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The method of spherical harmonics (method of Fourier-Laplace series) for subharmonic
functions of finite λ-type was introduced and studied by A. A. Kondratyuk. We extend it to
the classes Λm

S (E) of subharmonic in Rm (m ≥ 2) functions of finite (λ, ε)-type in the sense
of B. N. Khabibullin. In particular, criteria of the belonging of subharmonic functions to the
classes Λm

S (E) in terms of its spherical harmonics are established. The Riesz measures of such
functions are described and it is shown that an arbitrary Borel in R

m measure is the Riesz
measure of some subharmonic function from the certain class Λm

S (E).
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Ìåòîä ñôåðè÷åñêèõ ãàðìîíèê (ìåòîä ðÿäîâ Ôóðüå-Ëàïëàñà), ðàçðàáîòàíûé À. À. Êîí-
äðàòþêîì äëÿ ñóáãàðìîíè÷åñêèõ ôóíêöèé êîíå÷íîãî λ-òèïà, ðàñïîñòðàíåí íà êëàññû
Λm

S (E) ñóáãàðìîíè÷åñêèõ â Rm (m ≥ 2) ôóíêöèé êîíå÷íîãî (λ, ε)-òèïà â ñìûñëå Á. Í. Õà-
áèáóëëèíà. Â ÷àñòíîñòè, óñòàíîâëåíû êðèòåðèè ïðèíàäëåæíîñòè ñóáãàðìîíè÷åñêèõ ôóí-
êöèé ê êëàññàì Λm

S (E) â òåðìèíàõ èõ ñôåðè÷åñêèõ ãàðìîíèê, îïèñàíû ìåðû Ðèññà òàêèõ
ôóíêöèé è ïîêàçàíî, ÷òî ïðîèçâîëüíàÿ áîðåëåâñêàÿ â Rm ìåðà ÿâëÿåòñÿ ìåðîé Ðèññà
íåêîòîðîé ñóáãàðìîíè÷åñêîé ôóíêöèè èç îïðåäåëåííîãî êëàññà Λm

S (E).

1. Âñòóï. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ. Ìåòîä ðÿäiâ Ôóð'¹, ðîçðîáëå-
íèé Ë. Ðóáåëîì i Á. Òåéëîðîì [1�5] (äèâ. òàêîæ [6,7]) äëÿ öiëèõ i ìåðîìîðôíèõ ôóí-
êöié, áåç ïðèíöèïîâèõ óñêëàäíåíü, ïîøèðåíèé Ô. Íîâåðàçîì [8,9] íà ñóáãàðìîíiéíi òà
δ-ñóáãàðìîíiéíi â C, à òàêîæ ïëþðiñóáãàðìîíiéíi â Cn (n ≥ 2) ôóíêöi¨. Äëÿ ñóáãàðìî-
íiéíèõ â R

m (m ≥ 3) ôóíêöié, áëèçüêèé äî ìåòîäó Ðóáåëà-Òåéëîðà, ìåòîä ñôåðè÷íèõ
ãàðìîíiê (ìåòîä ðÿäiâ Ôóð'¹-Ëàïëàñà) âïåðøå ðîçðîáèâ À. À. Êîíäðàòþê [10�12]. Ïðî-
áëåìó ïðî ìîæëèâiñòü ðîçðîáêè òàêîãî ìåòîäó äëÿ ñóáãàðìîíiéíèõ â ïðîñòîði ôóíêöié
ñôîðìóëþâàâ Ë. Ðóáåë [13].

Ìåòîä ðÿäiâ Ôóð'¹ òà Ôóð'¹-Ëàïëàñà çàçâè÷àé çàñòîñîâóþòü äî ôóíêöié ñêií÷åí-
íîãî λ-òèïó â ñåíñi Ðóáåëà-Òåéëîðà. À ñàìå, íåõàé λ � ôóíêöiÿ çðîñòàííÿ, òîáòî λ
� íåâiä'¹ìíà, çðîñòàþ÷à äî +∞, íåïåðåðâíà íà [0, +∞) ôóíêöiÿ, λ(0) = 0. Ãîâîðÿòü
[9,12,14], ùî ñóáãàðìîíiéíà â Rm (m ≥ 2) ôóíêöiÿ u, ãàðìîíiéíà â äåÿêîìó îêîëi íóëÿ,
u(0) = 0, íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó, ÿêùî íåðiâíiñòü T (r, u) ≤ aλ(br)
âèêîíó¹òüñÿ äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ a, b i âñiõ r > 0, äå T (r, u) � íåâàíëiííîâà
õàðàêòåðèñòèêà ôóíêöi¨ u. Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî ÷åðåç Λm

S . Ó [9,12,14] âñi
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îñíîâíi ðåçóëüòàòè, îòðèìàíi Ë. Ðóáåëîì i Á. Òåéëîðîì [5] (äèâ. òàêîæ [6,7]), ïîøèðåíî
i óçàãàëüíåíî íà ñóáãàðìîíiéíi ôóíêöi¨ ñêií÷åííîãî λ-òèïó. Çîêðåìà, â [9,12,14] âñòà-
íîâëåíî êðèòåðié íàëåæíîñòi ñóáãàðìîíiéíèõ ôóíêöié äî êëàñiâ Λm

S â òåðìiíàõ ¨õíiõ
êîåôiöi¹íòiâ Ôóð'¹ (ñôåðè÷íèõ ãàðìîíiê ó âèïàäêó ïðîñòîðó âiäïîâiäíî), îïèñàíî ìiðè
Ðiñà òàêèõ ôóíêöié òà ïîêàçàíî, ùî äîâiëüíà äîäàòíà áîðåëåâà â Rm ìiðà ¹ ìiðîþ Ðiñà
äåÿêî¨ ñóáãàðìîíiéíî¨ ôóíêöi¨ ïåâíîãî êëàñó Λm

S .
Íåäàâíî â ñòàòòi [15] Á. Õàáiáóëëií ââiâ êëàñè ôóíêöié ñêií÷åííîãî (λ, ε)-òèïó, ÿêi

ñëiä ðîçãëÿäàòè ÿê óçàãàëüíåííÿ âiäïîâiäíèõ êëàñiâ ñêií÷åííîãî λ-òèïó â ñåíñi Ðóáåëà-
Òåéëîðà, ùî äîçâîëèëî iñòîòíî äîïîâíèòè ðåçóëüòàòè çàçíà÷åíèõ àâòîðiâ. Òî÷íiøå,
íåõàé λ � ôóíêöiÿ çðîñòàííÿ i íåõàé ôóíêöiÿ ε(r) > 0 � íåçðîñòàþ÷à, äèôåðåíöi-
éîâíà äëÿ âñiõ äîñòàòíüî âåëèêèõ r > 0, à äëÿ ¨¨ ïîõiäíî¨ ε′(r) âèêîíó¹òüñÿ óìîâà
lim infr→+∞ rε′(r) > −∞. Äiéñíîçíà÷íó ôóíêöiþ M íà [0, +∞) íàçèâà¹ìî ôóíêöi¹þ

ñêií÷åííîãî (λ, ε)-òèïó, ÿêùî iñíóþòü äîäàòíi ñòàëi a, α, β òàêi, ùî

M(r) ≤ a

(ε(r))α
λ(r + βε(r)r)

äëÿ âñiõ äîñòàòíüî âåëèêèõ r. Ïðè M(r) = T (r, u) i ε(r) ≡ ε, äå u � ñóáãàðìîíiéíà â Rm

ôóíêöiÿ i ε > 0 � ñòàëà, îòðèìó¹ìî â òî÷íîñòi êëàñè Λm
S .

Òîìó àêòóàëüíîþ âèãëÿäà¹ çàäà÷à ïîøèðåííÿ ìåòîäó ðÿäiâ Ôóð'¹ íà êëàñè ñóáãàð-
ìîíiéíèõ â Rm (m ≥ 2) ôóíêöié ñêií÷åííîãî (λ, ε)-òèïó.

