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We characterize groups in which no non-trivial section is perfect without infinite properly

descending series of non-“abelian-by-finite” subgroups.
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� ¡¢£¤¥¦§¤¦¤̈©ª«¬G £¤¦­£®­¢£¦§¢̄ ­°­̄ ¤±²ª°³­¦­ª°ª°°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢·£«¶̈©ª«¬£®̧ª©£§ª©¦¹­°́AFº­®®ª©¢»¢©¥¬©ª¬¢©±¥³¢£²¢°³­°̈ ²§¤­°{Gn|n ∈ N} ª®£«¶̈©ª«¬£­°
G
¦§¢©¢¢¼­£¦£¤°«̄ ¶¢©n0 ∈ N

£«²§¦§¤¦Gn

­£¤°¤¶¢±­¤°́¶¥́®­°­¦¢£«¶̈©ª«¬®ª©¤°¥­°¦¢̈¢©n ≥ n0½¾»¢©¥̄ ­°­̄ ¤±°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ­̧½¢½°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬¿­¦§¤¶¢±­¤°́¶¥́®­°­¦¢¬©ª¬¢©£«¶̈©ª«¬£ºG £¤¦­£®­¢£¹­°́AF ½À°¤£¢©­¢£ª®¬¤¬¢©£ª®Á½Á½Â¢±¥¤¢»ÃÄÅÆÂ½Â©«°ªÃḈÈÅÆÂ½Â©«°ª¤°³É½¾½Ê§­±±­¬£ÃËÅ§¤»¢¬©ª»¢³¦§¤¦¤ ­̄°­̄ ¤±°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬­£¤°­°³¢²ª̄ ¬ª£¤¶±¢ ¢̄¦¤¶¢±­¤°̈ ©ª«¬ª©¤ÌÍ¤©­°̈ ©ª«¬£̧¢¢¢½̈ ½ ÌÍ¤©­°Î£¢¼¤̄ ¬±¢ÃÏÆ¬½ÄËÇÅº½Ð̈©ª«¬G
­£­°³¢²ª̄ ¬ª£¤¶±¢­®¤°¥¦¿ª¬©ª¬¢©£«¶̈©ª«¬£ª®G ¢̈°¢©¤¦¢

¤¬©ª¬¢©£«¶̈©ª«¬ª®G½Ñª¦¢¦§¤¦¢¤©±­¢© ©̈ª«¬£¿­¦§¦§¢̄ ­°­̄ ¤±²ª°³­¦­ª°ª°°ª°́¤¶¢±­¤°
£«¶̈©ª«¬£§¤»¢¶¢¢°£¦«³­¢³¶¥Ò½Ñ½ÌÍ¢©°­Óª» £̧¢¢ÃÔÅº¤°³Á½Ê½ÌÒ«°Óª»ÃÕÅ¤°³£ª±»¤¶±¢©̈ª«¬£¿­¦§¦§¢ ­̄°­̄ ¤±²ª°³­¦­ª°ª°°ª°́µ°­±¬ª¦¢°¦́¶¥́®­°­¦¢·£«¶̈©ª«¬£¶¥¦§¢¤«¦§ª©ÃÖÅ½À°¦§­£¬¤¬¢©¿¢²§¤©¤²¦¢©­×¢ ©̈ª«¬£­°¿§­²§°ª°ª°́¦©­»­¤±£¢²¦­ª°­£¬¢©®¢²¦¤°³¿§­²§
£¤¦­£®¥¹­°́AF ½Ñ¤̄ ¢±¥Æ¿¢¬©ª»¢
>ØÙÚÛÙÜ ÝÞßG àÞáâãäåæçèéêçëêèäèäèìßãçíçáîïÞëßçäèçïæÞãðÞëßñòêÞèG

