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We introduce the maximal function which is connected with the Muckenhoupt A1 condi-
tion. The estimate for the equimeasurable rearrangement is obtained in terms of this maximal
function. In particular, this estimate allows us to obtain the well-known Muckenhoupt lemma.
The connection between boundedness of such maximal function and continuity of the initial
function is investigated as well.
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ξ(f, δ) = sup
|Q|≤δ
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mη(f, x) = sup
Q�x

1

η(|Q|)

⎛
⎝ fQ

ess inf
y∈Q

f(y)
− 1

⎞
⎠ ,
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f(x), 0 < t ≤ |Q0| = 1,
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f ∗∗(t) =
1

t

∫ t

0

f ∗(s)ds, 0 < t ≤ |Q0| = 1.
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f ∗∗(t) ≤ fQ0 exp

(∫ 1

t

(
1 − 1

1 + c m∗
η(f, s)η(s)
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· ds

s
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f ∗∗(t)
f ∗(t)

≤ 1 + c m∗
η(f, t)η(t), �0!
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F1 = {x ∈ Q0 : f(x) > f ∗(t)}, F2 = {x ∈ Q0 : mη(f, x) > m∗
η(f, t)}, E = F1 ∪ F2.
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|Qk \ F2| ≥ |Qk ∩ cE| = (1 − ρ)|Qk| > 0
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fQk
≤ [1 + η(|Qk|)m∗

η(f, t)] ess inf
x∈Qk

f(x). �B!
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y∈Qk

f(y) ≤ f ∗(t)� ��������� 	� >! ��
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|Qk \ F1| ≥ |Qk ∩ cE| = (1 − ρ)|Qk| > 0.

��1���� 	� �B!� � �	�� �����	��
�	����	 �����		 f 	 

 �
�
�������	 f ∗� ������
�

t(f ∗∗(t) − f ∗(t)) =

∫
F1

(f(x) − f ∗(t))dx ≤

≤
∑

k

∫
F1∩Qk

(f(x) − f ∗(t))dx ≤
∑

k

∫
Qk

(f(x) − ess inf
y∈Qk

f(y))dx ≤

≤ m∗
η(f, t)

∑
k

|Qk|η(|Qk|) ess inf
y∈Qk

f(y) ≤ m∗
η(f, t)f ∗(t)

∑
k

|Qk|η(|Qk|). �C!
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∑
k

|Qk|η(|Qk|) ≤ η(|E|)
∑

k

|Qk| =
1

ρ
η(|E|)

∑
k

|Qk ∩ E| ≤ N

ρ
η(|E|) |E| ≤ 4N

ρ
η(t)t.
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f ∗∗(t) − f ∗(t) ≤ 4N

ρ
m∗

η(f, t)η(t)f ∗(t),
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A
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�� ����� |E| = 1" A� ��

t(f ∗∗(t) − f ∗(t)) ≤ fQ0 − ess inf
x∈Q0

f(x) ≤ η(1) inf
y∈Q0

mη(f, y) ess inf
x∈Q0

f(x).

)������ ��������� |E| = 1 ≤ 2t� �����	�

f ∗∗(t) − f ∗(t) ≤ 2η(2t)m∗
η(f, t)f ∗(t).
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(f ∗∗)′(t) = − 1

t2

∫ t

0

f ∗(s)ds +
1

t
f ∗(t) = −f ∗∗(t) − f ∗(t)

t
. �D!
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��
����� �� [ε, 1] 	

−
∫ 1

t

(f ∗∗)′(s)
f ∗∗(s)

ds = −
∫ 1

t

(ln f ∗∗(s))′ds = ln
f ∗∗(t)
f ∗∗(1)

.
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f ∗∗(t) = f ∗∗(1) exp

(∫ 1

t

f ∗∗(s) − f ∗(s)
f ∗∗(s)

· ds

s

)
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N = N(d) # ��������
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��������������� +�
 ��
� t ∈ (0; 1] 	� �0! 	�

