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GLOBAL SOLVABILITY OF HYPERBOLIC STEFAN PROBLEM

R. V. Andrusyak, V. M. Kyrylych. Global solvability of hyperbolic Stefan problem, Matema-
tychni Studii, 23 (2005) 191-206.

Applying the method of contractive mappings, the local correct solvability of a free boundary
problem with unseparated boundary conditions for a semilinear hyperbolic system of first order
equations is established. Under additional assumptions on the monotonicity of initial data as
well as the growth extent of both right-hand sides of the system and domain boundaries,
sufficient conditions for the global solvability of the problem are formulated.

P. B. Aunpycsak, B. M. Kupunua. I'iobaavhas paspewsumocms 2unepbosuseckots sadawu Cme-
¢ana // Maremarnani Cryniil. — 2005. — T.23, Ne2. — C.191-206.

C moMoIIbIo METOIA CAKUMAIOIIUX 0TOOPasKeHUH YCTAHOBIEHO JIOKATBHYI0 KOPPEKTHY IO Pa3-
PeImMoCTh 3aa49u CO CBOOOIHBIMU T'DAHUIAME C HEPA3IETEHHBIMU IPDAHUIHBIME yCIOBUSIMU
JIJIST TTOJTY IMHEHHOM rumepObOIMYIecKoi CUCTEMBI YPaBHEHUIT TepBOro nopsiaka. [Ipu BeimosHeHnn
JOIIOJTHUTEJILHBIX MPEJIITOI0KEeHU O MOHOTOHHOCTH UCXOAHBIX JAHHBIX, TOPAIKEe POCTA MTPABBIX
qacTeil CUCTEMBI U I'PAHUIIBI 00JIACTH, U3JIOXKEHBI JOCTATOYHbIE YCJIOBUS ITTOOAIBHON pa3perin-
MOCTH 3aJa4H.

The construction of a solution, global with respect to the argument ¢, of a mixed problem
for a semilinear hyperbolic system of first-order equations with two independent variables
was considered in [1]. A similar result for a quasilinear hyperbolic system was obtained in [2].
Some questions of the global solvability of mixed problems for such systems were also studied
in [3].

Applying the methodology of the papers [2], [4], [5], we have established the theorem of
local and global solvability of a free boundary problem for a semilinear hyperbolic system of
first-order equations with nonlocal (unseparated) boundary conditions. In the case of fixed
boundaries, the problems for quasilinear hyperbolic systems studied by I. Kmit in [5, chap.V]
are close in statement to our problem.

Some variations of solution construction for a problem with nonlocal boundary conditions
in the case of hyperbolic system with unknown boundaries (the hyperbolic Stefan problem)
was examined in [6]. For the special kind of linear hyperbolic first-order system, the existence
of a unique classical solution for a free boundary problem was proved for all ¢ > 0 in [7].

Hyperbolic free boundary problems appear in many applied questions. In particular,
questions of gas dynamics, heat conduction, phase transformation theory, polymer diffusi-
on, seismicity, dynamics of biopopulation and some others lead to such problems (see also
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1. Statement of problem. To simplify the exposition, we introduce the notations:
w(x,t) = (ui(z,t),...,uu(z,t)) € RY a“(t) = (a%(t),ay(t)) € R* wu(a“(t),t) =
(uat (), 1), u(ai(t),1)) € B2 o) = (o) ) € B @ = (d%,a)) € R
g9(a®) = (g(a?), g(a3)) € R*; ¢ = (¢1,¢?) € R, Wb = (wf,...,0}) € R w =
(wh, w?) € R,

Consider the system of partial differential equations

ot +)‘z(x7t)% - fz(ZE,t,U), (S {17 e '7”}7 (1)

where the functions u;(z, t) are defined in the domain G% = {(x,t) e R?: 0 <t < T, a¥(t) <
x < a¥(t)}, with boundaries af(t),k € {1,2}, not set in advance and satisfying, in turn, the
system of differential equations

% = he(t,a"(t), u(a"(8), 1)), ke {1,2}. (2)

The unknown functions are subject to the initial conditions

a(0)=a), a)<al, ke{l,2}, (3)
ui(2,0) = gi(x), o) <x<dl, ie{l,...,n}. (4)

Moreover, assuming the inequalities

Ai(a, 0) # hi (0,a°, g(a"), i€{l,...,n}, ke {1,2} (5)
and introducing the notations
{Z @D > hl(o a 79( ))}: {Z a2: < h2(0 a 79( ))}

we impose boundary conditions as follows

Zwak ug(ag(t),t) = Hi(a"(t),t), i€{l,...,N}, ,N=> cardl,. (6)

k=1 j=1 k=1

2. Generalized solution. Introduce a metric space St of the functions (u,a") such that
u; € C(GY),i € {1,...,n}; a} € C[0,T],k € {1,2}, a¥(t) < a¥(t),0 < t < T, with the
initial conditions (3),(4) satisfied and the metric defined by the formula

p(u,v) = max { max lag(t) — ap(t)], max \ul(x t) — vz, 1)}
Here and subsequently for any u; : G% — R (g; : [a?,al] — R) we use @; (g;) to denote
functions extending wu; (respectively g;) to R x [0,T] (respectively R) by the rule w;(x,t) =
ui(at (), 1), & < a¥(t); W(x,1) = w(ab(t), 1), © > ab(t) (and respectively Fi(x) = gi(al), = <

at; gi(z) = gi(a3), © > a3).
Introduce some notations. Let ¢;(7;x,t) be a solution, called a characteristic, of the

