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POLYNOMIAL ASYMPTOTIC REPRESENTATIONS OF SUBHARMONIC
FUNCTIONS WITH MASSES ON ONE RAY IN THE SPACE
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on one ray in the space, Matematychni Studii, 23 (2005) 169-178.

In the paper, a polynomial asymptotic representation of a subharmonic function in the
space is obtained by a given polynomial asymptotics of Riesz measure of this function under
the hypothesis of the concentration of the Riesz masses on one ray.

I1. 3. ArpanoBud. Mnozounrenmvie acumnmomuveckue npedcmasrenus cyb2apMOHUYECKUL 8
npocmparcmee Gynkyul ¢ maccamu na o0nom ayyve // Maremarnuni Cryuii. — 2005. — T.23,
Ne2. — C.169-178.

B pabore momydeHO MHOTOUIEHHOE aCUMIITOTHYIECKOE MIPeICTaBIeHne CyOrapMOHUIECKOil B
mpocTpancTBe GYHKIMK 1O 33JaHHON MHOTOYIEHHON acuMITOTHKe Mepbl Pucca npu yciosuw,
4910 Macchl Pucca 31oit byHKIIMN coOCpesoToYeHbl Ha OJHOM JIyUe.

The relation between polynomial asymptotic representations of subharmonic functions in
the plane and distribution functions of their Riesz measures was rather intensively studied
during the last decades. It was established [1| that there are many distinctions between
this case and the case of functions of completely regular growth (one-term asymptotic
representations). Note that subharmonic (entire) functions of several variables of completely
regular growth were adequately investigated in the papers of many mathematicians (see the
extensive bibliography in [5]). As in the plane, for the study of the functions of completely
regular growth in the space various methods that used the subharmonicity of the first term
of the asymptotics were applied. But it was shown in [1] that in the case of the plane
the second and the next terms of asymptotics are not in general subharmonic functions.
This circumstance causes the essential differences between the cases of one-term and n-term
asymptotics. So all traditional investigation methods of the theory of functions of completely
regular growth are not applicable. Some other tools must be used for functions in the plane,
for example, the theory of singular integrals.

In this paper we consider subharmonic functions in R™ m > 3, the Riesz measures of
which are concentrated only on one ray. It is the first attempt of the study of polynomial
asymptotic representations for subharmonic functions in the space R™, m > 3. As for the
plane, in this article the main tools of the investigation is the theory of singular integrals.

First of all we give the notions and notations that will be used later on .

Let us introduce the spherical coordinates in R™, y € R™ y = (t, 1, ..., Qp_1):
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Y1 =tsinay .. .sin oy, 1;
Yo =1COSQq ...SIN Q1

Ym = £ COS Qpy_1-

Sm—1 is the unit sphere with the center at the origin in R™.

Given a function f(t),t > 0, we will say that f has multi-term (polynomial, n-term)
asymptotics if it can be represented in the following way:

F(t) = At + Dot” + . 4 At + k(1) t — o0,

where A;,j € {1,2,...,n}, are real constants; 0 < [p1] < p, < ... < py (here [a] denotes the
integral part of a), and the function x(t) on the right is small in a certain sense compared
to the previous term.

Similarly, we will understand the expression “polynomial asymptotics of a function f(y),
y — 00, y € R™ ”. In this case t = |y| and the coefficients A; are the functions of the angle
coordinates only and do not depend on ¢.

E € R™is Cy o-set if it can be covered by the system of disks K;(z;,r;) = {z : |v —z;] <
ri}, 7 €41,2,...}, such that
li i
Rl_rgo Ra Z 7’

|z;|<R

Put
H,,(v,7v,p) = —(1 — 2vcosy + v?) ZB”‘

where BJ" are coefficients of the expansion in powers of v of the expression (1 —2vcosy +

