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We introduce the notion of composite growth function and provide examples that illustrate
fundamental properties of these growth functions. We provide examples of Mealy automata that
have composite non-monotonic growth functions of the polynomial growth order. We described
examples of Mealy automata that have composite monotonic growth functions of intermediate
and exponential growth. Questions concerning the relationship between the notions “composite”
and “non-monotonic” of a Mealy automaton growth function are formulated.

U. U. Pesnukos. Cocmashovie u nemonomonnsie gynryun pocma asmomamos Muau // Mate-
maruanai Crynii. — 2004. — T.22, Ne2. — C.202-214.

B craTbe BBeIEHO MOHSATHE COCTABHOM (DYHKIUM POCTA U MPEACTABIIEHBI IPUMEDBI, KOTOPHIE
UJITIOCTPUPYIOT OCHOBHBIE CBOMCTBA TakuxX GyHKImi. PaccMoTpeHsl mpuMepsl aBToMaToB Mu-
JI C COCTABHBIMU HEMOHOTOHHBIMU (PYHKIUAMHU POCTA IMOJHHOMHUAIBHOIO Hopsaka. OmnucaHbl
npuMepsl aBTOMAaTOB Muin ¢ COCTABHBIMU MOHOTOHHBIMY (DYHKIIUSIMH POCTA IIPOMEXKYTOTHOTO
¥ 9KCIOHEHITHAJIBHOrO MOPAAKOB. IlocTaBieH BOIPOC O B3aMMOCBS3M MOHATHI “cocTaBHasgs” u
“HeMoHOTOHHAs” (DYHKIHS pocTa aBToMara Muwm.

1. Introduction. The notion of growth was introduced in the middle of the last century
[14], [10] and was applied to various geometric, topological and algebraic objects [2] [15].
Mainly, growth functions of studied objects are non-decreasing monotonic functions of a
natural argument [2]. For example, the growth function of a semigroup (group) at a point n,
n > 0, equals a number of different semigroup elements of length n. Obviously, the growth
function of an arbitrary semigroup is a non-decreasing monotonic function.

Growth of Mealy automata have been studied since the 80th of the 20th century [3], [6],
and it closely interrelated with growth of automatic transformation semigroups (groups) defi-
ned by them [6]. However, the growth functions of the Mealy automaton and the correspondi-
ng semigroup have different properties; for example, they may have different growth orders
[12]. In the paper we consider a special type of growth functions of Mealy automata —
composite growth functions.

A composite function is a function such that it can be described by different expressions on
infinite non-overlapped intervals. There exist Mealy automata that have composite growth
functions of various growth orders. Moreover, some of these automata have non-monotonic
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growth functions. There were not known Mealy automata that have non-monotonic growth
functions (see the survey [7], and [13], [11], etc.).

Preliminaries of the theory of Mealy automata are listed in Section 2. The notion of
composite function is introduced in Section 1. In Section 2 we provide several examples of
Mealy automata that have non-monotonic growth functions of the polynomial growth order.
In addition, the Mealy automata with composite growth functions such that one of its finite
differences consists of doubled values, are provided in Section 3. The theorems concerning the
main properties of these automata are formulated, and we list these theorems without proofs.
They can be proved by using the technique similar to that of [11] (see also [12]). We are
planning to publish the proofs of these theorems in subsequent papers. For convenience, the
propositions, where the normal form of semigroup elements are formulated, are provided for
the most complex of the considered automata. Moreover, questions concerning the composite
growth functions are appeared, and some of them are mentioned in Section 4.

I would like to thank Igor F. Reznykov and Alexandr N. Movchan, who helped to find
the automata that are considered in the paper.

2. Preliminaries. The basic notions of the theory of Mealy automata and the semigroup
theory can be found in many books, for example [5], [4], [8], [3]. We use definitions from [12].

2.1. Mealy automata. Denote the set of all finite words over X,,,, including the empty
word ¢, by the symbol X*  and denote the set of all infinite (to right) words by the symbol
Xv. We write a function ¢: X, — X,,, as

(d(zo) d(x1) ... dlam) ).

Moreover, we have in mind N ={0,1,2,...}.