Îòæå (äèâ. [16]), íåõàé w � δ-ñóáãàðìîíiéíà â Rm (m ≥ 2) ôóíêöiÿ, ãàðìîíiéíà â
äåÿêîìó îêîëi íóëÿ i w(0) = 0. ×åðåç µw ïîçíà÷àòèìåìî ìiðó Ðiñà ôóíêöi¨ w, à ÷åðåç
µ+

w i µ−
w âiäïîâiäíî ¨¨ äîäàòíó i âiä'¹ìíó âàðiàöi¨. Ïàðà ñóáãàðìîíiéíèõ â R

m ôóíêöié
(u, v) âèçíà÷à¹ êàíîíi÷íå çîáðàæåííÿ w, ÿêùî w = u − v i µu = µ+

w , µv = µ−
w; ðiçíèöÿ

u − v âèçíà÷åíà íà ìíîæèíi òî÷îê Rm, äå u i v íå äîðiâíþþòü îäíî÷àñíî −∞.
Íåõàé w = u − v � êàíîíi÷íå çîáðàæåííÿ w, u(0) = v(0) = 0. Õàðàêòåðèñòèêîþ

Íåâàíëiííè ôóíêöi¨ w íàçèâà¹òüñÿ ôóíêöiÿ ([16])

T (r, w) =
1

|Sm−1|
∫

Sm−1

max {u(rx), v(rx)}dS(x), 0 ≤ r < +∞,

äå dS(x) � åëåìåíò ïëîùi ñôåðè Sm−1 = {x ∈ Rm : |x| = 1}, |Sm−1| = 2πm/2/Γ(m/2) �
¨¨ ïëîùà.

Íåõàé ε(r) � íåçðîñòàþ÷à íà [0, +∞) ôóíêöiÿ òàêà, ùî ε(0) = 1 i ïðè äåÿêîìó η > 1
âèêîíó¹òüñÿ íåðiâíiñòü ε(r + rε(r)) ≥ (ε(r))η äëÿ âñiõ äîñòàòíüî âåëèêèõ r. Êëàñ òàêèõ
ôóíêöié ïîçíà÷àòèìåìî ÷åðåç E . Âñëiä çà Á. Õàáiáóëëiíèì [15], äàìî òàêå îçíà÷åííÿ.

Îçíà÷åííÿ 1. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ i ε ∈ E . δ-ñóáãàðìîíiéíà â Rm (m ≥ 2)
ôóíêöiÿ w, 0 /∈ supp µw, w(0) = 0, íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî (λ, ε)-òèïó, ÿêùî
T (r, w) � ôóíêöiÿ ñêií÷åííîãî (λ, ε)-òèïó.

Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî ÷åðåç Λm
δ (E), à ÷åðåç Λm

S (E) ïîçíà÷àòèìåìî âiäïî-
âiäíî ïiäêëàñ ñóáãàðìîíiéíèõ ôóíêöié ç Λm

δ (E).
Íåõàé (äèâ. [17, Ãë.I, � 3.2])

K(x) =

{
log |x| , m = 2;
−|x|2−m , m ≥ 3;



〈·, ·〉1 � ñêàëÿðíèé äîáóòîê â Rm i

p
(m−2)/2
k

(〈
x

|x| ,
y

|y|
〉

1

) |x|k
|y|k+m−2

= − 1

k!

{
∂k

∂tk
K(tx − y)

}∣∣∣∣
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, k ∈ Z+.

Ïðè öüîìó, ó âèïàäêó m ≥ 3

p
(m−2)/2
k (t) =

∑
l+n=k

A
(m−2)/2
l A(m−2)/2

n cos ((l − n) arccos t) , t ∈ [−1, 1], k ∈ N,

� ïîëiíîìè Ãåãåíáàóåðà. Òóò As
k =

s(s + 1) · . . . · (s + k − 1)

k!
.

Ó âèïàäêó æ m = 2 ôóíêöi¨

p0
k(t) = k−1 cos(k arccos t), t ∈ [−1, 1], k ∈ N,

� öå ïîëiíîìè ×åáèøîâà. Çàóâàæèìî (äèâ. [17, Ãë.I, � 3.3]), ùî ïðè k ∈ N

max
{∣∣∣p(m−2)/2

k (t)
∣∣∣ : t ∈ [−1, 1]

}
= p

(m−2)/2
k (1) =

(k + m − 3)!

k!(m − 3)!
≤ (m − 2)km−3, m ≥ 3,

i
max

{∣∣p0
k(t)
∣∣ : t ∈ [−1, 1]

}
= p0

k(1) = k−1, m = 2.

Îêðiì òîãî, p
(m−2)/2
0 (t) = 1 äëÿ âñiõ t ∈ [−1, 1] i m ≥ 3.

Ç îãëÿäó íà ñòàòòi [12] òà [18], äàìî òàêi îçíà÷åííÿ.

Îçíà÷åííÿ 2. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ i ε ∈ E . Áîðåëåâà ìiðà µ ≥ 0 â Rm (m ≥ 2),
0 /∈ supp µ, ìà¹ ñêií÷åííó (λ, ε)-ùiëüíiñòü, ÿêùî ôóíêöi¹þ ñêií÷åííîãî (λ, ε)-òèïó ¹
ôóíêöiÿ

N(r; µ) =


(m − 2)

∫ r

0

n(t; µ)t1−mdt , m ≥ 3,∫ r

0

n(t; µ)t−1dt , m = 2,

äå n(t; µ) = µ ({y : |y| ≤ t}).
Îçíà÷åííÿ 3. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ i ε ∈ E . Áîðåëåâà ìiðà µ ≥ 0 â Rm (m ≥ 2),
0 /∈ supp µ, íàçèâà¹òüñÿ (λ, ε)-äîïóñòèìîþ, ÿêùî âîíà ìà¹ ñêií÷åííó (λ, ε)-ùiëüíiñòü i
äëÿ äåÿêèõ ñòàëèõ a, l, α, β âèêîíó¹òüñÿ∣∣∣∣∣∣∣

∫
r1<|y|≤r2

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2

∣∣∣∣∣∣∣ ≤ akl

(
λ(r1 + βr1ε(r1))

rk
1(ε(r1))α

+
λ(r2 + βr2ε(r2))

rk
2(ε(r2))α

)
,

(1)
äëÿ äîâiëüíèõ r1, r2 > 0, k ∈ N i x ∈ Sm−1.

Íåõàé u � ñóáãàðìîíiéíà â Rm (m ≥ 2) ôóíêöiÿ, 0 /∈ supp µu, u(0) = 0. Ó âèïàäêó
m ≥ 3 ïîçíà÷èìî (k ∈ Z+, x ∈ S

m−1, 0 < r < +∞)

ck(x, r; u) =
2k + m − 2

(m − 2)|Sm−1|
∫

Sm−1

p
(m−2)/2
k (〈x, y〉1) u(ry)dS(y) (2)



i ó âèïàäêó m = 2 (x = eiθ)

c0(x, r; u) =
1

2π

2π∫
0

u(reiφ)dφ, ck(x, r; u) =
1

π

2π∫
0

cos k(θ − φ)u(reiφ)dφ, k ∈ N. (3)

Îñíîâíèìè ðåçóëüòàòàìè öi¹¨ ñòàòòi ¹ òàêi òðè òåîðåìè.

Òåîðåìà 1. Íåõàé u � ñóáãàðìîíiéíà â Rm (m ≥ 2) ôóíêöiÿ, 0 /∈ supp µu, u(0) = 0.
Ôóíêöiÿ u íàëåæèòü äî êëàñó Λm

S (E) òîäi i ëèøå òîäi, êîëè iñíóþòü ñòàëi a, l, α, β òàêi,

ùî äëÿ âñiõ k ∈ Z+, r > 0 i x ∈ S
m−1

|ck(x, r; u)| ≤ a(k + 1)l

(ε(r))α
λ(r + βrε(r)). (4)

Âiäçíà÷èìî, ùî íàñïðàâäi â îäèí áiê äîâåäåíî áiëüøå, à ñàìå: äëÿ êîæíî¨ ñóáãàðìî-
íiéíî¨ â Rm (m ≥ 2) ôóíêöi¨ u òà äëÿ âñiõ x ∈ Sm−1, r > 0 ñïðàâåäëèâi íåðiâíîñòi (äèâ.
äîâåäåííÿ òåîðåìè 1)

|ck(x, r; u)| ≤


T (r, u), k = 0;

2m(m − 1)km−2T (r; u), k ∈ N.

Òåîðåìà 2. Áîðåëåâà ìiðà µ ≥ 0 â Rm (m ≥ 2), 0 /∈ supp µ, ¹ ìiðîþ Ðiñà äåÿêî¨

ñóáãàðìîíiéíî¨ ôóíêöi¨ u ç Λm
S (E) òîäi i ëèøå òîäi, êîëè µ ¹ (λ, ε)-äîïóñòèìîþ.

Òåîðåìà 3. Äîâiëüíà áîðåëåâà ìiðà µ ≥ 0 â Rm (m ≥ 2), 0 /∈ supp µ, ¹ (λ, ε)-äîïóñòèìîþ
ïðè

λ(r) =

r∫
0

(r

t

)q(t)−1 dn(t; µ)

tm−2
+

+∞∫
r

(r

t

)q(t) dn(t; µ)

tm−2
(5)

äëÿ äîâiëüíî¨ ôóíêöi¨ ε ∈ E , äå q(t) � íåñïàäíà, íåâiä'¹ìíà, öiëî÷èñåëüíà ôóíêöiÿ òàêà,

ùî äðóãèé iíòåãðàë â (5) ñêií÷åííèé äëÿ äîâiëüíîãî r > 0.