Cauchy problem

d

df’ = N(&, 1), §T:t:x, ie{l,...,n},
and x;(x,t;u) be the minimal value 7 at which the function y;(7; z,t) reaches any boundary
of G%. For every i € {1,...,n} we define G¥,, G¥,, and G¥%, to be the sets of points



(x,t) € G4 such that respectively y;(z,t;u) = 0, x;(x, t;u) > 0 with p;(vi(x, t;u);z,t) =
al(xi(z,t;u)), and x;(z,t;u) > 0 with o;(xi(x, t;u);x,t) = ay(xi(z, t;u)). Set pi(t) =
wi(ay(t),t), i € I; v(t) = u;(ay(t),t), i € Iy;

blill Ce blipll blj12 e bljp22
B(a“(t) t) _ bQZ‘ll Ce bQipll b2j12 e b2jp22
bNill Ce bN’ipll ij12 e ijP22
where i, js, 7 € {1,...,p1}, s € {1,...,p2} are indices put in the order of increase and

taken from the corresponding sets Iy, s, pr = card Iy, k € {1,2}. Suppose also that
det B(a",0) # 0. (7)

If in (1) the functions u; were continuously differentiable, and for 0 < ¢ < T the following
inequalities held:

Ni(ag(t), t) # hy(t, a"(t (t),1))
detB( u(t),t

: ke{12}ze{1 ,n}, (8)
) # (9)

then integrating (1) along characteristics would yield the system of functional integral equa-
tions

wi(z,t) = 9y(z, t;u) + /fi(wi(T;x,t),T,u(cpZ-(T;x,t),T)) dr, i € {1,...,n}, (z,t) € G%,

e | (10)
where 9i(pi(0;2,1)), if (z,1) € Gy,
ﬂi(xvt;u) - M?(Xi(xvt;u))v lf( ) 6GT17
vi(xi(w, t;u)), if (:zc, t) € Gify;
and
WO = T >~ Buu(e )0 [Fita Z b0, W7 (af(1).)].
(11)
) = B - Bt .0)fita Z 3 () O o))
(12)
with

t
VVl“(@}j(t),t) =1 (@}j(t),t; u) + / fl(wl(T; aZ(t),t),T;U(gOl(T;&z(t),t),T)) dr, (13)
xi(ag(t), t;u)
ke{l,2),1¢1,0<t<T.
Here By, i € {1,..., N}, k € {1,2}, j € I, denote the algebraic cofactors to the correspon-
ding elements b;j;, of the matrix B.



Similarly, integrating (2) from 0 to ¢, we arrive at the system of integral equations

al(t) = ap + /hk (1,a*(7),u(a"(7),7)) dr, ke{1,2}, 0<t<T. (14)

0

By a generalized (Lipschitz) solution of the problem (1)-(4),(6) we will mean the pair
(u,a") € Sr of functions satisfying conditions (8),(9) and systems of equations (10),(14),
with u;(x,t),7 € {1,...,n}, being Lipschitz with respect to all their arguments. When no
confusion can arise, we will use the symbol u in place of the pair (u,a"). Remark that for
any ¢(z1,...,,) the Lipschitz property with respect to all z; with constant L is understood
in the following form: |[¢(z1, ..., 2,) — d(y1,- .-, yn)| < Llrga<>;{|acZ —yil}.

3. Local solvability. Assume that f;(z,t,u), i € {1,...,n}, are continuous in Rx [0, T| x R™
and possess the local Lipschitz property with respect to z and wu; hi(t,(,w), k € {1,2},
being defined in [0, 7] x R*™" are locally Lipschitz there with respect to all arguments;
Ai(z,t),i € {1,...,n}, are continuous in R x [0, 7] as well as locally Lipschitz with respect to
z; gi(x),i € {1,...,n}, are Lipschitz in [a?, a3]; and finally b;;x (¢, t), H;((,t), i € {1,..., N},
je{l,....,n}, k € {1,2}, being defined in R? x [0, 7] possess the local Lipschitz property
there with respect to all arguments.
In addition, assume satisfaction of zero-order fitting conditions

n 2

D) bis(a®, 0)g;(aR) = Hi(a®,0), i€{1,...,N}. (15)

j=1 k=1

Theorem 1. Under the above-mentioned assumptions on the continuity and the Lipschitz-
ness of the given functions with the conditions (5),(7), and (15), there exists a unique generali-
zed solution of the problem (1)-(4),(6) for 0 <t < ey when ¢y > 0 is small enough.

Proof. Denote by S = S..3, a subset of S., ¢ € (0,7}, that consists of functions (u,a")
satisfying the conditions:

I. the functions ¢ — aj(t) — hy,(0,a% g(a))t, k € {1,2}, 0 < ¢ < € are Lipschitz with a
constant «;

I |ui(z,t) —g,(z)| < B,ie€{1,...,n}, (z,t) € GY
ITI. the functions u; are Lipschitz with respect to z with a constant p.

