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It is proven that for a closed o-compact ideal I in a locally compact (Lawson) semilattice
S the quotient S/I is a topological (Lawson) semilattice. Also we construct several counterex-
amples showing that the above result cannot be improved. One is an example of a countable
subsemilattice S C R* containing a closed ideal I C S such that S/I fails to be a topological
semilattice. The other is an example of a metrizable locally compact locally countable Lawson
semilattice S of size | S| = X; containing a closed discrete ideal I such that the quotient S/T fails
to be a topological semilattice. Moreover, the quotient topology on S/I in the category of topo-
logical semilattices differs from the quotient topology in the category of Lawson semilattices.
This answers in negative a question of J.Lawson and B.Madison.

O. I'punue. Paxmopmonoaozuu Ha monosozuveckur nosypewemsar // Maremarnani Crymii.
—2005. — T.23, Ne2. — C.136-142.

Joka3aHo, 4TO Jjig 3aMKHYTOrO O-KOMIIAKTHOrO Ueaia | B JIOKAJbHO KOMIAKTHOH (J10-
YCOHOBCKOI1) nostypemierke S dakroppemerka S/ sBjasTcs TONOIOrUIECKOil (J0yCOHOBCKOIA)
oty pereTkoii. Takyke Mbl CTPOUM DsiJi KOHTPIPUMEDPOB, MOKA3BIBAIOIINX, 9TO ITOT Pe3yiib-
TAT HE MOXKeT ObITh yaydiieH. OIUH U3 HUX SBJISETCS MPUMEPOM CUYETHOM MOAIOIYPEIeTKN
S C R*, conepwxamieit 3aMkHyThiit umeasn I C S, Takoit, uto S/I He ABIAETCA TOMOTOTUYECKOT
oIy pereTkoit. JIpyroit aBisgeTcsa MpuMepoM METPHU3YeMOil JIOKAJIHLHO KOMIAKTHOU JIOKAJIHLHO
cuerHOl nosyperierku Jloycona S pasmepa |S| = Ny, cogepxxanieil 3aMKHYTbIH JUCKPETHBII
uznean I, rakoii, uro dbakroppenierka S/ He sBjseTCH TONOIOrUIECKO 1m0y pelerkoii. Bosee
roro, ¢akropronosorus Ha S/I B KaTeropuu TOMOJOMMYECKUX OJIyPEIIETOK OTIMYAETCH OT
¢baKTOPTOMOIOrNK B KATErOPUH MOIyPEIeTOK JI0yCcoHa. ITO JaeT OTPUIATE]bHBI OTBET Ha,
Bompoc k. Jloycona u b. Menucona.

It is well known that for a closed normal subgroup H of a topological group G the
quotient group G/H endowed with the quotient topology (that is the strongest topology
making the quotient homomorphism ¢: G — G/H continuous) is a topological group as
well. Surprisingly, but in the category of topological semigroups such a result is not valid
even in the simplest case of the quotient semigroup S/I of a topological semigroup S by
a closed ideal I C S, see [2], |7, 2.7]. In this paper we discuss this phenomenon in the
category of topological semilattices, that is topological spaces S endowed with a continuous
associative commutative idempotent operation V: S x S — S (the operation V is idempotent
if Vz =z forall z € S). Each semilattice S carries a partial order < induced by the
semilattice operation: x <y if z Vy = x.
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Now let us recall the notion of the quotient space in the category of topological spaces. If
I is a subset of a topological space S, then the quotient of S by I is the set S/I = S\ TU{I}
endowed with the strongest topology making the quotient map ¢: S — S/I continuous. This
topology consists of sets U C S/I whose preimages ¢~!(U) are open in S. It is well-known
that the quotient space S/I is Hausdorff if S is regular and I is closed in S.

If S is endowed with a continuous semilattice operation and I is a closed ideal of S, then
on the quotient space S/I one can introduce a unique semilattice operation V;: S/IxS/I —
S/I such that the quotient map ¢: S — S/I is a semilattice homomorphism. The image of
I under ¢ is a one-point set consisting of the smallest element of S/I.

Then the question arizes whether the semilattice operation on S/I is continuous with
respect to the quotient topology? The answer to this question is not definite. A positive
result in this direction can be found in [2, p.50] (see also [5], [7]), where it is proved that the
quotient semigroup S/I of a o-compact locally compact semigroup S by a closed ideal I is
a topological semigroup.