1)2)’%2. As it was shown in [6], the coefficients B} satisfy the inequality

m m—3 m—3
|Bj*| < e (1)
and o
C ’ mfp ’ t<2 )
t C’(m,p)tm,—HP, t> 2|ZE|

Moreover, it is easy to see that for any fix n > 0

d [ 1 |z| |2
at {tm—_QHm < ; » s p) }’ C(U:m)tp+m_1 (3)

as long as t € (0,2|z|) and v > n. If t € [2]|z|, 00) then

() - S ’

p+1




and

df 1 |z] S (n+m —2)|z|" [P+
- H Lindl] _ B™ < '
'dt {th m ( + 777]9) }‘ p; n (7) frtm—1 < C(m) —thrm (5)

Here the constants depend on the parameters which are listed in the brackets.
Let p be the Riesz measure of a subharmonic function u(x).

In this paper we will investigate the case of two-term asymptotic representations (n = 2).
This condition does not restrict the generality of our problem. It only makes the consideration
easier.

Moreover without loss of generality we will consider the case of the space R3.

Theorem 1. Let u(x) = u(r,61,0,) be a subharmonic function of non-integer order in the
space R®* = {y : y = (t,a1,9)}, with Riesz’s masses concentrated on the ray {a; = 0}
outside some neighborhood of the origin {t < to},to > 0. Let for t >t

p(t) = p({la] < t}) = A"+ Aot 4 (1), (6)

where p = [p1] < pa < p1, A1 > 0. Assume that for some q > 1 the function p(t) satisfies the
following asymptotic estimate'

2T

/

T

Mq

dt = o(TP"), T — oc. (7)

Then the order of the function u(z) is equal to p; and the following relation is true:

2 o0
. _ 1
u(r, 01, 02) = ZAi(pi + 1)74)1/@ 1H(E:92,p)dC + (r, 01, 62).
i=1 i
Here the function ¥ (r,0;,05) = o(rf?) as r — oo, uniformly for T = 1] away from some

0072—861'?.
Ifin (7) ¢ > 1 then

(7, 01, 02)|%drdfy = o( R”*"), R — oo,

R<r<2R,0:€[0,2n]
uniformly for 65 € [0, 7].

Proof. In [4] it was shown that from (6) and (7) it is not difficult to obtain the following
relation for the Riesz measure p:

p(t) = At 4ot ), t — oo

Hence from the theorem of Riesz-Brelot [6] the order of the function u(z) is ps.
By the same theorem we see that the function u(z) can be represented in the form

u(z) = J(z,p) + P(z),

! From [3], [8] and [4] it follows that it is natural to estimate the remainder term on the average in such
kind of problems.



where the canonical potential is

J(:I:,p):—]o[(l 2|t|cosy—|—||2)_% 233 |f|] t(t),

0

7 is the angle between the vectors z and y, and P(z) is a harmonic polynomial of the degree
at most p.

Since u(x) is the function of non-integer order, without loss of generality we can discard
P(z), and therefore

u(z) = J(z,p).
It is easy to see that cosy = cosfs, hence

1

o == [ (12 o EE) - 57 g 2| 24,

Integrating by parts gives

u(z) = [— (1 —2% cos By + i |2)§ Z |x|n] @

0

+/u(t)i (ol |cos92+| |2 E ZB?’ (62) |x| dt = I,
dt |t t
0

0

+ L.

By the conditions of the theorem we have u(t) = 0 in the neighborhood {t < t¢}.

Consequently I;| = 0. By virtue of (2) the expression I;| =0 and hence I;| =0.

0 0
Next, taking into account expression (6) and using the assumption about the measure p,

we obtain

u(z) :]oﬂ(t)% {% [(1—2%’0056’2+—)

3 [ d 1 |z E Z \
— 1+1 3

1
2

233 (o)1 ”

} .
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where

| 2

1 E "I
[(x) = Ajtritt {Z [(1 - 2% cos By + f—2) - Z 32(02)%1 }
0

[e.o]

—Aj(p; + 1)/#’11 [(1 2|t| cos by + - |2)_§ - i&%(%)%} dt (8)

to

w(x):]o (t)jt{l [(1—2’]5—‘00502+—)

to

and

1
2

233 92 o ] }dt. (9)

From (2) and (8) we obtain the expressions for the main terms of the asymptotics of the
function u(x) :

o0 1

1 2
Fj:—Aj(PjﬂLl)!x\’”/Sp” [(1—2 cos bl + ) ZBSH? ] -

to

o0

1
=Aj(pj + )rP /s”le(—, s, p)ds.
s

to

Note that, as we know, V. Azarin [2] pioneered the establishment of the formula for T';
(the formula for the indicator of subharmonic functions of completely regular growth).