ïáßçïðçÞïóçèìAF
çðáèôäèîõçðçßçïäðäèÞäðßêÞðäîîäéçèâßõæÞïö

÷çø
G
çïáèáàÞîçáèìàõìðçèçßÞâãäåæù÷ççø

G ëäèßáçèïáèäãúáîïåàâãäåæH äððçèçßÞçèôÞûïåëêßêáß

H = H0 · H1 · . . . · Hn (n ≥ 1),

�lllü_Z[\]_ZYaWýUeþ\aZÿ̀_WWYgYa_ZYT̂��l�op��l�o���l���
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çïáúÞßáàÞîçáèHM∗ìâãäåæ�H ′

i = H ′ ≤ H0 (i = 1, . . . , n)�H0

çïáèáàÞîçáèâãäåæéçßêßêÞôçíçïçàîÞ
�Þãèç�äí�åäßçÞèßâãäåæH0/H
′ áèôçðk 6= s (1 ≤ k, s ≤ n)�ßêÞè

π(Hk/H
′) ∩ π(Hs/H

′) = ∅ñ
�§©ª«̈§ª«¦¦§­£¬¤¬¢©Æp ­£¤¬©­̄ ¢ÆCp∞

¤�«¤£­²¥²±­²p´̈ ©ª«¬¤°³G′
¦§¢²ª̄ «̄¦¤¦ª©

£«¶̈©ª«¬ª®¤̈ ©ª«¬GÆπ(G) ¤£¢¦ª®¤±±¬©­̄ ¢£¿§­²§³­»­³¢¦§¢ª©³¢©£ª®¦ª©£­ª°¢±¢̄ ¢°¦£­°G½É¢²¤±±¤±£ªª°¢²ª°£¦©«²¦­ª°®©ª̄ ÃÄ�Å½�¢¦G = M o Q
¶¢¤£¢̄ ­³­©¢²¦¬©ª³«²¦ª®¤°

¤¶¢±­¤°q′ £́«¶̈©ª«¬M ¤°³¤�«¤£­²¥²±­²q £́«¶̈©ª«¬Q½�§¢°M
­£¤©­̈§¦

ZQ´̄ ª³«±¢Æ¿§¢©¢¦§¢¤²¦­ª°­£­°³«²¢³¶¥¦§¢²ª°�«̈¤¦­ª°ª®Q ª°M½Ð£­°ÃÄ�ÅÆ­®{Vλ|λ ∈ Λ}
­£¤²ª̄ ¬±¢¦¢

£¢¦ª®©¢¬©¢£¢°¦¤¦­»¢£®ª©¦§¢­£ª̄ ª©¬§­£̄ ¦¥¬¢£ª®­©©¢³«²­¶±¢
ZpQ´̄ ª³«±¢£Æ¿¢»­¢¿Vλ

¤£
ZQ´̄ ª³«±¢£¤°³³¢°ª¦¢¶¥E(Vλ)

¦§¢
ZQ

­́°�¢²¦­»¢§«±±ª®Vλ½�¢¦

Vλ(n) = {v ∈ E(Vλ)|p
nv = 0} ¤°³Vλ(∞) = E(Vλ).

�§¢°Vλ(n) (n = 0, 1, . . . ,∞)
­£³¢¦¢©̄ ­°¢³«¬¦ª­£ª̄ ª©¬§­£̄ ¶¥λ ¤°³n £̧¢¢ÃÄ�Åº½¡¢¿­±±¤±£ª«£¢ª¦§¢©£¦¤°³¤©³¦¢©̄ ­°ª±ª̈¥®©ª̄ ÃÏÅ½

� �ª©¦§¢°¢¼¦¿¢°¢¢³¦§¢®ª±±ª¿­°̈ ±¢̄ ¤̄£½DÙÜÜ�� ÝÞßG àÞáâãäåæßêáßïáßçïðçÞïóçèìAF áèôH
çßïïåàâãäåæñòêÞè÷çø