It turns out that in the case of topological semilattices the o-compactness of S can be
weakened to the o-compactness of the ideal I.

Recall that a Lawson semilattice is a topological semilattice admitting a base of the
topology consisting of subsemilattices.

Theorem 1. Let S be a locally compact (Lawson) semilattice and let I be a o-compact
closed ideal of S, then S/I is a (Lawson) topological semilattice.

Proof. Denote by ¢q: S — S/I the quotient map. According to |7, 2.1] in order to prove that
S/1 is topological semilattice, it is sufficient to verify that the map ¢x¢q: SxS — S/I xS/I
is quotient. Consider a set U C S/I x S/I whose preimage W = (¢ x ¢)~*(U) is an open set
in S x S. We need to show that U is open in S/I x S/I. Given a point (¢(a),q(b)) € U, we
shall find its neighborhood in U.

If a,b € S\ I, then choose neighborhoods O(a),O(b) C S\ I of the points a, b such that
O(a) x O(b) C W\ I x I. Since the map ¢q: S — S/I is quotient and O(a) = ¢~' o0 ¢(O(a)),
the image ¢(O(a)) is open in S/I. By analogy, ¢(O(b)) is open in S/I. Then their product
q(O(a)) x q(O(b)) is an open neighborhood of (a,b) in S/I x S/I so (q(a),q(b)) € q(O(a)) x
q(O(b)) C U.

Consider another case a,b € I. Then I x I C W . Since the ideal I is locally compact
and o-compact there exists a sequence {k,} of compact subsets of I such that I = | J, .y Ky
and K,, C int(K,;) for each n € N (see [4, Ex. 3.8.C.]). Applying the Wallace Theorem
(see [4, p. 220]) to the product K; x Ky C W, we could find an open neighborhood V; C S
such that the closure V; C S is compact and K; x K1 € V; x Vi € V; x V; € W. The
set Ko V' V] is compact and Ko V Vi C I . Again by the Wallace Theorem, there exists a
neighborhood Vo C S of Ky V V; such that (Ko V V) x (Ko V VL) CVax Vo CVax Vo CW.
Define recursively an increasing sequence of open subsets {V,} of S such that

e V), is compact;

o K, CV,CV,and V, x V,, C W;

° Kn+1 \/Vn C Vn+1 - Vn+1.

The set V = J.—, V,, is an open neighborhood of I in S with V' x V' C W and ¢(V) is
an open neighborhood of {7} in S/I, with (g(a), q(b)) € ¢(V) x q(V) C U.

If a € S\ Iand b€ I we use the same arguments as in the previous case, since {b} is
compact, we can apply the Wallace Theorem.



For the proof of the “Lawson part” we shall need two lemmas, the first of which belongs
to D.Lawson [6]. The second lemma will substitute the Wallace Theorem in the preceding
argument.

Lemma 1. Every compact subset K of a locally compact Lawson semilattice S lies in a
compact subsemilattice of S.

Lemma 2. For any compact subsemilattice K of a locally compact Lawson semilattice S
and any neighborhood U of K there exists an open subsemilattice O(K) of S with compact

closure O(K) such that K C O(K) C U.

Proof. Without loss of generality we can assume that U is compact because for every open
set V containing K there exists an open neighborhood U such that K Cc U C U C V and U
is compact. By Lemma, 1, there exists a compact subsemilattice L containing U. It is known
that each compact Lawson semilattice is isomorphic to a subsemilattice of the Tychonov
cube [0,1]" with pointwise max as the semilattice operation [6]. So we can identify L with
a subsemilattice of [0,1]". Observe that K and L\ U are disjoint compact subsets of the
Tychonov cube. Then by the definition of the product topology on [0,1]" there is a finite
index set A C 7 such that the projections pra(K), pra(L \ U) of K and L\ U onto the
A-face [0,1]" are disjoint (here pry: [0,1]7 — [0,1]" is the coordinate projection). Then the
complement W = [0,1]* \ pra(L \ U) is a neighborhood of the subsemilattice pr(K) in the
finite-dimensional cube [0,1]".