�

f ∗∗(t) ≤ fQ0 exp

(∫ 1

t

(
1 − 1

1 + 4BN

)
· ds

s

)
= fQ0

1

t1−
1

1+4BN

.
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������� ω ∈ K �f ∈ Hω!� 
��	 |f(x) − f(y)| ≤ Cω(|x − y|) ��
 ��
�
x, y ∈ Q0�  �
 C = C(f)" @ 1��� ���� ���
 ��������
�� ����
�	
 Mη � ����� #
���
��
Hω" �
 �� �	�
��� ��� ��	 ����� η ∈ K �����
��	�� �����
�	
 Hη ⊂ Mη" /� �������

���
���
�	
� ��� ��������
� ��
���*	� ��	�
�� ����*
  ����
� �
 �
���"

�)���) �� ����� f(x) = ln x−1� 0 < x ≤ e−1" A� �� f[0;y] = f(y) + 1 	 f[0;y]/f(y) − 1 =
f−1(y)� 0 < y ≤ e−1" :���	�� f ∈ Mη(1) ��	 η(δ) = ln−1 δ−1� 0 < δ ≤ e−1� ��� ��
�	����
f /∈ Hη"
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 �� �� 
��	 η� ω ∈ K 	 η(δ) = o(ω(δ))� δ → +0� �� ����
��
 ����
 �����	
 g�
��� g ∈ Hω 	 g �∈ Mη" ��	�
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� �����
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�)���) !� ����� g(x) = 1 + ω(x)� 0 ≤ x ≤ 1� 	 η(δ) = o(ω(δ))� δ → +0" ;���� ���
g ∈ Hω" < ��� �� ��������

1

η(y)

⎛
⎝ g[0;y]

ess inf
x∈[0;y]

g(x)
− 1

⎞
⎠ =

1

yη(y)

∫ y

0

ω(x)dx ≥ 1

yη(y)

∫ y

y/2

ω(x)dx ≥

≥ 1

2η(y)
· ω

(y

2

)
≥ ω(y)

4η(y)
→ +∞, y → +0,

��� ��� g �∈ Mη"
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∫ 1

0

η(s) · ds

s
< +∞. �G!
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������� '���(�� �� Hω� �	


ω(δ) =

∫ δ

0

η(s) · ds

s
, 0 ≤ δ ≤ 1. �H!
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µ(f, δ) = sup
|Q|=δ

1

|Q|
∫

Q

|f(x) − fQ|dx, 0 < δ ≤ 1,
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∫ 1

0

µ(f, s) · ds

s
< +∞.
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������� �
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ω(g, δ) ≤ c0

∫ δ

0

µ(f, s) · ds

s
, 0 < δ ≤ 1,
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f ∗∗(+0) ≤ fQ0 exp

(∫ 1

0

cB

1 + cBη(s)
· η(s)ds

s

)
.

)������ ��	����
 �G!� ������
�� ��� f ∗∗(+0) < +∞� � 1�� ������	���� ��*
���
����
� ���	�
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�
�� ��
 ���	������� � ���� Q ⊂ Q0 ������
�

1

|Q|
∫

Q

|f(x) − fQ|dx =
2

|Q|
∫
{f<fQ}

(fQ − f(x))dx ≤ 2(fQ − ess inf
x∈Q

f(x)) ≤

≤ 2Bη(|Q|) ess inf
x∈Q

f(x) ≤ 2B ess sup
x∈Q0

f(x)η(|Q|).

)����� µ(f, δ) ≤ C(f)η(δ)� 0 < δ ≤ 1" <�
�����
����� � �	�� �
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������� �����		 	� Hω�  �
 ω ���
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������ �H!" A
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�� 0 ��������"

����$���� !� 7� �
��
�� 0� � ��������	� ��
��
�� ��� ��	 η(t) = tα �0 < α ≤ 1! �����
�����	� Mη ����� �����
���	�� � Hη"

I��	 �����	�
����
 �����	
 f ������� ��� ξ(f, ·) ∈ K� ��� ��
�	���� ��� f ∈ M ξ(1)"
A��	� �������� 	� �
��
�� 0 ����� ���
��
� ��
���*
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�,��*#��� !� ����� f ∈ L(Q0) � ξ(f, ·) ∈ K� ����
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∫ 1

0

ξ(f, s) · ds

s
< +∞.
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 f &����
�
���
 �
������� '���(�� �� Hω� �	


ω(δ) =

∫ δ

0

ξ(f, s) · ds

s
, 0 ≤ δ ≤ 1.
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