In the space S we define an operator A in the following way. Let v € S, then Au =
(A, ..., Ayu) where Aju: G4 — R, with G4* being restricted on sides by the lines

t
r=a(t) = ad + /hk(T, a*(7),u(a"(7),7)) dr, ke {1,2}, 0<t<e,

0

and the values A;u being fixed by the formula

(Aju)(z,t) = 9z, t; flu) + /fZ ((,Oi(T; x,t),T, (/Nlu)(goi(T; x, t),T)) dr.

xi (@t Au)



Here Au = (Ayu, ..., A,u) where A;u is the restriction of 7; to GA*. Notice that x;(z, t; Au) =
xi(z,t; Au) and apv(t) = a“(t).

Fix ¢ = eg, @« = ap, B = o, g0 and By being small enough for af®, k € {1,2} to
satisfy condition I (the possibility of such a choice follows from the continuity of h; and
restrictions LIT on the introduced space S). Let u € S, (z,t) € GQ}“, then from the conti-
nuity of the corresponding functions it follows that |fi(z,t, Au)| < F, |N(z,t)| < Ai €
{1,....n}; [he(t, a"(t), u(a"(t),t))| < H, € {1,2}, (F,A, and H being some constants which
are known to exist); and by local Lipschitzness we conclude that f;(z,t, Au),i € {1,...,n}
with respect to x,u, A\;(z,t),7 € {1,...,n} with respect to x, and hy (t, a®(t), u(a™(t), t)), ke
{1,2} with respect to all arguments ¢, and w are Lipschitz with some constants fy,A\¢ and
ho respectively. Now reduce €9 and 3y so that

|hk(t7au(t)7u(au(t)ut)) Ai (a?u( )7t)| Z V> 07 ke {172}7 (S {17 ce 7n}7 0 S t S €0,
|det B(a™(t),t)| > k>0, 0 <t <¢gg (16)

(v and Kk being some constants which are known to exist). The operator A is thus well
defined.

Similarly, for g, ag, By set above and provided u € 5,0 < t < g9, we deduce that
|bijr(a™(t),8)] < b, |[Hi(a(t),t)] < H, i e {1,...,N},j € {1,....n}k € {1,2};
|Bijr(a(t),t)] < B,i € {1,...,N},k € {1,2},5 € I (the existence of such constants
follows from the continuity of the corresponding functions), and by local Lipschitzness
we infer that by(a"(t),t), H;(a"*"(t),t) are Lipschitz with respect to ¢ and ¢ with some
constants, which we denote by by and Hj respectively. From this and by (16) we immedi-

ately have the Lipschitzness of Bjj,(a?(t),t) and (det B(af““(t),t))_1 with respect to the
arguments ¢ and t, and let By be their common Lipschitz constant. Finally, fix G such that
lgi(z)] < G, a? <z <ad,i € {1,...,n}, and denote by r the Lipschitz constant of these
functions.

By integral representation of ¢;(7;z;,t) and the Gronwall-Bellman lemma we have
|Api(T525,t)| < |Azy| eM, i € {1,...,n}, j € {1,2}. For simplicity of the exposition
we denote the difference ¢(x2) — ¢(x1) by A¢(x;) for any ¢(z).

Let us determine the common Lipschitz constant of the functions p*(t),i € Iy, I/f“(t),
j € Iy, with fixed u € S. For this, take ¢y small enough for the inequality below to hold:

A€0 S CL(Q) - CL(l) - 2H€0. (]_7)

Then we obtain Y; (a?“(t), t; flu) =0,ke{1,2},1 ¢ I, 0 <t <eg, and therefore, equality
(13) becomes of the following form:

t

W (ap (1), £) = g1 (22(0; af(¢), 1)) +/f1<901(73 a;" (1), 1), 75 (Au) (p(7; af“(t),t)m)) dr,

ke{l,2},1¢ I, 0<t<e.



Next estimate AVVIA“ (af“(tj), tj). Letting k = 1, ty > t;, we get
|AW (a™ (), t5) | < |Agi(u(0; a1 (1), 1)) [+

+/wmwvm#uamxn@4xmvalug )| dr+

/]Afl ei(Tsai™ (), ), 7, (Au) (@730 (), t5), 7)) | dr < r(H + A)|Atler+

+F|At]| + €0f0p(H + A)|Atj|€>\050 = [F + GAOEO(T’ + €0f0p)(H + A)} |Atj|, P Z 1.
Therefore, for all t1,ts € [0, g0] we obtain

max{|u(t2) — ()], | () — v ()|} < Lrp)|ts — 1],

i€ly,j€l2
where
L(r,p) = ByHNB(H + 2nb(G + FT)) + %NBOH(EI +2nb(G + FT))+
+%NB <H0H + 2nboH(G + FT) + 2nb [F + 2% (r + g0 fop) (H + A)] )
Define

Then rewrite L(r,p) = L1 H + Lo [F + 2% (r + go fop) (H + A)} .