H
ïáßçïðçÞïóçèìAFù÷ççøçð

H
çïèäãúáîçèG�ßêÞèßêÞ�åäßçÞèßâãäåæG/H

ïáßçïðçÞïóçèìAFù÷çççøçð
H
çïáèäãúáîèäèì�áàÞîçáèìàõìðçèçßÞ�ïåàâãäåæ� ßêÞèG/H

ïáßçïðçÞïßêÞúçèçúáî
ëäèôçßçäèäèïåàâãäåæïñ

������¾»­³¢°¦½
DÙÜÜ�  ÝÞßG àÞáèäèìæÞãðÞëß÷çñÞñG′ 6= G

øâãäåæéçßêáàÞîçáèìàõìðçèçßÞæãäæÞãèäãúáîïåàâãäåæïñòêÞèG
ïáßçïðçÞïóçèìAF

çðáèôäèîõçðçßçïäðäèÞäðßêÞðäîîäéçèâßõæÞïö
÷!ø

G
çïáèáàÞîçáèìàõìðçèçßÞâãäåæù÷"ø

G
çïáúçèçúáîèäèì�áàÞîçáèìàõìðçèçßÞ�âãäåæù÷#ø

G = G′
o S�éêÞãÞS ∼= Cp∞�G′ = S1 × · · · × Sn (n ≥ 1)

çïáp′ìïåàâãäåæáèôáâãäåæôçãÞëßæãäôåëßäððçèçßÞîõúáèõáàÞîçáè$õîäépi
ìïåàâãäåæïSi

áèôáãçâêß
ZSìúäôåîÞ

Si

çïáúäôåîÞôçãÞëßïåúäððçèçßÞîõúáèõïåàúäôåîÞïÞáëêçïäúäãæêçëßäïäúÞVλ(m)
(i = 1, . . . , n; 1 ≤ m ≤ ∞)ù÷%ø
G = AoS

çïáúÞßáàÞîçáèâãäåæ�éêÞãÞS
çïáúçèçúáîèäèì�áàÞîçáèìàõìðçèçßÞ�pìâãäåæ�

A
çïáèäãúáîáàÞîçáèp′ìïåàâãäåæäðG áèôG/S ′

çïáâãäåæäðßõæÞ(3)ñ
������(⇐)

­£­̄ ¢̄³­¤¦¢½
(⇒) 1)

�­©£¦¿¢¤££«̄ ¢¦§¤¦G/G′
­£°ª¦¤°­°³¢²ª̄ ¬ª£¤¶±¢ ©̈ª«¬½�§¢°G = AB

­£
¤¬©ª³«²¦ª®¦¿ª¤¶¢±­¤°́¶¥́®­°­¦¢¬©ª¬¢©°ª©̄ ¤±£«¶̈©ª«¬£A ¤°³B½Ò­°²¢A ©̧¢£¬¢²¦­»¢±¥
Bº²ª°¦¤­°£¤°¤¶¢±­¤°G

­́°»¤©­¤°¦£«¶̈©ª«¬A1
©̧¢£¬¢²¦­»¢±¥B1ºª®®­°­¦¢­°³¢¼Æ¿¢ª¶¦¤­°¦§¤¦G = A1B1½Ð£¤²ª°£¢�«¢°²¢ÆG ­£¤°­±¬ª¦¢°¦ ©̈ª«¬¤°³¦§¢©¢®ª©¢G′K 6= G

®ª©¤°¥
¬©ª¬¢©£«¶̈©ª«¬K ª®G½�§­£ ¢̄¤°£¦§¤¦K

­£¤°¤¶¢±­¤°́¶¥́®­°­¦¢£«¶̈©ª«¬¤°³­°»­¢¿ª®
�§¢ª©¢̄ Âª®ÃÄÅG ­£¦§¢ª°¢½

2)
Ñª¿±¢¦G/G′

¶¢¤°­°³¢²ª̄ ¬ª£¤¶±¢ ©̈ª«¬¤°³£ª­¦­£¤²¥²±­²p´̈ ©ª«¬ ­̧°¿§­²§
²¤£¢G

­£¤°¤¶¢±­¤°́¶¥́®­°­¦¢̈ ©ª«¬ºª©¤�«¤£­²¥²±­²p´̈ ©ª«¬®ª©£ª̄ ¢¬©­̄ ¢p½Ð££«̄ ¢¦§¤¦
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G/G′ ∼= Cp∞½À®D ­£¤¬©ª¬¢©¤¶¢±­¤°G
­́°»¤©­¤°¦£«¶̈©ª«¬ª®®­°­¦¢­°³¢¼­°G′Æ¦§¢°G/DG′′­£¤°¤¶¢±­¤° ©̈ª«¬Æ¤²ª°¦©¤³­²¦­ª°½�§­£ ¢̄¤°£¦§¤¦G′