Çàóâàæèìî, ùî äëÿ äîâiëüíî¨ ìiðè µ, ÿêùî çà q(t) âèáðàòè [log(n(t; µ)+ 1)] + 1 àáî
[n(t; µ)] + 1, òî äðóãèé iíòåãðàë â (5) ñêií÷åííèé äëÿ äîâiëüíîãî r > 0. Òóò [s] � öiëà
÷àñòèíà s.

Êðiì òîãî, äëÿ êëàñiâ Λm
δ (E0), äå

E ⊃ E0 := {ε0(r) : ε0(r) = min (1, ε/r) , r > 0, 0 < ε = const, ε0(0) = 1} ,

äîâåäåíî íàñòóïíi àíàëîãè òåîðåì Ìàéëçà-Ðóáåëà-Òåéëîðà [19,20] (äèâ. òàêîæ [6,7]).

Òåîðåìà 4. Λm
δ (E0) = Λm

S (E0) − Λm
S (E0).

Òåîðåìà 5. Äëÿ òîãî, ùîá íåâiä'¹ìíà áîðåëåâà â Rm (m ≥ 2) ìiðà µ, 0 /∈ supp µ, áóëà
äîäàòíîþ âàðiàöi¹þ ìiðè Ðiñà µw äåÿêî¨ δ-ñóáãàðìîíiéíî¨ ôóíêöi¨ w ∈ Λm

δ (E0), íåîáõiäíî
i äîñèòü, ùîá µ ìàëà ñêií÷åííó (λ, ε0)-ùiëüíiñòü.



Àíàëîãè òàêèõ òåîðåì äëÿ ìåðîìîðôíèõ â Cn (n ≥ 1) ôóíêöié ðîçãëÿäàëè ðàíiøå
Ã. Ñêîäà i Á. Í. Õàáiáóëëií (äèâ., íàïðèêëàä, îãëÿä [21]), à äëÿ êëàñiâ δ-cóáãàðìîíiéíèõ
â Rm(m ≥ 2) ôóíêöié ñêií÷åííîãî λ-òèïó � ß. Â. Âàñèëüêiâ [14] òà Î. Â. Âåñåëîâ-
ñüêà [22].

Äîâåäåííÿ òåîðåì 1�3 ¹ ìîäèôiêàöi¹þ äîâåäåíü òåîðåì 1�3 ç [12], à òåîðåì 4 òà 5 �
âiäïîâiäíî òåîðåì 1 òà 2 ç [22].

2. Îçíà÷åííÿ òà äîïîìiæíi ðåçóëüòàòè. Êîðîòêî ïîäàìî íåîáõiäíi íàì â ïîäàëü-
øîìó âiäîìîñòi ñòîñîâíî ñôåðè÷íèõ ãàðìîíiê, ðÿäiâ Ôóð'¹-Ëàïëàñà òà ïåðåòâîðåííÿ
Ïóàññîíà óçàãàëüíåíî¨ ôóíêöi¨ íà ñôåði. Áóäåìî äîòðèìóâàòèñü ïiäõîäó, çàïðîïîíîâà-
íîãî â [10�12].

Ñôåðè÷íîþ ãàðìîíiêîþ àáî ñôåðè÷íîþ ôóíêöi¹þ Ëàïëàñà ñòåïåíÿ k, k ∈ Z+, íà-
çèâà¹òüñÿ çâóæåííÿ íà îäèíè÷íó ñôåðó S

m−1 â R
m îäíîðiäíîãî ãàðìîíiéíîãî ïîëiíîìà

ñòåïåíÿ k.
Íåõàé D′(Sm−1) � ïðîñòið óçàãàëüíåíèõ ôóíêöié íà ñôåði Sm−1. Çíà÷åííÿ åëåìåíòà

F ∈ D′(Sm−1) íà åëåìåíòi φ ç ïðîñòîðó îñíîâíèõ ôóíêöié C∞(Sm−1) áóäåìî ïîçíà÷àòè
÷åðåç 〈F, φ〉.

Ðÿäîì Ôóð'¹-Ëàïëàñà óçàãàëüíåíî¨ ôóíêöi¨ F ∈ D′(Sm−1) íàçèâà¹òüñÿ ðÿä

+∞∑
k=0

Y (k)(x; F ),

äå

Y (k)(x; F ) =
2k + m − 2

(m − 2)|Sm−1|
〈
F, p

(m−2)/2
k

(〈x, y〉1
)〉

. (6)

Ó âèïàäêó m ≥ 3 äëÿ x ∈ Sm−1, |y| < R îçíà÷èìî ÿäðî Ïóàññîíà

PR(y, x) =
1

|Sm−1|
Rm−2(R2 − |y|2)

(R2 − 2R 〈y, x〉1 + |y|2)m/2
=

=
1

|Sm−1|
+∞∑
k=0

2k + m − 2

m − 2

( |y|
R

)k

p
(m−2)/2
k

(〈
y

|y| , x
〉

1

)
.

(7)

Ó âèïàäêó m = 2, y = reiθ, x = eiϕ, {θ, ϕ} ⊂ [0, 2π], ìà¹ìî

PR(y, x) =
1

2π

R2 − r2

R2 − 2Rr cos(θ − ϕ) + r2
=

1

2π
+

1

π

+∞∑
k=1

( r

R

)k

cos k(θ − ϕ). (8)

Ïåðåòâîðåííÿì Ïóàññîíà óçàãàëüíåíî¨ ôóíêöi¨ F ∈ D′(Sm−1) íàçèâà¹òüñÿ ôóíêöiÿ

(F ∗ PR)(y) = 〈F, PR(y, x)〉 . (9)

ßêùî æ f ∈ L1(Sm−1), òî ïåðåòâîðåííÿ Ïóàññîíà

(f ∗ PR)(y) =
Rm−2

|Sm−1|
∫

Sm−1

R2 − |y|2
(R2 − 2R 〈y, x〉1 + |y|2)m/2

f(x)dS(x)

¹ iíòåãðàëîì Ïóàññîíà.



ßêùî u � ñóáãàðìîíiéíà â Rm (m ≥ 2) ôóíêöiÿ, òî ∆u ≥ 0 â ñåíñi óçàãàëüíåíèõ
ôóíêöié, äå ∆ � îïåðàòîð Ëàïëàñà. Ìiðà

µu =


1

(m − 2)|Sm−1|∆u , m ≥ 3;

1

2π
∆u , m = 2;

íàçèâà¹òüñÿ ìiðîþ Ðiñà ôóíêöi¨ u. Îñêiëüêè ñôåðè÷íi ãàðìîíiêè ¹ âëàñíèìè ôóíêöi-
ÿìè îïåðàòîðà Ëàïëàñà ∆S íà ñôåði Sm−1, òî iñíóþòü ñïiââiäíîøåííÿ, ÿêi ïîâ'ÿçóþòü
ñôåðè÷íi ãàðìîíiêè Y (k)(x; ur(x)) := ck(x, r; u), ur(x) = u(rx), x ∈ Sm−1, r > 0, çi ñôåðè-
÷íèìè ãàðìîíiêàìè, àñîöiéîâàíèìè ç ìiðîþ µu. Òàêi ñïiââiäíîøåííÿ ¹ óçàãàëüíåííÿìè
ôîðìóëè Éåíñåíà i ìàþòü âèãëÿä ([10])

c0(x, r; u) = N(r; µu), ck(x, r; u) = rkY (k)
u (x) + rk

∫
|ξ|≤r

p
(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµu(ξ)

|ξ|k+m−2
−

− 1

rk+m−2

∫
|ξ|≤r

|ξ|kp(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµu(ξ), k ∈ N, (10)

äå Y
(k)
u (x) âèçíà÷àþòüñÿ ç ðîçâèíåííÿ u(rx) =

∑+∞
k=0 rkY

(k)
u (x) äëÿ äîñòàòíüî ìàëèõ r.

Íàì ïîòðiáíà òàêîæ íàñòóïíà ëåìà.

Ëåìà 1 ([12]). Íåõàé {Y (k)(x)} � ïîñëiäîâíiñòü ñôåðè÷íèõ ãàðìîíiê, k ∈ Z+. ßêùî

iñíóþòü ñòàëi a, l òàêi, ùî íåðiâíiñòü
∣∣Y (k)(x)

∣∣ ≤ a(k+1)l, âèêîíó¹òüñÿ äëÿ âñiõ x ∈ Sm−1
,

òî iñíó¹ óçàãàëüíåíà ôóíêöiÿ F ∈ D′(Sm−1) òàêà, ùî Y (k)(x; F ) = Y (k)(x), k ∈ Z+, i ¨¨
ïåðåòâîðåííÿ Ïóàññîíà ¹ ãàðìîíiéíîþ ôóíêöi¹þ â êðóçi {y : |y| < R}.