Let us now determine the conditions sufficient for the operator A to map S into itself,
that is for Au to possess properties ILIII provided u € S.
First, consider condition II. For (z,t) € G4* we have

|(AZU)(ZL‘,t) —gl(l‘” < } /fi((pi(T;x>t)vTv (Au)((pi(T;I,t),T)) dTH—
xi (%t Au)

+[9;(2, t; Au) — G;(2)| < Feo + [9i(z, t; Au) — g,(2)].

If xi(x, t; Au) = 0, then [0, (z, t; Au) — g,(x)| = |g:(i(0; 2, 1)) — Fi(x)| < riep.
If x;(z,t; Au) > 0, then, letting for definiteness (z,t) € GA4% we obtain

801 Y

[Wi(, t; Au) = G, (2)] = [ (e, Au)) — g (0)] + |gi(af) — Gi(2)] <
< L(r,p)xi(w, t; Au) + (At — xi(z, t; Au)) + Hxi(2, t; Au)) < L(r, p)eo +rmax{A, H }eo.

Thus, in order for property II to hold, it suffices to require that

[F + L(r,p) + r max{A, H}] g0 < Bo. (18)



Next, consider condition III. Let (z;,¢) € G&*,j € {1,2}. To estimate A(Au)(z;,t), we
can obviously suppose that either (z;,t) € GA“,j € {1,2}, or (z;,t) € Ga4',j € {1,2},

€09
with £ being the same for both j. In the first case we have

t

|A(A u)(l‘ﬁ S /’Afi(cpi(ﬂxjvt%ﬂ (Au)((pi(ﬂx]‘?t)ﬂ_))} dr + |Agi(90i(0;xj7t))| <

0
< /fomax{\A%'(T;ij,t)’:P‘A%(T;ijat)’} dr +1r|Ap;(0;25,1)| <

< eofop|Az;| % + r|Az;| M.

Whereas, in the second case, letting for definiteness k = 1, ;1 < x9, we obtain

t

|A(A u)(x], )| < / }Afi(cpi(T;xﬁt)vTv (Au)((pi(T;ZEj,t),T))‘ dr+

Xi(21,t;Au)
xi(z1,t;Au)
Xi(z2,t;Au)

< eofop|Az;| €M + F|Ax;(x;, t; Au)| + L(r, p)| Axi (x5, t; Au)).
Estimate the difference Ax;(z;,t; Au). Suppose

(H+ Ao < QLAO (19)

then |af*(1) — @i(T; 2, )| < % provided x;(z,t; Au) > 0 and ¢;(x;(z, t; Au); z,t) =
0

= ap*(xi(x, t; Au)). Therefore,
[ (7, (), u(a”(7), 7)) = Ailpi(ri 2,1), 7)| > [hie (7, a"(7), u(a"(7), 7)) — A (@73“( ):7)|=

u u v
—[Xi(ay"(7), 7) = NililTs @, 4), 7)| = v = Mol (T) — (i@, b)) >y - )\02)\0 =5

Since y
dT (&?u( ) (101'(7—; xz, t)) = hk (7-7 @u(T)a u(au(T)a T)) - )\1(901(7-7 x, t)a T):
we conclude that

2
|Axi(z),t; Au)| < — af“(xi(:z:l,t;Au)) — pi(xi(z1, 5 Au); 20, t) | =

2

2 2
—— \Agpi(xi(xl,t;Au);xj,t)\ < —|Ax;] ehoso,
Y Y
Returning to the difference of the operator, we finally have

2 2
|A(A)(z5,1)] < eofop|Ax;| e + F§|ij| e + L(r, p);|ij| erose,



Thus, Au has property III if the following inequality is true:
2
o0 (50f0p + max{r, (F + L(r, p));}) <np. (20)

Suppose that all the conditions providing the inclusion AS C S hold and clarify the
restrictions on g sufficient for the operator to be contractive.
Let v/ € S,5 € {1,2}, v/ = (u},...,u)), and p(u',u?) = p. Then

|ACLAUJ ()] S/’Ahk(T,a“j(T)yuj(auj(T)>T))’dTS

t

< [homax{|aa” (7)) | @}’ (7). P, |80 (1), 7} dr <
0
< eoho max{niagx |Aa (1), max |AT (z, )|} = eohop, 0 <t < ey

First estimate A(A;u/)(x,t). Letting < min{aA“I( t), af*(t)}, we obtain

A(Awd) (2, 1)] = [(Aw®) (0 (), 1) = (A (0™ (¢), O] = |uf (a3 (1), t) — uf(ai(t), 1)], where
al (t) = max{a¥ (t), a{" ( )} Thus, letting ai(t ) < a?(t), we derive that

|A(Aw) (@, )] < [uf(a?(t),) = uj (@i (), 6)] + [ui(af (), 8) — ui(ai(t), t)] < p+plai(t)—

—ai(t)| < p+p(laf () —af ()] +]ai™ (t) — af™ ()]) <
< p+p(p+cohop) = (1+ p + cohop)p.