Observe that pr'(W)N L C U. It remains to find an open subsemilattice V. C V C W
containing pra(K) and to take the preimage L N pr'(V) C U. For this endow the cube
[0,1]" with the max metric d((z;)iea, (yi)ica) = maxiea |2; — y;|. It is easy to verify that for
each € > 0 the e-neighborhood

Blpra(K), ) = {:zc € [0,1)* : d(z, pra(K)) < s}

is an open subsemilattice of [0, 1] (this follows from the inequality d(max(z, y), max(z/, y')) <
max {d(z,2'),d(y,y')} holding for all z,y € [0,1]*). Then we can choose € > 0 so small that
the closure V of the the e-neighborhood V = B(pra(K),e) of pra(K) in [0,1]" lies in W.
Its preimage pr;' (V) N L = O(K) is the required neighborhood of K. Since O(K) is an

open subset of U and U is open in S, O(K) is open in S. Moreover O(K) C pr;'(V)NL C
pry'(W)NnLcCU. O

Now we are able to continue the proof of Theorem 1. We need to show that for each point
x € S/I and for each neighborhood U of = there exists an open subsemilattice O(z) such
that x € O(xz) C U. The semilattice S is Lawson, so there exists a base B(S) of the topology
on S consisting of subsemilattices. Hence for z € S/I\ {I} and for any neighborhood U of
x there exists an open subsemilattice O(z) € B(S) such that z € O(x) CU\ I C U.

For the point x = {I/} and a neighborhood U of {I} let us consider the neighborhood
q Y(U) of I in S. We shall construct an open subsemilattice O € B(S) with I ¢ O C ¢ }(U).
Then the open subsemilattice ¢(O) will satisfy the condition {I} € ¢(O) C U.

As stated above I = UneN K, where K,, are compact subsets of I and K, C int(K,1)
for each n € N. By Lemma 1, the compactum K7 lies in a compact subsemilattice L; C I.
Moreover by Lemma 2, there exists an open subsemilattice O(L;) C S with compact closure

O(Ly) such that Ly € O(Ly) C U. Since [ is a closed ideal in S, O(L;)UI is a locally compact
semilattice. By Lemma 1, the compact subset O(L;) U K3 lies in a compact subsemilattice




Ly, € O(L1) Ul C U. By Lemma 2, Ly lies in an open subsemilattice O(Ly) C S with
compact closure O(Ly) C U.

Continuing in this way we shall construct inductively sequences (L, ) of compact subsemi-
lattices of S and (O(L,,)) of their neighborhoods such that K, 1 UO(L,) C L, C O(L,)UI
and L1 C O(Ly41) C O(Lp+1) C U. Then the open subsemilattice O = |J.-, L, C U is
the desired neighborhood of 1. O

Now we shall construct some examples showing that the conditions of the local and o-
compactness in Theorem 1 are essential. Our first example shows that the local compactness
cannot be weakened to the Cech-completeness (we recall that a topological space X is Cech-
complete if X is a Gj-set in its Stone-Cech compactification, see [4, §3.9]).

Example 1. Consider the 4-dimensional Euclidean space R* as a topological semilattice
endowed with the coordinatewise maximum-operation. There is a subsemilattice X C R*
containing a closed ideal I C X such that X/I endowed with the quotient topology fails
to be a topological semilattice. Moreover, the space X, being a Gs-subset of R, is Cech-
complete.

Proof. By T we denote the Gs-subset T = {t,,,, : 0 <n <m} Uty of the plane, where
too = {(0,0)}, thm = (2%”, 2%), for n,m € N, and endowed with a semilattice operation

tom V tes = max(ty m, tey) = (max(%n, 2%), max(%m, %)) The set T looks as follows:

'too

Observe that T is a subsemilattice of the plane R? endowed with the coordinatewise max-
operation. Let S = {0, —27" : n > 0} be an increasing sequence convergent to the point
Coo = 0 € Sp. Let us consider the product X = T x Sy x N endowed with the semilattice
operation

(tnms Ciy §) NV (tnr s €55 5') = (max(ty s, b ), max (¢, ¢;) , max (4, 7)) -

The set X is a subsemilattice of the Euclidean space R* with respect to coordinatewise max-
operation and I = T'x{0} xNis a closed ideal in X. Denote by ¢: X — X/I the quotient map
and endow X /I with the quotient topology, i.e. the maximal topology making ¢ continuous.
To demonstrate that the semilattice operation on X/I is not continuous at ({I},{I}) we
will produce an open neighborhood U of I in X such that for any open neighborhood V' of
I in X, the product V'V V is not contained in U. Let U = X \ {(tnm;Cm,n) : m >n > 0}
and observe that U is an open neighborhood of 1.