3. Äîâåäåííÿ òåîðåìè 1. Íåõàé u ∈ Λm
S (E). Ç îçíà÷åíü ck(x, r; u), p(m−2)/2

k (t) i âëàñòè-
âîñòåé p

(m−2)/2
k (t), äëÿ m ≥ 2, ìà¹ìî

|ck(x, r; u)| ≤ 2k + m − 2

|Sm−1| p
(m−2)/2
k (1)

∫
Sm−1

|u(ry)|dS(y), k ∈ N.

Ïîêëàäåìî u+ = max{u, 0}, u− = (−u)+. Òîäi u = u+ − u− i |u| = u+ + u−. Îñêiëüêè u
� ñóáãàðìîíiéíà â Rm ôóíêöiÿ, òî

0 = u(0) ≤ 1

|Sm−1|
∫

Sm−1

u(ry)dS(y).

Îòæå, âðàõîâóþ÷è (2),(3), ïðè k = 0 îòðèìó¹ìî |c0(x, r; u)| ≤ T (r, u). Êðiì òîãî, ìà¹ìî

1

|Sm−1|
∫

Sm−1

u−(ry)dS(y) ≤ T (r, u),
1

|Sm−1|
∫

Sm−1

|u(ry)|dS(y) ≤ 2T (r, u).



Ç îãëÿäó íà îñòàííþ íåðiâíiñòü i òå, ùî p
(m−2)/2
k (1) ≤ (m− 1)km−3, k ∈ N, m ≥ 2, ìà¹ìî

|ck(x, r; u)| ≤ k

(
2 +

m − 2

k

)
(m − 1)km−32T (r, u) ≤

≤ 2m(m − 1)km−2T (r, u), x ∈ S
m−1, m ≥ 2, k ∈ N.

Òåïåð, îñêiëüêè u ∈ Λm
S (E), îòðèìó¹ìî íåðiâíiñòü (4).

Íàâïàêè, îñêiëüêè iíòåãðàë Ïóàññîíà ¹ íàéêðàùîþ ãàðìîíiéíîþ ìàæîðàíòîþ ôóí-
êöi¨ u ó âiäïîâiäíié êóëi [23, c. 66], òî äëÿ r < R ìà¹ìî

u(rx) ≤ Rm−2

|Sm−1|
∫

|Sm−1|

R2 − r2

(R2 − 2Rr 〈x, ξ〉1 + r2)m/2
u(Rξ)dS(ξ) = (uR ∗ PR) (rx).

Âðàõîâóþ÷è (2), (3) òà (7), (8), äëÿ R = r(1 + ε(r)) îòðèìó¹ìî

u+(rx) ≤
∣∣∣∣∣
+∞∑
k=0

( r

R

)k

ck(x, R; u)

∣∣∣∣∣ ≤
+∞∑
k=0

|ck(x, r(1 + ε(r)); u)|
(1 + ε(r))k

.

Ç (4) i îñòàííüî¨ íåðiâíîñòi âèïëèâà¹, ùî äëÿ âñiõ r > 0

T (r, u) ≤ aλ
(
r + rε(r) + βr(1 + ε(r))ε(r + rε(r))

)(
ε(r + rε(r))

)α +∞∑
k=0

(k + 1)l

(1 + ε(r))k
≤

≤ a1λ(r + β1rε(r))

(ε(r))α1

+∞∑
k=0

(k + 1)l

(1 + ε(r))k
. (11)

Ç (11) åëåìåíòàðíèìè îá÷èñëåííÿìè îòðèìó¹ìî, ùî

T (r, u) ≤ a2λ (r + β1rε(r))

(ε(r))α2
,

äëÿ äåÿêèõ a2, α2, β1, ùî i òðåáà áóëî ïîêàçàòè.

4. Äîâåäåííÿ òåîðåìè 2. Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè íàì áóäóòü ïîòðiáíi ëåìè 2 i 3.

Ëåìà 2. Áîðåëåâà ìiðà µ ≥ 0 â Rm, 0 /∈ supp µ, ¹ (λ, ε)-äîïóñòèìîþ òîäi i ëèøå òîäi,

êîëè âîíà ìà¹ ñêií÷åííó (λ, ε)-ùiëüíiñòü i iñíó¹ ïîñëiäîâíiñòü ñôåðè÷íèõ ãàðìîíiê Y =
{Y (k)(x)}k∈N, òà ñòàëi a, l, α, β òàêi, ùî∣∣∣∣∣∣∣Y (k)(x) +

∫
|y|≤r

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2

∣∣∣∣∣∣∣ ≤ akl λ(r + βrε(r))

rk(ε(r))α
, (12)

äëÿ âñiõ r > 0, k ∈ N i x ∈ S
m−1

.

Äîâåäåííÿ. Ïîâòîðþ¹ìî ìiðêóâàííÿ ç [12, ëåìà 3]. Ïðèéìåìî∫
|y|≤r

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
:= Jk(x, r).



Äîñòàòíiñòü. Ìà¹ìî

|Jk(x, r2) − Jk(x, r1)| ≤
∣∣Y (k)(x) + Jk(x, r2)

∣∣+ ∣∣Y (k)(x) + Jk(x, r1)
∣∣ .

Ç îñòàííüî¨ íåðiâíîñòi i (12) íåãàéíî âèïëèâà¹ (1).
Íåîáõiäíiñòü. Íåõàé âèêîíó¹òüñÿ (1). Äëÿ k ∈ N, ïîêëàäåìî p[λ] = +∞, ÿêùî äëÿ âñiõ
p ∈ N âèêîíó¹òüñÿ

lim inf
r→+∞

λ(r + βrε(r))

rp(ε(r))α
> 0,

i

p[λ] = min

{
p : p ∈ N, lim inf

r→+∞
λ(r + βrε(r))

rp(ε(r))α
= 0

}
,

â ïðîòèëåæíîìó âèïàäêó. Òóò ñòàëi α i β � ç óìîâè (1). Íå çìåíøóþ÷è çàãàëüíîñòi,
ââàæàòèìåìî ôóíêöiþ λ(r) ëiíiéíîþ â äåÿêîìó îêîëi íóëÿ. Òîäi, äëÿ k ∈ N òàêîãî, ùî
1 ≤ k < p[λ] ìà¹ìî

inf

{
λ(r + βrε(r))

rk(ε(r))α
: r > 0

}
> 0.

Çâiäñè äëÿ êîæíîãî k, 1 ≤ k < p[λ] ≤ +∞, iñíó¹ rk > 0 òàêå, ùî

λ(rk + βrkε(rk))

rk
k(ε(rk))α

≤ 2
λ(r + βrε(r))

rk(ε(r))α
, (13)

äëÿ âñiõ r > 0. Äëÿ òàêèõ k âèçíà÷èìî

Y (k)(x) = −Jk(x, rk). (14)

Äëÿ k ≥ p[λ], p[λ] < +∞ iñíó¹ ïîñëiäîâíiñòü {ρj}, ρj ↗ +∞ (j → +∞), òàêà, ùî

lim
j→+∞

λ(ρj + βρjε(ρj))

ρk
j (ε(ρj))α

= 0. (15)

Çà ïðèïóùåííÿì ìà¹ìî

|Jk(x, ρi) − Jk(x, ρj)| ≤ akl

(
λ(ρi + βρiε(ρi))

ρk
i (ε(ρi))α

+
λ(ρj + βρjε(ρj))

ρk
j (ε(ρj))α

)
.

Ç (15) âèïëèâà¹ ôóíäàìåíòàëüíiñòü ïîñëiäîâíîñòi {Jk(x, ρj)} äëÿ äîâiëüíèõ ôiêñîâàíèõ
x i k ≥ p[λ]. Äëÿ k ≥ p[λ] ïîêëàäåìî

Y (k)(x) = − lim
j→+∞

Jk(x, ρj). (16)

Îòæå, ç (1), (13) i (14), äëÿ 1 ≤ k < p[λ] ìà¹ìî∣∣Y (k)(x) + Jk(x, r)
∣∣ = |Jk(x, r) − Jk(x, rk)| ≤

≤ akl

(
λ(rk + βrkε(rk))

rk
k(ε(rk))α

+
λ(r + βrε(r))

rk(ε(r))α

)
≤ akl 3λ(r + βrε(r))

rk(ε(r))α
.