In the other cases, reasoning similarly, we arrive at the same result.
Next estimate AVVZA“]( Au? (t;),t;). Letting k = 1, t5 > t;, by (17) we have

AW (0 (5),85)] < 1Agi (2i(05 0™ (1), ;) |+

+/’fl((pl(7—;anQ(t2)7t2)7T7 (A )((,Ol(T al (tQ) ))’ dr+

t1

+/!Afl(<m(73 ™ (t)),t;), 7, (Aud) (@i(m1 a3 (1), 1;), 7)) | dT < 7| Ay (05 ag™ (¢;), ;) |+

0

+F|At; |+/f0 maX{’Acpl (1; a1 (j),t]) (flul) (cpl(T a1 (t;) )}}—I—

A (AW) (175 ™ (t2), 12), 7)] | d.
Since |A(Au3)(<pl(7' a® (), ), 7)| < (14 p + eohop)p and

|Agi(73ai (t5),15)] < lults; af™ (ta), ta) — af™ (t1)]e% < [|gults; af™ (ta), ta)—
—ai™ (t1)] + [a™ (1) — o™ ()] < [(H + A)|Aty] + ohop e,



we find that
IAWAY (af (1)), ;)| < r(H + M)At €% + reghope + F| AL+
+eofop(H + A)|At;]e + 8 fophope ™ + g0 fo(1 + p + cohop) p-
Hence, for all ¢y, t5 € [0, 0] we deduce that

~u1 ~u2 ~u1 *
Jnax, L (1) = ™ @)1, [ (82) = v (@)1} < Lirpltz — 0] + 1 (D),

where L*(’I“, p) = L1€0h0 + L2 |:€)‘080 (T€0h0 + 6(2)f0ph0) + €0f0(1 +p+ €0h0p):| .
Finally, estimate A(A;u?)(x, t). For this consider possible partial cases. If (z, t) € GA4"in

€o0g
Au? g
Gz, ' then

AT (2, 8)] = | A ) (2, 8)] < /}Afl oilr 2, 8), 7, (A (s 2, £), 7)) | dr <

< eofo(1+ p + ohop)p.
Now suppose that (z,t) € GA% i N GA% 7. Letting x;(z, t; Au') > y;(z, t; Au?), we obtain

egol eol

) 2 1 2
|Axi(z, t; Au?)| < — |a1“ (xi(x, t; Aub)) — af™ (x;(z,t; Aut))| < = gohop and hence,
7 Y

t

IA(AW) (2, 1)] < / |Afi(pilr; 2, 8),7, (A (@i(T3 2, 1), 7)) | dT+

xi(@,t; Aul)
xi(z,t;Aut)
+ / ’fl (QOi(T; x,t),T, (Au2)(goz(7' x,t), )’ dr + |u (Xi(x, t; Au?))—
Xl(x1t7Au2)

—,U?ul(Xi(tT: t; Au))| < eofo(1+ p + eohop)p + F|Axi(z, t; Auw?)| + L(r, p) | Axi(z, t; Au?)|+
+L*(r, p)p = €0 fo(1+ p + g0hop) p+

+F% eohop + [LIH + Ly [F + %0 (r + o fop) (H + A)H % gohop+
+ [Llaoho + Lo [eAOEO (reoho + €5 fopho) + €0 fo(1+p + €0h0p)] } p=
= [fo(“‘P + eohop) + F%ho + (L H + LQF)%ho + Loe®*(r + 2o fop) (H + A)%hO"‘
+Lihg + Lae™* (rhg + €9 fopho) + La fo(1 +p + 5071029)} E0p-

Considering the case where (z,t) € G;“(}“Q but (z,t) ¢ GA“1 (for definiteness z < aft 1(15)), we
find that A(Au)(z,t) = (Aiu2)(x,t)—(Aiu1)(@f“1 (1), ) (Au?)(z, 1) — (Au?) (af™ (1), 1) +
A(Ad) (af™ (t),t), where |z — 1( t)] < eohop. Therefore, ]A(A w)(z,t)| < peohop +
|A(Aq?)(a™ (t),t)|. However, (@f“ (t),t) € Gg“l N GQ}“Q, the considered case.

Thus,

S 2 2
|A(Awd) (2, t)| < [pho + fo(1+p+ eohop) + F;ho + (L H + L2F)§ho + Loe*®0 x

2
X(r + g0 fop)(H + A)§h0 + Liho + Loe™® (rhg + o fopho) + Lafo(1 +p + €0h0p)] Eop,



and provided that ( is small enough, the mapping A: S — S is contractive.
Fix p large and ¢y small enough to satisfy conditions (17)—(20) as well as the inequality

2 2
pho + fo(14 p + eohop) + F§ho + (LIH + L2F)§ho + Lo (r + o fop) X

2
X(H + A);ho + L1h0 + L2€)\080(Th0 + €0f0ph0) + L2f0(1 +p+ €0h0p):| go < 1. (21)

Then by the contractive mappings principle, we have the existence and uniqueness in S of
a solution (u,a") to systems (10),(14), such that conditions (8),(9) hold.
As u € S, u have the Lipschitz property with respect to x. Requiring that