Suppose that V' is an open set in X containing I, then V' is a neighborhood of the point
(oo, Coo, 1). Consequently there are ny, j; € N such that (t,,,,¢;, 1) € V for all m >n > ny



and j > j;. Since V is a neighborhood of the point ({4, ¢oo, 71 ), there exists my; > max{ji,n;}
such that (tw,c;,n1) € V for all j > my. Let us consider the product of two points z =
(tnymys Cmy, 1) and y = (oo, Gy, n1) from the set V:

rVy= (tm,mu Cmy nl) §§ U,
which implies VVV ¢ U. -

Our next example answers in negative a question posed in |7, p.20]: if S is locally compact
topological semigroup and I is a closed ideal of S, is S/I a topological semigroup? In the
following example Sy = {0, =27 : n € w} is the convergent sequence on the line.

Example 2. There is a discrete uncountable well-ordered set (B, <) such that for the closed
discrete ideal I = B x N x {0} in the product S = B x N x S the quotient S/I fails to be
a topological semilattice. Also, S is metrizable, locally compact, and locally countable.

Proof. On the set N* of all number sequences we consider the preorder: (z,) <* (y,) if
xn <y, for all sufficiently large n. Let B C N* be a subset of increasing sequences which is
unbounded in N* with respect to the preoder <*. The latter means that for each (x,) € N¥
there is (y,) € B such that (y,) € (x,). For example we can take for B all the set N“.

Endow the set B with the discrete topology and a well-order < and consider the set
S = B x N x Sy endowed with the semilattice operation

(b,n,s)V (b',n',s") = (max (b,b") , max (n,n’) ,max (s, s")) .

Then I = B x N x {0} is a closed ideal in S and S is a locally compact locally countable
metrizable space.

We claim that the quotient topology on S/I is not a semilattice topology. For this
consider the closed subset F = {(b,n, 1) : k < b,} of S/I (we recall that elements b = (b,)
of B are sequences!) Assuming that the quotient topology is a semilattice topology we would
find an open neighborhood V' C S/I of {I} such that V'V V C (S/I)\ F. For each b € B
and n € N find a number k (b,n) € N such that (b,n,1) € V for all k > k (b,n). Let a be
the smallest element of B with respect to the well- order <. Since B is unbounded, there is a
sequence b = (b,) € B such that (b,) £* (k(a,n)),_,. Consequently, there is n € w such that
b, > max (k(b,1), k(a,n)). Consider the pomts (a,n ) e V and (b, 1 ) € V. Their

’ k( "D &1 b 1)
product must belong to (S/I)\ F. But (a,n, k(an ) (b1, T b1 =) = (b,n, m) eF
by the definition of F' and the inequality b, > max (k (b, 1) k( n)). O

The construction of Example 2 implies that I can be taken of cardinality b equal to the
smallest size |B| of subset B of N which is not bounded with respect to the preoder <*.
It is clear that 8y < b < ¢. The position of the cardinal b on the interval [Ny, ¢] depends
on some set-theoretic assumptions. In particular, b = ¢ under Martin Axiom but there are
models of ZFC with ®; = b < ¢ [1],[3],[8].

In this context, one could ask if there is an example of a locally compact semilattice S
and a closed discrete ideal I C S of the smallest possible uncountable size |I| = N; such
that S/ fails to be a topological semilattice. The answer is positive if 8; = b. However, the
same can be proved in ZFC alone.

Our last example will have some additional features. To describe them let us observe
that in additon to the quotient topology a semilattice S/I carries at least two other natural



topologies. One of them is the strongest topology on S/I making the quotient map ¢: S —
S/I as well as the semilattice operation on S/I continuous. This topology will be called the
quotient topology in the category TopSemilattice. Under the quotient topology in the category
LawsonSemilattice we understand the strongest topology on S/I such that S/I is a Lawson
semilattice and the quotient map ¢: S — S/I is continuous.