Ó âèïàäêó k ≥ p[λ], âðàõîâóþ÷è (1), (15) i (16), îòðèìó¹ìî∣∣Y (k)(x) + Jk(x, r)
∣∣ = lim

j→+∞
|Jk(x, r) − Jk(x, ρj)| ≤

≤ akl

(
λ(r + βrε(r))

rk(ε(r))α
+ lim

j→+∞
λ(ρj + βρjε(ρj))

ρk
j (ε(ρj))α

)
= akl λ(r + βrε(r))

rk(ε(r))α
.

Ëåìó äîâåäåíî ïîâíiñòþ.

Íåõàé µ ≥ 0 � áîðåëåâà ìiðà â Rm (m ≥ 2), 0 /∈ supp µ, i Y = {Y (k)(x)}k∈N � äåÿêà
ïîñëiäîâíiñòü ñôåðè÷íèõ ãàðìîíiê.

Îçíà÷åííÿ 4. Ñôåðè÷íèìè ãàðìîíiêàìè ïàðè (Y, µ) íàçèâà¹òüñÿ ïîñëiäîâíiñòü

ck(x, r; Y, µ) = rkY (k)(x) + rk

∫
|ξ|≤r

p
(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ)

|ξ|k+m−2
−

− 1

rk+m−2

∫
|ξ|≤r

|ξ|kp(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ), k ∈ N,

c0(x, r; Y, µ) = N(r; µ).

Ëåìà 3. ßêùî äëÿ ïàðè (Y, µ) âèêîíó¹òüñÿ (12), i ìiðà µ ìà¹ ñêií÷åííó (λ, ε)-ùiëüíiñòü,
òî iñíó¹ ¹äèíà ñóáãàðìîíiéíà â Rm

, ãàðìîíiéíà â äåÿêîìó îêîëi òî÷êè y = 0 ôóíêöiÿ

u, u(0) = 0, òàêà, ùî ck(x, r; u) = ck(x, r; Y, µ) äëÿ âñiõ r > 0, k ∈ Z+, x ∈ Sm−1
. Ïðè

öüîìó µ ¹ ìiðîþ Ðiñà ôóíêöi¨ u.

Äîâåäåííÿ. Ïîâòîðþ¹ìî ìiðêóâàííÿ ç [12, ëåìà 4]. Ôóíêöiþ ç ïîòðiáíèìè âëàñòèâîñòÿ-
ìè øóêàòèìåìî ç îãëÿäó íà ôîðìóëó Ïóàññîíà-Éåíñåíà [23, c. 139]. Íåõàé GR(y, ξ) �
ôóíêöiÿ Ãðiíà êóëi {y : |y| < R}. Ïîçíà÷èìî gR(y) =

∫
|ξ|≤R

GR(y, ξ)dµ(ξ). Äëÿ N(r; µ),
ïðè m ≥ 3, ìà¹ìî

N(r + rε(r); µ) ≥ (m − 2)n(r; µ)

r+rε(r)∫
r

dt

tm−1
≥ ε(r)n(r; µ)

(ε(r) + 1)rm−2

Ïîçàÿê log(1+x) ≥ x
1+x

(x ≥ 0), òî òàêó æ îöiíêó îòðèìó¹ìî i ó âèïàäêó m = 2. Çâiäñè,
äëÿ äåÿêîãî b > 0

n(r; µ)

rm−2
≤ b

ε(r)
N(r + rε(r); µ) (r > 0), m ≥ 2. (17)

Îñêiëüêè

1

rm−2

∣∣∣∣∣∣∣
∫

|ξ|≤r

∣∣∣∣ξr
∣∣∣∣k p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ)

∣∣∣∣∣∣∣ ≤
p(m−2)/2

k (1)

rm−2

∫
|y|≤r

dµ(y) =

= p
(m−2)/2
k (1)

n(r; µ)

rm−2
≤ bp

(m−2)/2
k (1)

ε(r)
N(r + rε(r); µ)

(18)



òî ç (12) i ñêií÷åííîñòi (λ, ε)-ùiëüíîñòi ìiðè µ âèïëèâà¹, ùî

|ck(x, R; Y, µ)| ≤ a1(k + 1)l1

(ε(R))α1
λ(R + β1Rε(R)),

äëÿ âñiõ k ∈ Z+, x ∈ Sm−1 i äåÿêèõ a1, l1, α1, β1. Çà ëåìîþ 1 iñíó¹ óçàãàëüíåíà ôóíêöiÿ
UR ∈ D′(Sm−1) òàêà, ùî Y (k)(x; UR) = ck(x, R; Y, µ). Ïîçíà÷èìî pR(y) = (UR ∗ PR)(y) i
ðîçãëÿíåìî ôóíêöiþ uR(y) = pR(y)−gR(y).Ôóíêöiÿ uR(y) ñóáãàðìîíiéíà â êóëi {y : |y| <
R}, ãàðìîíiéíà â äåÿêîìó îêîëi òî÷êè y = 0. Ñïðàâäi, çãiäíî ç ëåìîþ 1 ôóíêöiÿ pR(y)
ãàðìîíiéíà â öié êóëi, à ôóíêöiÿ −gR(y) ñóáãàðìîíiéíà â íié [23, c. 138] i ãàðìîíiéíà â
äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò. Êðiì òîãî, uR(0) = 0. Ñïðàâäi, ôóíêöiÿ ÃðiíàGR(y, ξ)
êóëi {y : |y| < R} ìà¹ âèãëÿä [23, ñ. 43]

GR(y, ξ) =


|y − ξ|2−m −

( |ξ|
R

∣∣∣∣y − ξR2

|ξ|2
∣∣∣∣)2−m

, ξ 6= 0, m ≥ 3;

− log |y − ξ| + log

( |ξ|
R

∣∣∣∣y − ξR2

|ξ|2
∣∣∣∣) , ξ 6= 0, m = 2.

(19)

Òîäi

gR(0) =

∫
|ξ|≤R

GR(0, ξ)dµ(ξ) =



∫
|ξ|≤R

|ξ|2−mdµ(ξ)− R2−mn(R; µ) , m ≥ 3

n(R; µ) log R −
∫

|ξ|≤R

log |ξ|dµ(ξ) , m = 2


= N(R; µ).

Ç (6)�(9) âèïëèâà¹, ùî pR(0) = c0(x, R; Y, µ) = N(R; µ), òîìó uR(0) = pR(0) − gR(0) = 0.
Äîâåäåìî òåïåð, ùî ïðè r < R âèêîíó¹òüñÿ

ck(x, r; uR) = ck(x, r; Y, µ), k ∈ Z+, x ∈ S
m−1. (20)

Îá÷èñëèìî ñôåðè÷íi ãàðìîíiêè ck(x, r; gR). Ïîçíà÷èìî äëÿ |ξ| < R, |ξ| 6= r

Ik(ξ) = ck(x, r; GR(y, ξ)), y = rx.

Òîäi äëÿ òèõ r, ùî µ ({y : |y| = r}) = 0, ïðè m ≥ 2, îòðèìó¹ìî

ck(x, r; gR) =

∫
|ξ|<r

Ik(ξ)dµ(ξ) +

∫
r<|ξ|≤R

Ik(ξ)dµ(ξ). (21)

Ïîêëàâøè y = rx, ïðè r < |ξ|, çíàõîäèìî [17, Ãë.I, � 3.2]

log |y − ξ| = log |ξ| −
+∞∑
k=1

p0
k

(〈
x,

ξ

|ξ|
〉

1

) ∣∣∣∣rξ
∣∣∣∣k , m = 2,

i

|y − ξ|2−m =
1

|ξ|m−2

+∞∑
k=0

p
(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

) ∣∣∣∣rξ
∣∣∣∣k , m ≥ 3,



à ïðè |ξ| < r ïîäiáíî

log |y − ξ| = log r −
+∞∑
k=1

p0
k

(〈
x,

ξ

|ξ|
〉

1

) ∣∣∣∣ξr
∣∣∣∣k , m = 2,

i

|y − ξ|2−m =
1

rm−2

+∞∑
k=0

p
(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

) ∣∣∣∣ξr
∣∣∣∣k , m ≥ 3.

Äàëi,

log

 |ξ|
∣∣∣y − ξR2

|ξ|2
∣∣∣

R

 = log R −
+∞∑
k=1

p0
k

(〈
x,

ξ

|ξ|
〉

1

)(
r|ξ|
R2

)k

, m = 2,

i ( |ξ|
R

∣∣∣∣y − ξR2

|ξ|2
∣∣∣∣)2−m

=
1

Rm−2

+∞∑
k=0

p
(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)(
r|ξ|
R2

)k

, m ≥ 3.