0 0
a9 — a4

2 9
for all (z,t1), (x,t2) € G, t1 <ty and every fixed i we can find either a point (z,%,) € G,
such that 1 = ;(t1;7,t2), or a point (v1,t2) € GY such that x = @;(t1;21,t2). In the
first case we have |u;(x,t1) — wi(z, t)| < |ug(x,ty) — wi(xy, t1)| + |wi(zr, 1) — ui(x, t2)] <
plx — x1| + Flt1 — ta| < (pA + F)|t; — to] and the same result in the second one. So w is
also Lipschitz with respect to ¢t with constant pA + F', i.e. u € S is a generalized solution of
problem (1)-(4),(6).
On the other hand, each generalized solution of (1)-(4),(6) belongs to some set S ;5.
Furthermore, we can reduce Z so that € < gy, @ < ag, 8 < By, P < p, and then reducing &,
to £ yields S; 555 C Sepaopop- By this, the local uniqueness of a generalized solution is proved

as well. [

(H + Ao < (22)

4. Global solvability. Make some additional assumptions. Let |h(¢, (,w)| < H, k € {1,2},
in [0,7] x R*™"; \;(z,t),7 € {1,...,n}, be nondecreasing with respect to z; hy(t,{,w) <
0, ho(t, ¢, w) > 0in [0, T] x R?*T2". Assume that there exist a summable function M: [0,T] —
[0,00) and a continuous nondecreasing function ¢: R, — R, such that sgn(a) = sgna,

> d
foralld >0 [ Wa) = 00, and in Q7 x R the following inequality
s Ula

[filz,t,u)] < M(6)P(|ul)), ie{l,...,n},
holds, where Q7 = {(z,t)|0 <t < T, a{— Ht < x < a3+ Ht}, ||ul]| = max ).
Let also o

hi(t,Cow) = N(Cpt) £0, i€ {l,....n}, ke {12, (23)
det B(¢,t) # 0,

when 0 <t < T, af — (H +ao)t < (1.¢y < af, af < G, ¢ < a + (H + o)t [|w]| < R,
with ay > 0 being any fixed constant, and where P, will be defined below.
For convenience set Qf = {((,1)|0 <t < T, a} — Ht < (1, < ay + Ht},

2 1
= 2"Ly(H+A), ¢= max |———
=5 2 ) (el IdetB((,t)

N max |B(C,t)],
1<i<N,ke{1,2}
J€L, (¢ )EQ]

b=2n max |b(C,t)], H= max |H;(, 1)
1<i<N,1<j<n 1<i<N
ke{1,2}, (C.H)eQf C.vead



Theorem 2. Under the conditions of Theorem 1, the assumptions of this section, and the
requirements ¢ < 1 and gb < 1, problem (1)-(4),(6) has a unique generalized solution defined
for t € [0,T] where T is arbitrarily large.

Proof. If u is a generalized solution of problem (1)-(4), (6), then by (13) we obtain

Wiah(e). ) < G+ [M(ryu( max (€. 0)]) dr, k€ {1,2),1¢ I

0 a9—HO<E<a3+HO

if x; (a%(t), t; u) =0, and

Wi (ag(®), )] < max {{pi (7)), [ (7 |}+/M max [[a(¢,0)]) dr

i€ly,j€ly
0<T<t H9<§<aO+H9

if x;(af(t),t;u) > 0. But from (11),(12) it may be concluded that

~

max {[pf (LA O] < g( +b _max  [Wia(0).1)]).

ieh,jels ke{1,2}, 121

Consequently, for x; (a%(t), t; u) > 0 we find that
t
e {0 103001} < aff-+ab ma, (it ()1} +ab (M (o mase (e, 0)]) dr

i€lr, g€l <0<
0<7<t 0 a{—HO<¢<a9+HO

from which it follows that

~ t

¢H . qb _
max {0} < 2+ L (M0 max a0 dr
i€ly, jEI 1— qb 1— qb 0<o<r

0<r<t 0 a{—HO<E<a3+HO

Likewise, for y; (az(t), t; u) = 0 we find that

t

s, (OO} < off + a6+ ab [ Mo o [7(e.0)]) dr

i€lq, <6<
0 a{—HO<E<a§+HO
Thus,
JuCe )] < max {6, max [ ()], mas [V} + / M) mas [[a(e, o)) dr <
olgerllgt o<7<t H6<§<aO+H6
a )
< max {G, —— + qu} /M max lu(&,0)|]) dr <
1—qgb H9<§<a0+H9
H
<= 46 max [[a(&,0)])) dr
1 —qb — b

ad— H0<§<ag+H6



Applying the estimate above we can assert that ||u(x,t)|| does not exceed a constant s
defined by the equation
T
= [ M(t
¢ 1 —qb 0/

G

»

Fix By > s and define ng = {(z,0)|0 <t < T,a} — (H+a0)t <z <ad+ (H+
ag)ty, QL = {0t < T, af — (H+ao)t <G, < af+ (H + ag)t}. Let (z,t,u) €
QF x{u:||ul]| < Py}, then from the continuity of the corresponding functions it follows that
]fl(x t,u)] < F, [N(z,t)] < Ayi e {1,...,n}, and by local Lipschitzness we conclude that
filz,t,u),i € {1,...,n} are Lipschitz With respect to x, u, and so are \;(x,t),i € {1,...,n},
with respect to x with some constants which we denote by fy and Ay respectively. In a
similar way, if (t,¢,w) € Qf,, x {w : ||| < P}, then hy(t,¢,w), k € {1,2}, have the
Lipschitz property with respect to all variables with some constant hg. Note that F',A, fy,\o
and hg are fixed values differing from the same constants defined in section 3.

