f ′( 1
R
eiθ)|2

|f( 1
R
eiθ)|2(1 + (log |f( 1

R
eiθ)|)2)

dθ ≤ 1

2
(4log+Q1(R) + (3λ + 2) log R) ≤

≤ 1

2
(4log+(Q1(R) + Q2(R)) + (3λ + 2) logR),

(18)



where λ ≥ 0. This inequality holds for R ∈ (1; +∞) except for the set ∆
(1)
R from Lemma 2.

The case when R0 < +∞ is similar. Inequalities (15) and (17) are still valid. Using

Lemmas 1 and 3, we have

1

4π

2π∫
0

log+ |f ′(Reiθ)|2
|f(Reiθ)|2(1 + (log |f(Reiθ)|)2)

dθ ≤

≤ 1

2

(
9log+(Q1(R) + Q2(R)) + (4λ + 4) log

1

R0 − R

)
,

(19)

where λ ≥ 0. This inequality holds for R ∈ (1; R0) except for the set ∆
(2)
R from Lemma 3.

And

1

4π

2π∫
0

log+ |f ′( 1
R
eiθ)|2

|f( 1
R
eiθ)|2(1 + (log |f( 1

R
eiθ)|)2)

dθ ≤

≤ 1

2

(
9log+(Q1(R) + Q2(R)) + (4λ + 4) log

1

R0 − R
+ 3 log R0

)
,

(20)

where λ ≥ 0. This inequality holds for R ∈ (1; R0) except for the set ∆
(1)
R from Lemma 3.

In the case when the function f has neither zeroes nor poles on the circle {z : |z| =
1}, we obtain, using (10), (16) and (18), that the first integrals in (15) and (17) are

O(log (R
o

T 0(R, f))), for R ∈ (1; +∞) except for the set ∆
(1)
R ∪ ∆

(2)
R . Similarly, if R0 < +∞

then the first integrals in (15) and (17) are O

(
log

o
T 0(R,f)
R0−R

)
, for R ∈ (1; R0) except for the

set ∆
(1)
R ∪ ∆

(2)
R .

Now we can estimate the last integrals of (15) and (17):

1

4π

2π∫
0

log
√

1 + (log |f(Reiθ)|)2dθ ≤ log
1

4π

2π∫
0

√
1 + (log |f(Reiθ)|)2dθ ≤

≤ 1

4π

2π∫
0

(1 + | log |f(Reiθ)||)dθ = log

(
1 + m(R, f) + m

(
R,

1

f

))
.

(21)

Similarly,

1

4π

2π∫
0

log

√
1 +

(
log

∣∣∣∣f
(

1

R
eiθ

)∣∣∣∣
)2

dθ ≤ log

(
1 + m

(
1

R
, f

)
+ m

(
1

R
,
1

f

))
. (22)

Since T0(R, f) = m(R, f)+m( 1
R
, f)−2m(1, f)+N0(R, f) and T0(R, f) = T0(R, 1

f
), we have

log

(
1 + m(R, f) + m

(
R,

1

f

))
≤ log(1 + 2T0(R, f) + 4m(1, f)) ≤

≤ log+T0(R, f) + O(1), R ∈ (1; R0),
(23)

log

(
1 + m

(
1

R
, f

)
+ m

(
1

R
,
1

f

))
≤ log(1 + 2T0(R, f) + 4m(1, f)) ≤

≤ log+T0(R, f) + O(1), R ∈ (1; R0).
(24)



Using (15)-(18), (21)-(24) and the relation T0(R, f) =
o

T 0(R, f) + O(1), R ∈ (1; +∞)
([1]), we obtain in the case R0 = +∞

m

(
R,

f ′

f

)
= O(log (RT0(R, f))), m

(
1

R
,
f ′

f

)
= O(log (RT0(R, f))), R → +∞ (25)

except for the sets ∆
(1)
R and ∆

(2)
R mentioned above.

When R0 < +∞ we obtain using (15), (17), (19), (20), (21)-(24) and the relation

T0(R, f) =
o

T 0(R, f) + O(1), R ∈ (1; R0), [1]:

m

(
R,

f ′

f

)
= O

(
log

T0(R, f)

R0 − R

)
, m

(
1

R
,
f ′

f

)
= O

(
log

T0(R, f)

R0 − R

)
, R → +∞ (26)

except for the sets ∆
(1)
R and ∆

(2)
R .

In the case when the function f has zeroes or poles on the circle {z : |z| = 1} we consider

the function

f1(z) = f(z)

s∏
j=1

(z − bj)
lj

n∏
j=1

(z − aj)kj

where aj are the zeroes, bj are the poles of the function f on the {z : |z| = 1} and kj, lj
are their multiplicities respectively. Then the function f1 has neither zeroes nor poles on

{z : |z| = 1}. The functions m(R, f) and m(R, f1) differ at most by the value O(logR) for
R ∈ (1; R0). The same holds for the pairs of the functions m( 1

R
, f), m( 1

R
, f1), and T0(R, f),

T0(R, f1) for R ∈ (1; R0). Therefore, (25) holds in this case too.