Çà äîïîìîãîþ öèõ ñïiââiäíîøåíü, âðàõîâóþ÷è îðòîãîíàëüíiñòü ïîëiíîìiâ Ãåãåíáàóåðà
[24, Ãë.IX, � 3, ï. 4], äëÿ |ξ| < r îòðèìó¹ìî

I0(ξ) =


r2−m − R2−m , m ≥ 3;

log R/r , m = 2;

Ik(ξ) =
1

rm−2
p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

) ∣∣∣∣ξr
∣∣∣∣k − 1

Rm−2
p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)(
r|ξ|
R2

)k

,

ïðè k ∈ N, m ≥ 2, à äëÿ r < |ξ| < R

I0(ξ) =


|ξ|2−m − R2−m , m ≥ 3;

log R/|ξ| , m = 2;

Ik(ξ) =
1

|ξ|m−2
p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)∣∣∣∣rξ
∣∣∣∣k − 1

Rm−2
p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)(
r|ξ|
R2

)k

,

ïðè k ∈ N, m ≥ 2.
Çâiäñè, âðàõîâóþ÷è (21), îäåðæó¹ìî, ùî äëÿ òèõ r, äëÿ ÿêèõ µ({y : |y| = r}) = 0,

ïðè m ≥ 2, âèêîíó¹òüñÿ

ck(x, r; gR) =
1

rk+m−2

∫
|ξ|<r

|ξ|kp(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ)−

−
( r

R

)k 1

Rk+m−2

∫
|ξ|≤R

|ξ|kp(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ)+

+rk

∫
r<|ξ|≤R

1

|ξ|k+m−2
p

(m−2)/2
k

(〈
x,

ξ

|ξ|
〉

1

)
dµ(ξ), k ∈ N, x ∈ S

m;

c0(x, r; gR) = N(R; µ) − N(r; µ), x ∈ S
m.

(22)



Ç iíøîãî áîêó, âðàõîâóþ÷è (6)�(9), îòðèìó¹ìî

ck(x, r; pR) =
( r

R

)k

ck(x, R; Y, µ). (23)

Àëå ck(x, r; uR) = ck(x, r; pR) − ck(x, r; gR). Ïîðiâíþþ÷è ñïiââiäíîøåííÿ (22) i (23), òà,
âèêîðèñòîâóþ÷è îçíà÷åííÿ 4 ñôåðè÷íèõ ãàðìîíiê ïàðè (Y, µ), à òàêîæ íåïåðåðâíiñòü
ñôåðè÷íèõ ãàðìîíiê ck(x, r; uR) ([10]), ïðèõîäèìî äî (20).

Âèçíà÷èìî òåïåð ôóíêöiþ u(y), y ∈ R
m (m ≥ 2). Äëÿ öüîãî ïðèéìåìî u(y) = uR(y)

ïðè |y| < R. Çà ðiâíiñòþ (20) ck(x, r; uR) − ck(x, r; uR′) = 0 äëÿ âñiõ r < R < R′, òîìó
uR(y) = uR′(y) ìàéæå ñêðiçü â êðóçi {y : |y| < R} âíàñëiäîê ïîâíîòè îðòîíîðìîâàíî¨
ñèñòåìè ñôåðè÷íèõ ãàðìîíiê â L1(Sm−1). Îñêiëüêè uR i uR′ ñóáãàðìîíiéíi, òî ðiâíiñòü
uR(y) = uR′(y) âèêîíó¹òüñÿ ñêðiçü ó âêàçàíîìó êðóçi.

�äèíiñòü ôóíêöi¨ u äîâîäèòüñÿ ïîäiáíî.
Çà ïîáóäîâîþ ôóíêöiÿ u çàäîâîëüíÿ¹ âñi óìîâè ëåìè 3. Çàëèøèëîñÿ ïåðåêîíàòèñü,

ùî µu = µ. Äðóãi äîäàíêè, ùî âõîäèòü ó ôîðìóëó (19) äëÿ ôóíêöi¨ Ãðiíà, ¹ ãàðìîíié-
íèìè ôóíêöiÿìè çà y ïðè |y| < R. Òîìó −gR(y) ¹ ç òî÷íiñòþ äî ãàðìîíiéíîãî äîäàíêó
íüþòîíiâ (ëîãàðèôìi÷íèé ïðè m = 2) ïîòåíöiàë ìiðè µ. Ôóíêöiÿ pR(y) òàêîæ ãàðìî-
íiéíà ïðè |y| < R, òîìó u(y) = pR(y) − gR(y), |y| < R, ¹ çîáðàæåííÿì Ðiñà [23, c. 123]
ôóíêöi¨ u, òîáòî µ = µu.

ßêùî u ∈ Λm
S (E), òî çà òåîðåìîþ 1 âèêîíó¹òüñÿ (4). Iç ñïiââiäíîøåíü (4) i (10),

âðàõîâóþ÷è (18) ïðè µ = µu, îòðèìó¹ìî íåðiâíiñòü (12) ïðè µ = µu, Y (k)(x) = Y
(k)
u (x).

Çà ëåìîþ 2 ìiðà µu � (λ, ε)-äîïóñòèìîþ.
Íàâïàêè, íåõàé ìiðà µ � (λ, ε)-äîïóñòèìà. Çà ëåìîþ 2 iñíó¹ ïîñëiäîâíiñòü Y , äëÿ

ÿêî¨ âèêîíó¹òüñÿ (12). Ç ëåìè 3 âèïëèâà¹ iñíóâàííÿ ñóáãàðìîíiéíî¨ â Rm, ãàðìîíiéíî¨
â îêîëi íóëÿ ôóíêöi¨ u, u(0) = 0, òàêî¨, ùî µu = µ i ñôåðè÷íi ãàðìîíiêè, àñîöiéîâàíi ç
íåþ, çáiãàþòüñÿ çi ñôåðè÷íèìè ãàðìîíiêàìè ïàðè (Y, µ). Çâiäñè òà ç íåðiâíîñòi (12), çà
äîïîìîãîþ (18) îòðèìó¹ìî (4). Çà òåîðåìîþ 1 u ∈ Λm

S (E).

5. Äîâåäåííÿ òåîðåìè 3. Íåõàé q(t) � äîâiëüíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâè
òåîðåìè 3. Äëÿ k ∈ N, ââàæàþ÷è, ùî sup ∅ = 0, ïðèéìåìî q−1(k) = sup {t : q(t) ≤ k} .
Ïîáóäó¹ìî ïîñëiäîâíiñòü Y = {Y (k)(x)}k∈N çà ôîðìóëîþ

Y (k)(x) = −
∫

|y|≤q−1(k)

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
, k ∈ N.

Çãiäíî ç ëåìîþ 2 äîñòàòíüî ïåðåâiðèòè, ùî äëÿ âèáðàíî¨ ïîñëiäîâíîñòi Y , ôóíêöi¨ λ,
ÿêà çàäà¹òüñÿ ñïiââiäíîøåííÿì (5), i äëÿ äîâiëüíî¨ ôóíêöi¨ ε ∈ E , âèêîíóþòüñÿ óìîâè
ñêií÷åííîñòi (λ, ε)-ùiëüíîñòi i íåðiâíiñòü (12). Äëÿ k ∈ N ìà¹ìî

rkY (k)(x) + rk

∫
|y|≤r

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
=

=



rk

∫
q−1(k)<|y|≤r

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
, r ≥ q−1(k),

−rk

∫
r<|y|≤q−1(k)

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
, r < q−1(k).



Äâà îñòàííi iíòåãðàëè îöiíþþòüñÿ çà ìîäóëåì âèðàçàìè

p
(m−2)/2
k (1)

r∫
q−1(k)

(r

t

)k dn(t; µ)

tm−2
, p

(m−2)/2
k (1)

q−1(k)∫
r

(r

t

)k dn(t; µ)

tm−2
,

âiäïîâiäíî.
Ó ïåðøîìó iíòåãðàëi q−1(k) < t. Çâiäñè, çà îçíà÷åííÿì q−1(k), k < q(t). Ç öiëî÷è-

ñåëüíîñòi ôóíêöi¨ q(t) âèïëèâà¹, ùî k ≤ q(t) − 1, òîìó iíòåãðàë ìîæíà îöiíèòè çãîðè
âèðàçîì

p
(m−2)/2
k (1)

r∫
0

(r

t

)q(t)−1 dn(t; µ)

tm−2
.

Ó äðóãîìó iíòåãðàëi t ≤ q−1(k), òîìó q(t) ≤ k. Îòæå, âií îöiíþ¹òüñÿ çãîðè âåëè÷èíîþ

p
(m−2)/2
k (1)

+∞∫
r

(r

t

)q(t) dn(t; µ)

tm−2
.