Introduce a subspace S of the space S by imposing on al, k € {1,2}, some additional
requirements of monotonicity. More precisely, we require that ) (¢) be a nonincreasing functi-
on and ay(t) be a nondecreasing one. Taking into account the sign constancy of hy, we see
that the action of the operator A does not violate these properties. From now on, suppose
that u € S.

Determine conditions sufficient for af(t) to satisfy 1.

;it A“( ) — hk(O,@O,g(aO)) = ]hk(t,@“(t),u(a“(t),t)) — hy, (O,ao,g(ao))\ <

< homax{t, |ajy (t) — ajy|, [ui(ajs (). ) = gi(ai)|
By property I, we have
i (t) — ap| < (7w (0,0% g(a”))| + o)t < (H + an)eo, k' € {1,2}.
Property I implies

Juilag (), 1) — gilag)| = lui(aii (t),1) — Gi(ag (1) < Bo, i € {L,...,n}, K € {1,2}.

Thus,

. ( ) hk(o CL 7g )} < hO maX{éo, H+Olo)€0,ﬁo}

dt
Fix §y = min {%, Py — %} . Then from the condition
0

£y < min {ﬁo, Hio%} (24)

d
we get the inequality ’—aA“(t) — Iy, (O,ao,g(ao))’ < ag, which, in its turn, ensures the

Lipschitzness of the mapping ¢ — a;"(t) — hy(0,a°, g(a®))t.
Note that by (23) it follows that

i (t, a (), u(a™(t),t)) # Ni(ap“(t),t), k€ {1,2}, i € {1,...,n}, 0 < t < &,



and so, the operator A is well defined. Define v and s by the inequalities

ety Cw) — M(Cut) =7 >0, ke {1,2), i € I,
\det B(C, )] > & > 0, (25)

when 0 <t < T, a)— (H+ap)t < (1, <a?, af <G,y <aY+ (H+ap)t, |w|| < Py. The
existence of such constants follows from the continuity of hg, k € {1,2}, A;,i € {1,...,n},
and by, € {1,...,N},je{l,...,n},k e {1,2}.

If (¢,t) € Qf,,, reasoning in a similar manner as before, we conclude that |b;x(¢,t)| <
b, |Hi(C,t)| < H,ie{l,....N},je{l,....n}, k€ {1,2}, |Bir(¢,t)| < B,i € {1,...,N},
ke {1,2},5 € I, and b;;x(C,t), H;(¢,t) are Lipschitz with respect to all arguments with
some constants, which we denote by by and Hj respectively. From this and by (25), we also
have the Lipschitzness of B;j,(¢,t) and (det B((, t))*1 with some common constant Bj.

Observe that the monotonicity of \;(z,t) with respect to x gives the inequality
|pi(T; 22, 1) — @i(Ti 21, 1)] < |22 — 1],

and therefore, in the conditions for the local solvability of our problem we can let e*o® = 1,
i.e. we get conditions (17)-(19),(22),(24), with the other two being replaced by the inequalities

P
eofop + max{r, (F + L(T,p));} <p, p>1,

where L(r,p) = L1 H + Lo [F + (r + eofop)(H + A)], and

2 2
[Pho oL p+ cohop) + (F + LiH + LyF) ~ho + L(r -+ cofop) (H + A) ot
+Liho + La(rho + 2o fopho) + Lz fo(1 + p+ eohop) |20 < 1.

Here and subsequently L, and Ly denote the same constants as in the preceding section, but
with s in place of G.

After constructing the solution for 0 < t < &; = ¢y we take as initial data the values of
the functions a}(t) and u,(x,t) at t = £;. We thus arrive at the new problem

(91)1' %

5 + iz, 1) o filz, t,v), i€{l,...,n}, (26)

dcg‘f = ha(t,a (), 0 (1), 1), k€ {1,2}, (27)

al(0) = a’(e1), ke {1,2}, (28)

vi(z,0) = ui(x,e1), af(er) <x<ay(er), i €{1,...,n}, (29)
ZZbijk(a”(t),t)vj(aZ(t),t) = Hi(a(t),t), i€{l,...,N'}, N'=> cardl'y, (30)

where Ill = {Z : /\Z(alf( 1),61) > hl(sl,a“(sl),u(a“(sl),sl))}, Ilg = {Z : )\Z‘(ag(él),€1) <
€ )} From (23) it follows that I'y = I, I'y = I.