­£¤°¤¶¢±­¤°£«¶̈©ª«¬½Ò­°²¢G£¤¦­£®­¢£¹­°́AF Æ­¦²ª°¦¤­°£¤£«¶̈©ª«¬S ¿§­²§­£¤̄ ­°­̄ ¤±°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬½
¢°²¢G = G′S½Ò«¬¬ª£¢¦§¤¦S 6= G½�¢¦G = G/(G′ ∩ S) = G
′

o S½À¦­£¢¤£¥¦ª£¢¢¦§¤¦G £¤¦­£®­¢£
¦§¢ ­̄°­̄ ¤±²ª°³­¦­ª°ª°°ª©̄ ¤±£«¶̈©ª«¬¹­°́n ¤°³£ªÂ¤¢©�§¢ª©¢̄ ÃÏÆ�§¢ª©¢̄ Ë½ÇËÅ¤°³�§¢ª©¢̄ Ç½Äª®ÃËÅ­̄ ¬±¥¦§¤¦G

­£¤±ª²¤±±¥®­°­¦¢ ©̈ª«¬½À®G
­£¤p´̈ ©ª«¬Æ¦§¢°­¦­£ÌÍ¢©°­Óª»£̧¢¢ÃÏÄÆ¬½ÄËÏÆÍª©ª±±¤©¥ÇÅº½�§­£¥­¢±³£¦§¤¦G

­£¤°­±¬ª¦¢°¦ ©̈ª«¬¤°³¿¢ª¶¦¤­°
¤²ª°¦©¤³­²¦­ª°½�©ª̄ ¦§­£­¦®ª±±ª¿£¦§¤¦G′ ­£¤p′ £́«¶̈©ª«¬½�«©§¥¬ª¦§¢£­£¤°³�§¢ª©¢̄ Â
ª®ÃÄÅ ­̈»¢¦§¤¦G′

­£¤π £́«¶̈©ª«¬®ª©£ª̄ ¢®­°­¦¢£¢¦ª®¬©­̄ ¢£π ¤°³G = A o QÆ¿§¢©¢¢­¦§¢©Q = S
­£¤ ­̄°­̄ ¤±°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢·p´̈ ©ª«¬ª©Q ∼= Cp∞ÆA ­£¤p′ £́«¶̈©ª«¬ª®G′½Ñª¿¤££«̄ ¢¦§¤¦Q

­£¤�«¤£­²¥²±­²p £́«¶̈©ª«¬½�¢¦q ∈ π ¤°³B
¶¢¤Ò¥±ª¿q £́«¶̈©ª«¬ª®G′½Ò­°²¢BoQ

­£¤°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬¿­¦§¹­°́AF Æ­¦¤±£ª£¤¦­£®­¢£¹­°́n¤°³¦§¢©¢®ª©¢¶¥�§¢ª©¢̄ Ðª®ÃÄ�Å¤©­̈§¦
ZQ´̄ ª³«±¢B

­£¤̄ ª³«±¢³­©¢²¦£«̄ ª®®­°­¦¢±¥̄ ¤°¥
£«¶̄ ª³«±¢£¢¤²§­£ª̄ ª©¬§­²¦ª£ª̄ ¢Vλ(n) (1 ≤ n ≤ ∞)½�§«£G

­£¤̈ ©ª«¬ª®¦¥¬¢(3)½À®
Q
­£¤ ­̄°­̄ ¤±°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬Æ¦§¢°°ª¦³­®®­²«±¦¦ª£¢¢¦§¤¦G/S ′

­£
¤̈ ©ª«¬ª®¦¥¬¢(3)½�§¢±¢̄ ¤̄­£¬©ª»¢³½
EÚÛÚ���Û
� �ðG

çïáâãäåæéçßêóçèìAF
çèéêçëêèäèäèìßãçíçáîïÞëßçäèçïæÞãðÞëß�ßêÞèçßçïëäåèßáàîÞáèôîäëáîîõðçèçßÞñÀ®