Example 3. Let exp_,, (¥1) be the semilattice of all finite subsets of the uncountable cardinal
N; endowed with the discrete topology and the semilattice union operation U. Let S =
exp.,, (Ny1) x Sy, where Sy = {0, % in € N} is a convergent sequence. Endow the set S with
the semilattice operation (A,y)V (A, y") = (AU A, min (y,y’)) and consider the closed ideal
I =exp_, (N;) x {0} in S. Then

(1) the quotient topology on S/I is not a semilattice topology;

(2) the quotient topology on S/I in the category of topological semilattices does not coincide
with the quotient topology in the category of Lawson semilattices.

Proof. (1) Identifying 8; with a subset of [0, 1] we can find a metric d on Ny, turning X, into
a metric separable space. In the semilattice S consider the closed subset

F={({a,b},2)eS:abeN, a#b, L>d(a,b)}

missing the ideal I. Then its complement U = S\ F is an open neighborhood of I. Assuming
that the quotient topology on S/I is a semilattice topology we would find an open nei-
ghborhood V' of I in S such that V' V'V C U. For each element ({a},0) € I find n(a) € N
such that ({a},2) € V for all n > n(a). Then the set X; can be written as a countable
union Ny = |J, oy An, where A, = {a € R : n(a) = n}. Since X; is uncountable, the set A,
is uncountable for some n € N. Being an uncountable subset of the separable metric space
(Ny,d), the set A, contains two distinct points a,b € A, with d(a,b) < % Then the point
({a,b}, 1) € F. On the other hand, ({a,b},2) = ({a},2) Vv ({0},2) e VVV C U\ F,
which is a contradiction.

(2) In order to prove the second item we shall construct a semilattice topology 7 on S/I
such that the semilattice operation V: S/I x S/I — S/I is continuous, and show that there
is a T-open neighborhood U of {I} in S/I containing no subsemilattice W > {I}, open in
the quotient topology.

Each point of the set S\ {7} is isolated in 7, while the neighborhoods of the distinguished
point {I} of S/I are of the form:

Uany = {{I},(4,2) :n>a},

where a, A run over natural numbers.

Let us show that 7 is a semilattice topology. In order to prove the continuity of the
operation V on (S/1, 7) fix a pair of points x¢, yo € S/I and a neighborhood U (Vo) of their
product and show that there exist neighborhoods V' (xg), V(yo) such that V(z¢) V V(yo) €
U(ZEO V yo).

If 2o = yo = @0 V yo = {I}, then we can find a, A € N with U,y C U(xoV 40). Let b =a
and = \2. We claim that Vo)V Vi) C U, i.e. for any elements (A, %) , (B, %) € Vo
their product (AU B, —-—) belongs to U, ). Assume that |A| > |B|. Then max(n,m) >

’ max(n,m)
n > bl = b(p2Az > p(plAUBhz = p(pz)AYBl = gAAUBI and thus (AU B,m) €
U(a)\) C U(ZEO V yo).



If zg = (Ao,n—lo) # {I} and yo = {I}, then let V(zg) = {xo} and V(yo) = Up).
where b = max(ng,aX?!) and y = A. Take any y = (B, L) € Ugy,,) and consider the

product zo Vy = (Ay U B %) Observe that max(ng, m) > m > bulBl > a4l \IBl =

> max(ng,m

aXlAHIBl > g \l4VUBI g0 (A4 U B, m) € U,y

Therefore 7 is a semilattice topology. It follows from the definition that the quotient
topology 7" on S/I in the category TopSemilattice is stronger that 7. This implies that
each set Uy .y, a, A € N, is open in 7'. Assuming that 7’ is a Lawson topology we would
find an open subsemilattice L C U containing the point {/}. For each a € ®; we can
find n (a) € N such that ({a},2) € L for all n > n(a). Because of uncountability of X;,
for some n € N the set A, = {a € 8y : n(a) =n} is uncountable. Take any finite subset
F C A, of size |F| > n. Then (F, %) is the product of ({a} , %), a € F, in the semilattice L.

Consequently (F, %) € LCUgp and n > 2Fl > 27 which is a contradiction. O
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