4. Proof of Theorem 2. Using the well-known inequality log+ab ≤ log+a+log+b we obtain

m(R, f ′) = m

(
R, f

f ′

f

)
≤ m(R, f) + m

(
R,

f ′

f

)
,

m

(
1

R
, f ′
)

= m

(
1

R
, f

f ′

f

)
≤ m

(
1

R
, f

)
+ m

(
1

R
,
f ′

f

)
.

(27)

Let a1, a2, ..., ap, p ≥ 2, be a set of distinct finite complex numbers and δ = min{|an −
ak|, 1}, n 6= k. Then as in [2, p. 244-245] we have

m

(
R,

1

f ′

)
>

p∑
ν=1

m(R,
1

f − aν
) − m

(
R,

p∑
ν=1

f ′

f − aν

)
− p log

2p

δ
− log 3,

m

(
1

R
,

1

f ′

)
>

p∑
ν=1

m

(
1

R
,

1

f − aν

)
− m

(
1

R
,

p∑
ν=1

f ′

f − aν

)
− p log

2p

δ
− log 3.

(28)

We obtain from (27) and (28)

m(R, f ′) + m

(
1

R
, f ′
)

≤ m(R, f) + m

(
1

R
, f

)
+ m

(
R,

f ′

f

)
+ m

(
1

R
,
f ′

f

)
, (29)



m

(
R,

1

f ′

)
+ m

(
1

R
,

1

f ′

)
>

p∑
ν=1

m

(
R,

1

f − aν

)
+

p∑
ν=1

m

(
1

R
,

1

f − aν

)
−

−m

(
R,

p∑
ν=1

f ′

f − aν

)
− m

(
1

R
,

p∑
ν=1

f ′

f − aν

)
− 2p log

2p

δ
− 2 log 3,

(30)

Add −2m(1, f ′) + N0(R, f ′) and −2m(1, 1
f ′ ) + N0(R, 1

f ′ ) to both sides of (29) and (30)

respectively. Using the equality T0(R, f ′) = T0(R, 1
f ′ ), 1 < R < R0 ([1]) we can make the

conclusion that the characteristic T0(R, f ′) lays between two values

p∑
ν=1

m

(
R,

1

f − aν

)
+

p∑
ν=1

m

(
1

R
,

1

f − aν

)
− m

(
R,

p∑
ν=1

f ′

f − aν

)
− m

(
1

R
,

p∑
ν=1

f ′

f − aν

)
−

−2m

(
1,

1

f ′

)
+ N0

(
R,

1

f ′

)
− 2p log

2p

δ
− 2 log 3

and

m(R, f) + m

(
1

R
, f

)
+ m

(
R,

f ′

f

)
+ m

(
1

R
,
f ′

f

)
− 2m(1, f ′) + N0(R, f ′).

In particular, the first value is less then the second one. Therefore,

p∑
ν=1

m

(
R,

1

f − aν

)
+

p∑
ν=1

m

(
1

R
,

1

f − aν

)
< m(R, f) + m

(
1

R
, f

)
+ m

(
R,

f ′

f

)
+

+m

(
1

R
,
f ′

f

)
− 2m(1, f ′) + N0(R, f ′) + m

(
R,

p∑
ν=1

f ′

f − aν

)
+ m

(
1

R
,

p∑
ν=1

f ′

f − aν

)
+

+2m

(
1,

1

f ′

)
− N0

(
R,

1

f ′

)
+ 2p log

2p

δ
+ 2 log 3.

(31)
Add m(R, f) + m( 1

R
, f) to both sides of inequality (31). Then

m0(R, f) +

p∑
ν=1

m0

(
R,

1

f − aν

)
< 2T0(R, f) − N

(1)
0 (R, f) + S(R, f), (32)

where

N
(1)
0 (R, f) = N0

(
R,

1

f ′

)
+ 2N0(R, f) − N0(R, f ′) (33)

and

S(R, f) = m

(
R,

f ′

f

)
+ m

(
1

R
,
f ′

f

)
+ m

(
R,

p∑
ν=1

f ′

f − aν

)
+ m

(
1

R
,

p∑
ν=1

f ′

f − aν

)
+

+4m(1, f) − 2m(1, f ′) + 2m

(
1,

1

f ′

)
+ +2p log

2p

δ
+ 2 log 3.

(34)

Application of Theorem 1 completes the proof of Theorem 2.

5. Proof of Theorem 3. Theorem 3 is a consequence of Theorem 2, Theorem 4 from [1]

and the respective result of Nevanlinna theory [2, p.270].
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