G′
­£¤§¥¬¢©²¢°¦©¤±£«¶̈©ª«¬¤°³G/G′

­£¤³­»­£­¶±¢ÌÍ¢©°­Óª»p´̈ ©ª«¬Æ¦§¢°G
­£²¤±±¢³

¤°HM∗´̈ ©ª«¬̧£¢¢ÃÄÄÅ¤°³ÃÖÅº½Ð°¥̈ ©ª«¬ª®
¢­°¢Ó¢°́¹ª§¤̄ ¢³¦¥¬¢ ­̧½¢½°ª°́°­±¬ª¦¢°¦©̈ª«¬¿­¦§¤±±¬©ª¬¢©£«¶̈©ª«¬£°­±¬ª¦¢°¦¤°³£«¶°ª©̄ ¤±º­£¤°HM∗´̈ ©ª«¬½@��Ü��Ù� �¢¦p1, . . . , ps, p
¶¢³­£¦­°²¦¬©­̄ ¢£ÆYi

¦§¢£¬±­¦¦­°̈ ®­¢±³ª®¦§¢¬ª±¥°ª̄ ­¤±£
xpn

−1 (n ∈ N ∪ {0})ª»¢©¦§¢®­¢±³Zpi
ÆA = Y1⊕· · ·⊕Ys

¤©­°̈³­©¢²¦£«̄ ½Â¥�§¢ª©¢̄ Ç½Ëª®ÃÄÇÅ¢»¢©¥Yi

§¤£¤°ª°¦©­»­¤±¤«¦ª̄ ª©¬§­£̄ σi (i = 1, . . . , s)½�§¢°R = A[x; σ1, . . . , σs]/(xm)
(m ≥ 2)Æ¿§¢©¢

(a1, . . . , as)x = x(a1
σ1 , . . . , as

σs)®ª©¤±±¢±¢̄ ¢°¦£(a1, . . . , as) ∈ AÆ­£¤£¢̄ ­¬¢©®¢²¦©­°̈¿­¦§¦§¢«°­¦ ©̈ª«¬
U(R) = (1 + J(R)) o (Y1

∗ × · · · × Ys
∗).

¹ª©¢ª»¢©Æ1+J(R)
­£¤°­±¬ª¦¢°¦π £́«¶̈©ª«¬Æ¿§¢©¢π = {p1, . . . , ps}Æ¤°³¦§¢̄ «±¦­¬±­²¤¦­»¢

©̈ª«¬Y ∗

i
ª®Yi

­£¤p′i
£́«¶̈©ª«¬¿§­²§²ª°¦¤­°£¤�«¤£­²¥²±­²p £́«¶̈©ª«¬Hi

ª®®­°­¦¢­°³¢¼½
�¢¦A ¤°³X

¶¢¤§ª̄ ª̄ ª©¬§­²­̄ ¤̈¢ª®A ¤°³x
­°RÆ©¢£¬¢²¦­»¢±¥½Ð££«̄ ¢¦§¤¦m = 2½�§¢°(1 + Xf)−1 = 1 − Xf ¤°³¦§¢²ª̄ «̄¦¤¦ª©

[1 + Xf, u] = (1 − Xf)u(1 + Xf)u−1 = 1 + X(u1 − u)fu−1

®ª©¤±±¢±¢̄ ¢°¦£f ∈ A¤°³u ∈ Y1
∗×· · ·×Ys

∗Æ¿§¢©¢uX = Xu1

®ª©£ª̄ ¢u1 = (u11, . . . , u1s) ∈
Y1

∗ × · · · × Ys
∗½Ò­°²¢A = (u1 − u)Au−1

®ª©£ª̄ ¢u, u1 ∈ H1 × · · · × Hs
¿­¦§u1i 6= 0

®ª©¤±±
i (1 ≤ i ≤ s)Æ¿¢²ª°²±«³¢¦§¤¦

[1 + J(R), H1 × · · · × Hs] = 1 + J(R).
�©ª̄ ¦§­£­¦®ª±±ª¿£¦§¤¦

G = (1 + J(R)) o (H1 × · · · × Hs)