Îòæå, äëÿ k ∈ N, ìà¹ìî

rk

∣∣∣∣∣∣∣Y (k)(x) +

∫
|y|≤r

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2

∣∣∣∣∣∣∣ ≤

≤ p
(m−2)/2
k (1)


r∫

0

(r

t

)q(t)−1 dn(t; µ)

tm−2
+

+∞∫
r

(r

t

)q(t) dn(t; µ)

tm−2

 = p
(m−2)/2
k (1)λ(r),

çâiäêè âèïëèâà¹ íåðiâíiñòü (12).
Êðiì òîãî, íåõàé r0 = sup{r : q(r) = 0}. Òîäi, äëÿ áóäü-ÿêîãî r > r0 i äåÿêîãî a > 0

ìà¹ìî

N(r; µ) =

r∫
0

dn(t; µ)

tm−2
≤

r0∫
0

dn(t; µ)

tm−2
+

r∫
r0

(r

t

)q(t)−1 dn(t; µ)

tm−2
≤ aλ(r).

Ç òîãî, ùî 0 /∈ supp µ i îñòàííüî¨ íåðiâíîñòi íåãàéíî âèïëèâà¹ ñêií÷åííiñòü (λ, ε)-ùiëü-
íîñòi ìiðè µ, ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè â öiëîìó.

6. Äîâåäåííÿ òåîðåì 4 òà 5. Íåõàé λ(r) � ôóíêöiÿ çðîñòàííÿ i ε0 ∈ E0. Ñïðàâåäëèâà
òàêà ëåìà.

Ëåìà 4. Íåõàé áîðåëåâà ìiðà µ ≥ 0 â Rm (m ≥ 2) , 0 /∈ supp µ, ìà¹ ñêií÷åííó (λ, ε0)-
ùiëüíiñòü. Òîäi iñíó¹ áîðåëåâà ìiðà µ′ ≥ 0 â R

m (m ≥ 2), çîñåðåäæåíà íà ñèñòåìi ñôåð

{ξ ∈ Rm : |ξ| = a + βn}, n ∈ Z+, a ≥ 1, β > 0, òàêà, ùî ìiðà µ + µ′
� (λ, ε0)-äîïóñòèìà.

Äîâåäåííÿ. Íåõàé n ∈ N, a ≥ 1, β > 0 i

σn = {y ∈ R
m : a + βn < |y| ≤ a + β(n + 1)}.



Ðîçãëÿíåìî ôóíêöiþ

fn(ξ) =
3(1 + β)

βm−1
(a + β(n − 1))m−1µ(σn)−

−(a + β(n − 1))m−2

∫
σn

( |y|2 − (a + β(n − 1))2

|y − (a + β(n − 1))ξ|m − 1

|y|m−2

)
dµ(y), ξ ∈ S

m−1.

(24)

Äîâåäåìî, ùî äëÿ ôóíêöi¨ fn(ξ) âèêîíó¹òüñÿ:

0 ≤ fn(ξ) ≤ 6(1 + β)

βm−1
(a + β(n − 1))m−1µ(σn), (25)

∫
σn

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
+

+
(a + β(n − 1))−k−m+2

|Sm−1|
∫

Sm−1

p
(m−2)/2
k (〈x, ξ〉1) fn(ξ)dS(ξ) = 0, (26)

äëÿ äîâiëüíèõ ξ ∈ Sm−1 i k ∈ N.
Îñêiëüêè∣∣∣∣ |y|2 − (a + β(n − 1))2

|y − (a + β(n − 1))ξ|m − 1

|y|m−2

∣∣∣∣ ≤ |y| + a + β(n − 1)

(|y| − (a + β(n − 1)))m−1 +
1

|y|m−2
≤

≤ 2(a + βn)

βm−1
+

1

(a + βn)m−2
≤ 3(a + βn)

βm−1
≤ (a + β(n − 1))

3(1 + β)

βm−1
, y ∈ σn,

òî çâiäñè, âðàõîâóþ÷è (24), íåãàéíî îòðèìó¹ìî ñïiââiäíîøåííÿ (25).
Äëÿ äîâåäåííÿ ðiâíîñòi (26) çàóâàæèìî, ùî

|y|2 − (a + β(n − 1))2

|y − (a + β(n − 1))ξ|m − 1

|y|m−2
=

=
1

|y|m−2

 |y|m−2 (|y|2 − (a + β(n − 1))2)(
|y|2 − 2|y|(a + β(n − 1))

〈
ξ,

y

|y|
〉

1

+ (a + β(n − 1))2

)m/2
− 1

 .

Ç îãëÿäó íà (7) i (8) îòðèìó¹ìî, ùî

|y|2 − (a + β(n − 1))2

|y − (a + β(n − 1))ξ|m − 1

|y|m−2
=

=



1

|y|m−2

+∞∑
k=1

2k + m − 2

m − 2
p

(m−2)/2
k

(〈
ξ,

y

|y|
〉

1

)(
a + β(n − 1)

|y|
)k

, m ≥ 3;

+∞∑
k=1

2kp0
k

(〈
ξ,

y

|y|
〉

1

)(
a + β(n − 1)

|y|
)k

, m = 2.



Âðàõîâóþ÷è, êðiì òîãî, (6) òà (24), îòðèìó¹ìî (26).
Ïîáóäó¹ìî ìiðó µ′. Íåõàé D ⊂ Rm � äîâiëüíà áîðåëåâà ìíîæèíà i Sn = {y ∈ Rm :

|y| = a + β(n − 1)}, n ∈ N. Ïîêëàäåìî

µ′(D) =
∑

n

1

|Sm−1|
∫
E∗

n

fn(ξ)dS(ξ), E∗
n = {ξ ∈ S

m−1 : e = |e|ξ, e ∈ D ∩ Sn}.

Î÷åâèäíî, ùî

µ′(Sn) =
1

|Sm−1|
∫

Sm−1

fn(ξ)dS(ξ) ≤ 6(1 + β)

βm−1
(a + β(n − 1))m−1µ(σn). (27)

Ðîçãëÿíåìî ìiðó µ̃ = µ+µ′ i ïîêàæåìî, ùî âîíà çàäîâîëüíÿ¹ óìîâè ëåìè. Äëÿ öüîãî
ñïî÷àòêó âñòàíîâèìî ñêií÷åííiñòü (λ, ε0)-ùiëüíîñòi äàíî¨ ìiðè. Äëÿ r ∈ (a+β(n−1), a+
βn], âðàõîâóþ÷è (27), îòðèìó¹ìî

n(r; µ′) =

∫
|y|≤r

dµ′(y) ≤
n+1∑
i=1

1

|Sm−1|
∫

Sm−1

fi(ξ)dS(ξ) ≤

≤ 6(1 + β)

βm−1

n+1∑
i=1

(a + β(i − 1))m−1µ(σi) ≤ 6(1 + β)

βm−1
(a + βn)m−1n(a + β(n + 2); µ) ≤

≤ 6(1 + β)

βm−1
(r + β)m−1n(r + 3β; µ) ≤ 6(1 + β)m

βm−1
rm−1n(r + 3β; µ).

Çâiäñè, äëÿ òèõ ñàìèõ r, îòðèìó¹ìî

N(r; µ′) ≤ 6(1 + β)m

βm−1
(m − 1)

r∫
0

(t + 3β)m−1n(t + 3β; µ)

(t + 3β)m−1
d(t + 3β) ≤

≤ 6(m − 1)(1 + 3β)2m−1

βm−1
rm−1N(r + 3β; µ).

Îñêiëüêè 0 /∈ supp µ′, çà ïîáóäîâîþ, i ìiðà µ ìà¹ ñêií÷åííó (λ, ε0)-ùiëüíiñòü, òî i ìiðà µ̃
ìà¹ ñêií÷åííó (λ, ε0)-ùiëüíiñòü.

Ïåðåâiðèìî òåïåð, ÷è âèêîíó¹òüñÿ óìîâà (1) äëÿ ìiðè µ̃. Âèêîðèñòîâóþ÷è íåðiâíiñòü
n(r; µ∗)
rm−2

≤ r + β

β
N(r + β; µ∗) (äèâ. ïî÷àòîê äîâåäåííÿ ëåìè 3), äëÿ äîâiëüíî¨ áîðåëåâî¨

â Rm (m ≥ 2) ìiðè µ∗ ≥ 0, 0 6∈ supp µ∗ îòðèìó¹ìî∫
|y|≤r

dµ∗(y)

|y|m−2
=

n(r; µ∗)
rm−2

+ N(r; µ∗) ≤ r + 2β

β
N(r + β; µ∗). (28)

Íåõàé k ∈ N. Ðîçãëÿíåìî âèïàäîê a + β(n− 1) < r1 < r2 ≤ a + β(n + 1). Ç íåðiâíîñòi



(28) îòðèìó¹ìî ∣∣∣∣∣∣∣
∫

r1<|y|≤r2

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ̃(y)

|y|k+m−2

∣∣∣∣∣∣∣ ≤

≤ p
(m−2)/2
k (1)

 1

rk
1

∫
r1<|y|≤a+β(n+1)

dµ̃(y)

|y|m−2
+

1

rk
2

∫
r2<|y|≤a+β(n+1)

dµ̃(y)

|y|m−2

 ≤

≤ p
(m−2)/2
k (1)

(
(a + β(n + 3))N(a + β(n + 2); µ̃)

βrk
1

+
(a + β(n + 3))N(a + β(n + 2); µ̃)

βrk
2

)
≤

≤ (1 + 4β)p
(m−2)/2
k (1)

β

(
N(r1 + 3β; µ̃)

rk−1
1

+
N(r2 + 3β; µ̃)

rk−1
2

)
.