Fix ap and [, at the same level as in the case 0 < t < &, and consider the metric
space Sg, a0 8 pe- Lhen we obtain the conditions on €9, po for existence of a local solution to
problem (26)-(30) when e; <t < &1 + &9, which are determined as above but with e5,p; and
po instead of €, r and p respectively:

[A+2H]es < ay(er) —af(er), (31)
[F + L(p1, p2) + 1 maX{A, H}] g2 < By, (HH+A)eg < %,
0
2
€2 fopz + max{py, (F + L(Pl:PQ)b} <p2, p221, (32)

2 2
[tho + fo(14 p2 + e2hope) + (F + L1 H + L2F)§ho + Lo(p1 + €2 fop2) (H + A);ho +

+Liho + Lao(prho + €2 fop2ho) + Lo fo(1 + pa + €2hopz)] €9 < 1,

(H + ey < ay(e1) ; CLZ1L(51)7 g5 < min {ﬁo, H—Iﬁ—oao} ) (33)

By the monotonicity of af(t) we have a3 —ad < a¥(e;) —a¥(e1), and hence, inequalities (31),

(33) can be replaced by the following ones [A + 2H ey < af — af, (H + A)es < @ Now
consider (32). After substituting the expression for L(p;, p2) we obtain the inequality

2
€2 fope + max {pla [F + L1H + LyF + Lo(py + €2 fopo) (H + A)] 5} < po,

2
which, by the assumption § = —Lo(H + A) < 1, can be strengthened as follows:
g

2 o
P> [F+L1H+L2F+L2(H+A)}§(1 —q)7", eafopa <1, 1+p=po.

Similarly, after finding the solution for 0 < t < Z?:_ll g; we consider the metric space
S, a0 pop, in order to extend this solution to Y7 'e; < ¢t < Y27 &, with values &,, p,
satisfying the conditions

[A+2H]e, <ad—db,  (H+Ae, < 2%0 (34)
[F + LyH + LoF + Ly(poy + 1)(H + A) + pp_y max{A, H}} ey < fo (35)
Po-1 > [F+L1H+L2F+L2(H+A)}%(1 —q)7Y (36)
eofobe <1, po>1,  1+4ps_y1=p,, (37)

2
[Paho + fo(l+ps) +ho+ (F + L1 H + LQF);hO + ghopo—1 +

+Gho + Liho + Lahops—1 + 2Lohg + La fo(1 +Po)] gs <1, (38)
0. 0

as — Q .
(H+ 8y, < 424 gm{ﬁHﬁa} (30)




In order for (34)-(39) to be satisfied it is sufficient to require that

[A+2H]5(,§ag—a?, (H+A)€JS%7
0

[F + LlH + L2F + LQ(H + A)] Eo S 50/2, |:L2(H + A) + HlaX{A, H}i|pa_1€a S 50/2,
2

[F 4+ LiH + LyF + Ly(H + A)]
7 fOpaga S 17 Do Z 17 1 +p(7—1 = Do,

)

1>
Po-1 = 1 — q~
2
ot ho o (F o LaH o Lo F)~ho o Gho + Lio + La(2ho + fo) g < 1/4,

[@ho + L2h0i|pa—150 <1/3,
Bo

(H+ A)e <M gr <5 5
o= 9 ) o = M0, J_H—i-O[O'

(o + fo+ Lafo|pocs <1/3,

Rewrite the restrictions on ¢, as follows:
a3 — af v Bo =
P Rl U S U<—[F LH + LoF + Ly(H A}
€ S AToH € _2)\0(H+A)’ Ee < 5 + Lt + Lo + 2( + ) ,
Bo [ -1 1
< Lo(H 4+ A) + max A,H] , €6 <
2pa—1 2( ) { } fOpa
1 2 -1
< 1 [fo +ho + (F'+ L1 H + L2F);ho + qho + Liho + Ly (2ho + fo)] :

Y

€o

[tho + LQho} _1:

1 -1 1
€U§—|:h0+fO+L2f0:| ) €o'§
3pa 3p071
§—a b

which are imposed together with the requirements
2
Po=14+ps-1, Po-12> [F+ LH + Ly P + L2(H+A)}§(1 —q)7" pe>1 (40)

From the recursion for p, we obtain the general equality p, = o + r. Setting the constant r
2

be so large that r > [F 4+ LiH + LoF + Ly(H + A)] = (1 — §)~', we guarantee satisfaction of
Y

the last two inequalities in (40) for all o € N.

Now introduce the notation
d-d 41 b} G
) H + ap )

§ = mi -
mm{A+2H’ Do(H+A) o 2(H+A)

bo [F 4 LiH + LoF + Lo(H + A)] ok [LQ(H +A) + max{A, H}} -

1 2 -1
1 {fo + ho + (F+L1H+L2F);ho + qho + Lihg + Lo(2ho + fo)] ;

% [ho + fo+ L2f0] _1, % [tho + L2ho} _1}-



Then by the inequalities p, > 1, p, > p,—1,0 € N, where py = r, we can assert that under

£, = — all the conditions on ¢, are satisfied. However, > 7 e, = >, pi =Y =
- —1 5, —

00, bg’g the value T is finite. Therefore, in a finite number of steps we reach the level
t = T, which shows that the existence of a generalized solution of problem (1)-(4),(6) can
be guaranteed for every time interval [0, T].

Finally, suppose that the obtained solution is not unique. Transfer a zero-time reference
into ¢ defined as the greatest lower bound of the points ¢ at which there is the violation of
uniqueness. Under «q, (B fixed above, by Theorem 1, we find £, p such that there exists a
unique solution of our problem in the space Szq, g, for ¢ < t < ¢ + . By choosing  and
p we can ensure belonging of both our solutions to the space Sz, 3,5. This contradiction
completes the proof. O
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