Now we will estimate the remainder term 1 (x). First of all we will consider this function
far away from the ray where the measure of u(x) is concentrated. Let the angle v between
the vector x and the ray {as = 0} be greater than some > 0. Then from (9) it follows that

2|z| o] 1
d |1 ]3:\ lz|>\ "2
D (IO P R i A R
/+/ w)dt{t[( : 2+
0 2|z|

p n
- 23,3(92)@] } i (10)
5 t
Using inequalities (3), (5) and estimate (7) we can obtain from (10) that
() = of|2*), |x] — o0 (11)

uniformly for % € 5,.

Now let us estimate t)(z) near the ray where the measure of the function u(x) is contai-
ned. To this end we decompose the ray [1,00) into the intervals of the form [2F 28+1) k €

{0,1,...}.



Assume that © = (z1,29,23), 21 = 13 = 0, x3 € [2F,28F1). Then from (9) we conclude

that
k=1 ok+2 1 p
d |1 || LR NI
/ / / d—{; [(1_27C0802+t—2 - ;Bn(%)t—" dt =

k—1 2k+2
:Agk) +Aék)+A:())k)

where the integral Agk) is understood in the sense of principal value for x3 =t.
Taking into account (5), we obtain

[e. 9]

e 4B < | T le) dt
ol P2 < laf > Y wla [
p+1 ok+2
2i+1
- dt
:\x]*PZZ(n—i-l \x!" / el |t”+1 <
p+1 J=k+2 ]
o 2J+1
<ol S Dl Y S / 27
p+1 j=k+2

Here 1/q + 1/¢' = 1. Consequently, in view of (7), it follovvs that

- k - n j(p2—n
|z| pz‘A:(3 )‘ < |a|*2 Z(n+ 1)|z] Z 0(2](P2 )) —
p+1 j=k+2
= 3 0@ 3 (4 120,
j=k+2 n=p+1
and hence
7721457 — 0, (12)
when |z — oo uniformly for 5 € 5.
Consider the expression Ag :
216—1 1
d |1 T2
AP = /a,o(t)dt{ [(1—2u00802+—) 233 0,) |t—]}dt:
1
2k—1
Jz] 3
sl 1 cos f 1Y) 2 cos f n+1
:/(p(]x‘\’) <_§(1_2 52+?> ( 2) 23362 n+2>d8:
1
Tz|
2k—1

n—+1

_ / o(s|z|) [_ (52—25c0502+1)_g (s — cosby) +ZB3 02) 2 ds.
1

||



Note that 0 < s < %, hence there exists a constant C' such that

ok—1
ok—1
d dt
s (o lewla )

spt+2 t thrl

. 1
27+1 q

<C\:z:!p§ / LUl R e
< " .

1 o

(Again 1/q + 1/¢' = 1.) Using estimate (7) we obtain from here that

k:
1AW = o (|z]72), || — oo,

uniformly for ﬁ € 5,.

Let us go over to the expression Agk :

ok+2 3
: 1 |z] ) |z]
A(2): /(p(t){—t—Q 1—2700502+t—2 1_7C0502 +

2k—1

+ZB392t|— )}dt:
7|

2\ 3
o(t) { t12 (1 — 2|—| cos s + |x_) (1 - % cos 92) } dt+

2k+2

+Z / (0B0:) 2 (0 + 1)t = A+ A

2k+2

J

2k—1

Estimates (5) and (7) give
4531 = 0 (ja1), |l = oo,

uniformly for ﬁ € 5,.