Îñêiëüêè ìiðà µ̃ ìà¹ ñêií÷åííó (λ, ε0)-ùiëüíiñòü, òî, âðàõîâóþ÷è îöiíêó p
(m−2)/2
k (1), ïðè-

õîäèìî äî ïîòðiáíî¨ îöiíêè.
Íåõàé òåïåð a + βq < r1 ≤ a + β(q + 1), a + βn < r2 ≤ a + β(n + 1), q < n − 1, q ∈ N.

Òîäi∣∣∣∣∣∣∣
∫

r1<|y|≤r2

p
m−2

2
k

(〈
x,

y

|y|
〉

1

)
dµ̃(y)

|y|k+m−2

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫

r1<|y|≤a+β(q+2)

p
m−2

2
k

(〈
x,

y

|y|
〉

1

)
dµ̃(y)

|y|k+m−2
+

+

∫
a+β(q+2)<|y|≤a+β(n+2)

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ̃(y)

|y|k+m−2
−

−
∫

r2<|y|≤a+β(n+2)

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ̃(y)

|y|k+m−2

∣∣∣∣∣∣∣ ≤

≤ p
(m−2)/2
k (1)

 ∫
r1<|y|≤a+β(q+2)

dµ(y)

|y|k+m−2
+

∫
r2<|y|≤a+β(n+2)

dµ(y)

|y|k+m−2

+

+

∣∣∣∣∣∣∣
n+1∑

p=q+2

∫
σp

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ(y)

|y|k+m−2
+

∫
Sp

p
(m−2)/2
k

(〈
x,

y

|y|
〉

1

)
dµ′(y)

|y|k+m−2

∣∣∣∣∣∣∣ .
Ç (26) âèïëèâà¹, ùî îñòàííié äîäàíîê äîðiâíþ¹ íóëþ. Òîìó, ÿê i â ïîïåðåäíüîìó âèïàä-
êó, îäåðæó¹ìî ïîòðiáíó îöiíêó.

Çàóâàæåííÿ. Íåâàæêî ïåðåêîíàòèñÿ, ùî ïàðàìåòð a â ëåìi 4 çàâæäè ìîæíà âèáðàòè
òàê, ùîá µ (

⋃
n Sn) = 0.



Äîâåäåííÿ òåîðåìè 4. Âêëþ÷åííÿ Λm
S (E0) − Λm

S (E0) ⊂ Λm
δ (E0) âèïëèâà¹ ç âëàñòèâîñòåé

õàðàêòåðèñòèêè Íåâàíëiííè [16]. Çàëèøà¹òüñÿ äîâåñòè, ùî Λm
δ (E0) ⊂ Λm

S (E0) − Λm
S (E0).

Íåõàé w ∈ Λm
δ (E0), µw = µ+

w − µ−
w. Îñêiëüêè µ−

w ìà¹ ñêií÷åííó (λ, ε0)-ùiëüíiñòü, òî
çàñòîñîâóþ÷è äî íå¨ ëåìó 4, ïðèõîäèìî äî iñíóâàííÿ ìiðè µ′ òàêî¨, ùî µ = µ−

w + µ′ ¹
(λ, ε0)-äîïóñòèìîþ ìiðîþ. Çà òåîðåìîþ 2, µ � ìiðà Ðiñà äåÿêî¨ ñóáãàðìîíiéíî¨ ôóíêöi¨
u2 ∈ Λm

S (E0). Äàëi, îñêiëüêè ôóíêöiÿ u1 = w + u2 ñóáãàðìîíiéíà i T (r, u1) ≤ T (r, w) +
T (r, u2), òî u1 ∈ Λm

S (E0), ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Ñêàæåìî, ùî ìiðà µ â Rm (m ≥ 2) çîñåðåäæåíà íà ìíîæèíi X, ÿêùî µ(cX) = 0, à
ìiðè µ1 i µ2 â R

m (m ≥ 2) äèç'þíêòíi, ÿêùî iñíóþòü äâi ìíîæèíè â R
m (m ≥ 2), ùî íå

ïåðåòèíàþòüñÿ, íà ÿêèõ çîñåðåäæåíi âiäïîâiäíî ìiðè µ1 i µ2 [25, ñ. 589], äå cX = Rm \X.

Äîâåäåííÿ òåîðåìè 5. Íåõàé µ � äîäàòíà âàðiàöiÿ äåÿêî¨ ìiðè µw, w ∈ Λm
δ (E0). Òî-

äi ç îçíà÷åííÿ õàðàêòåðèñòèêè Íåâàíëiííè âèïëèâà¹, ùî âîíà ìà¹ ñêií÷åííó (λ, ε0)-
ùiëüíiñòü.

Äëÿ äîâåäåííÿ äîñòàòíîñòi çàñòîñó¹ìî ëåìó 4 äî ìiðè µ. Îòðèìà¹ìî (λ, ε0)-äîïóñòè-
ìó ìiðó µ+µ′. Çàñòîñóâàâøè çíîâó öþ ëåìó äî ìiðè µ′, îäåðæèìî ìiðó µ′+µ′′, ÿêà òàêîæ
(λ, ε0)-äîïóñòèìà. Âðàõîâóþ÷è çàóâàæåííÿ äî ëåìè 4, âèáåðåìî ÷èñëî a â ëåìi òàê, ùîá
ìiðè µ i µ′′ áóëè äèç'þíêòíèìè. Íà îñíîâi òåîðåìè 2 çíàéäóòüñÿ ôóíêöi¨ u, v ∈ Λm

S (E0)
òàêi, ùî µu = µ+µ′ i µv = µ′ +µ′′. Çà òåîðåìîþ 4 ôóíêöiÿ w = u−v ∈ Λm

δ (E0), êðiì òîãî
µw = µ − µ′′. Âðàõîâóþ÷è äèç'þíêòíiñòü ìið µ i µ′′, îòðèìó¹ìî µ = µ+

w , ùî é ïîòðiáíî
áóëî äîâåñòè.

7. Çàâåðøàëüíi çàóâàæåííÿ. Òåîðåìè 1�3 (äèâ. [12]) ¹ óçàãàëüíåííÿì êëàñè÷íèõ
òåîðåì Ëiíäåëüîôà, Áîðåëÿ òà Âåé¹ðøòðàññà. Ç ðåçóëüòàòiâ Á. Í. Õàáiáóëëiíà [15] âè-
ïëèâà¹, ùî ó âèïàäêó m = 2 äëÿ δ-ñóáãàðìîíiéíèõ â C ôóíêöié ñêií÷åííîãî (λ, ε)-òèïó
ñïðàâåäëèâèé àíàëîã òåîðåìè Ìàéëçà-Ðóáåëà-Òåéëîðà â çàãàëüíié ôîðìi. Ñëiä çàóâà-
æèòè, ùî âiäïîâiäíi äîâåäåííÿ â [15] ¹ íåêîíñòðóêòèâíèìè. Íàøå æ äîâåäåííÿ òåîðåìè 4
êîíñòðóêòèâíå i ¹ ìîäèôiêàöi¹þ êîíñòðóêöi¨ Ä. Ìàéëçà [19]. Íà æàëü, ìè íå çìîãëè öþ
êîíñòðóêöiÿ ìîäèôiêóâàòè äëÿ çàãàëüíîãî âèïàäêó. Îòæå, ïðîáëåìà Ìàéëçà-Ðóáåëà-
Òåéëîðà çàëèøà¹òüñÿ âiäêðèòîþ äëÿ êëàñiâ Λm

δ (E) (m ≥ 3).
Àâòîð âèñëîâëþ¹ ùèðó âäÿ÷íiñòü ñâî¹ìó íàóêîâîìó êåðiâíèêîâi ß.Â.Âàñèëüêiâó çà

ïîñòàíîâêó çàäà÷i, êîðèñíå îáãîâîðåííÿ ðåçóëüòàòiâ òà ïîñòiéíó óâàãó äî éîãî ðîáîòè.
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