�o� �����������	
�

­£¤°HM∗´̈ ©ª«¬®ª©¤°¥m ≥ 2½À®s = 1 ¤°³m = 2Æ¦§¢°G
­£¤ÌÍ¤©­°̈ ©ª«¬¶¥�¢̄ ¤̄Ä

ª®ÃÄ�Å½DÙÜÜ�� ÝÞßG àÞáèHM∗ìâãäåæñòêÞèG
ïáßçïðçÞïóáûìAF

çðáèôäèîõçðçßçïúÞßáàÞîçáèñ
������(⇐)

Ò­°²¢¦§¢�«ª¦­¢°¦ ©̈ª«¬G/G′
­£ÌÍ¢©°­Óª»¤°³G′

­£¤°¤¶¢±­¤°£«¶̈©ª«¬Æ¿¢²ª°²±«³¢¦§¤¦G £¤¦­£®­¢£¹­°́AF ½
(⇒)

À®
G′
­£°ª¦¤¶¢±­¤°́¶¥́®­°­¦¢Æ¦§¢°­°»­¢¿ª®�¢̄ ¤̄Ç­¦²ª°¦¤­°£¤£«¶°ª©̄ ¤±

°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢·£«¶̈©ª«¬S ¿­¦§¤±±¬©ª¬¢©°ª©̄ ¤±£«¶̈©ª«¬£¤¶¢±­¤°́¶¥́®­°­¦¢½Â«¦
�¢̄ ¤̄Ç¥­¢±³£¦§¤¦S

­£°ª¦¤§¥¬¢©²¢°¦©¤± ©̈ª«¬¤°³¿¢ª¶¦¤­°¤²ª°¦©¤³­²¦­ª°¿­́
¦§¦§¢§¥¬¢©²¢°¦©¤±­¦¥ª®G′½�§­£ ¢̄¤°£¦§¤¦G′

­£¤°¤¶¢±­¤°́¶¥́®­°­¦¢£«¶̈©ª«¬¤°³Æ¤£¤²ª°£¢�«¢°²¢Æ­¦­£¤¶¢±­¤°Æ¤£³¢£­©¢³½
  :ÛÚÚ�Ú�>ØÙÚÛÙÜ (⇐)½¾»­³¢°¦½

(⇒)½Ò«¬¬ª£¢¦§¤¦G
­£¤°ª°́µ¤¶¢±­¤°́¶¥́®­°­¦¢· ©̈ª«¬½Â¥�¢̄ ¤̄ÇGÆ§¤£¤³¢£²¢°³­°̈£«¶°ª©̄ ¤±£¢©­¢£

G = G0 . G1 . · · · . Gn = S,

¿§¢©¢S
­£¤ ©̈ª«¬¿­¦§¤±±¬©ª¬¢©°ª©̄ ¤±£«¶̈©ª«¬£¤¶¢±­¤°́¶¥́®­°­¦¢¤°³¶¥�¢̄ ¤̄Ä

Gj/Gj+1

­£¤ÌÍ¢©°­Óª»̈ ©ª«¬(j ∈ {0, 1, . . . , n − 1})½
�¢¦x ∈ Gn−1½�§¢°Sx / Gn−1

¤°³²ª°£¢�«¢°¦±¥S ′
C Gn−1½Â¥Dn−1

¿¢³¢°ª¦¢¤
£«¶̈©ª«¬ª®®­°­¦¢­°³¢¼­°Gn−1

£«²§¦§¤¦Dn−1/S
′
­£¦§¢³­»­£­¶±¢¬¤©¦ª®Gn−1/S

′½�§¢°
D′

n−1 = S ′½Ò­°²¢Dn−1D
y
n−1/S

′
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̂iSTUVWXYZ[_e\̀Y_̂cefcgŶ YZ\VSTV\SWUeiSTUVW�� ��
��
���
����
k�n
��kor�mn�	r	q�l	



 �P�� �
RSUVVYYaUYWTZZTiSUVVYVSTVSYaT̂Z\̂iT̂TÛ WTZZTiSUVVT Ŷ̀VTZ\̂Z\bYŶ bYa\gŶ YZT�����
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