Now we begin to estimate the expression Aékl) It is easy to see that

ok
(k) t— T3
Ayr = / @(t)mdt-
2k—1
Moreover, A 1 and the integral

2rr 2k t)
~ © t t —
A(I) = / Tmtdtdoz xr = (l‘l,l’g,f&}),

0 9k—1

(12)



have the same bounds. Evidently the latter integral is the Riesz transform in the plane of
the function g (¢, ) = xx(t, @)% t), where (¢, ) is the characteristic function of the ring
{((t,a) : 2871 <t < 2,0 < @ < 27}, We will use the following theorem for the estimate
of A.

Theorem A (|7]). Let 2 be a homogeneous function of the degree 0 such that

where do is the area element of S,,_1, and

1
J)
sup |Q(x) — Qz /&dé < 0.
|z—a’|<6,|z|=|z'|=1 )
0
If f € LP(R™),1 < p < oo then the integral transformation
Q(y
@ = [ D=y, <0,

ly|>e

has the following properties:
a) lirré T.(f)(z) exists for almost every x.
£—

b) Let T*(f)(x) = sup |T.(f)(x)|. If f € L*(R™) then f — T*f has the weak type (1, 1).
0

>
c) If 1 < q < oo then |[|[T*f|l, < Cyl|f|l; where the constant C,; depends only on the
number q and the space dimension.

This theorem is valid for the Riesz transform. So applying Theorem A with Q(y) =
y/lyl, f = gx, we obtain that if 1 < ¢ < oo then in view of (7)

/ |A(r, 0y, 05)|7rdrdf; = o( R**7*?), R — oo,
R<r<2R,0,€[0,27]

uniformly for 6, € [0, 7]. Hence

/ |A(2k1) (r,61,0)|%drdb; = o(R”*""), R — oo,

R<r<2R,0,€[0,27]

uniformly for 0y € [0, 7.
The latter relation and (11)—(14) prove the theorem for the case 1 < g < c©.
If 1 < g < oo, then it follows from Theorem A that

mesFEy =: mes{z : |A§k1)| > g2} < g %(27F). (15)
Consequently by (11) - (14) we conclude that outside the set F = | J E) the remainder term
() = o(|z[*), |z| — oo.

Note, that if the sequence {g;}32, decreases sufficiently slowly then from (15), as it is easy
to see, it follows that E is Cjo-set.
Theorem is completely proved. O



Remark 1. We have established that the exceptional set can contain the whole ray. It is
natural since in the case R™, m > 2, the Riesz masses of a subharmonic function can in
general completely fill out a ray. This fact distinguishes the space and plane cases.

For subharmonic functions of integer order the analogous fact takes place. Namely,

Theorem 2. Let u(z) = u(r,60y,0,) be a subharmonic function of integer order in the space
R* = {y : y = (t,a1,as)} which Riesz masses concentrated on the ray {ay = 0} outside
some neighborhood of the origin {t < to},0 < to < 1. Let further for t > t,

p(t) = At Aot 4 (1),

where p; — 1 < pg < p1, A1 > 0, and the function ¢(t) satisfies estimate (7) for any q¢ > 1.
Then

1 00
1 1
u(r,01,02) = Ai(py + 1) /Cm_lH (2,92701 - 1) d¢+ /tm_lH (E,Qmpl) d¢ o+
to 1
Vi 1
+A2(p2 + 1)7,92 /CPQ_IH(Ea 027 p?)dC + ¢(T7 017 02)7
to
where the function ¢(x) = o(r”?),r — oo, uniformly for all T = 1z away from some Cjz-set.
If g > 1 then
[ W earan = o), R,

R<r<2R,0,€[0,27]

uniformly for 6, € [0, 7].

Remark 2. In the paper [2] the case of subharmonic functions of completely regular growth
was studied. The exceptional set appeared in this work is more massive than Cps. So
Theorems 1 and 2 give some generalization for the case of the one-term asymptotics as
well.
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