Let A = (X, Qn, ™, A) be a non-initial Mealy automaton 9] with the finite set of states
Qn={q,q,---,q_1}, the input and output alphabets are the same and equal X,,, 7: X, X
Q. — Q, and \: X, X @, — X,, are its transition and output functions, respectively. The
function A can be extended in a natural way either to the mapping A\: X\, x Q, — X, or
to the mapping A\: X¢ x @, — X%. The transformation f,: X}, — X (fq: Xz — X¥),
defined by the equality fq(u) = A(u,q), where u € X}, (v € X%), is called [5] the automatic
transformation defined by A at the state q. The automaton A defines the set

Fy = {f(IO’f(Il’ ce 7an—1}

of automatic transformations over X”. Each automatic transformation defined by the automaton
A can be written in the unrolled form

fQi = (fﬂ(wo,qi)’ fﬂ(wl,qi% RRE) f""(l'mfla‘h)) Og;5

where i € {0,1,...,n— 1}, and oy, is the transformation over the alphabet X,, defined by
the output function A:

Og; = ( )\(CCO,qz) /\(.’Iﬁl,qz) e /\(.’Bm_l,qi) ) .

Let us define the set of all n-state Mealy automata over the m-symbol alphabet by the
symbol A, wm. The product of Mealy automata is introduced [3] over the set of automata
with the same input and output alphabet X,, as their sequential applying. Therefore for
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the transformations fq, 4, and fq, 45, 91 € Qn,, 92 € Qn,, the unrolled form of the product
f(a1,a2),41x 4, 18 defined by the equality:

f(ﬂl,qz),A1><A2 = fQ1,A1fQ2,A2 = (QOa g1, 7gm—1) 0q1,410q2,A42>
where g; = fm(aqz ay(@i),a1) A fmo(2ia2),400 @ € {0,1,...,m — 1}, and all transformations are

applied from right to left.

The power A" is defined for any automaton A and any positive integer n. Let us denote
by A™ the minimal Mealy automaton, equivalent to A”. From the definition of the product
it follows that ‘QA(H)‘ < |Qal"™.

Definition 1 ([6]). The function 4 of a natural argument, defined by
Ya(n) = [Qum]|, n €N,
is called the growth function of the Mealy automaton A.
2.2. Semigroups.
Definition 2. Let A = (X,,, Q,, 7, A) be a Mealy automaton. The semigroup
Sa =59 (faor fars- > fans)
is called the semigroup of automatic transformations defined by A.

Let S be a semigroup with the finite set of generators G = {so, s1, ..., Sg_1}. The elements
of the free semigroup GV are called semigroup words [8]. In the sequel, we identify them

with the corresponding elements of S. Denote the length of a semigroup element s by the
symbol £(s).

Definition 3. The function v of a natural argument such that
vs(n HsES‘E(s)Sn}

is called the growth function of S with respect to the system G of generators.

,neN;

Definition 4. The function 74 of a natural argument such that

vg(n HSGS ‘ S = 8§, Siy---Si,, S ,neN,
is called the sphemcal growth function of S with respect to the system G of generators.
Definition 5. The function (55 of a natural argument such that
ds(n |{SES|£ —n}‘,nEN,
is called the word growth functzon of S with respect to the system G of generators.

From Definitions 3, 4 and 5, the following inequalities hold for n € N:

ds(n) < 7s(n) Zas

Similarly, from Definition 2 it follows [6] that
v4(n) =75, (n), n € N.

2.3. Growth functions. The growth of some object is defined by functions of a natural
argument. One of the most used characteristics of these functions is the notion of growth
order.
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Definition 6. Let 7;: N — N, i € {1,2}, be arbitrary functions. The function -; has

growth order not greater than the function 7, (notation 7; = 72), if there exist numbers
C1,C5, Ny € N such that
1 (n) < Ci172(Can)

for any n > Nj.

Definition 7. Growth functions 7; and ~» are equivalent or have the same growth order
(notation y; ~ 72), if the inequalities ; < 72 and 7, < 7, hold.

The equivalence class of the function  is called the growth order and is denoted by the
symbol [v]. The growth order [7] is called

1. polynomial, if [y] = [n?] for some d > 0;
2. intermediate, if [n?] < [y] < [e"] for all d > 0;
3. exponential, if [y] = [e"].

It is often convenient to encode the growth function of a semigroup in a generating series.

Definition 8. Let S be a semigroup generated by a finite set G. The growth series of S is
the formal power series

The power series

can also be introduced; we then have Ag(X) = (1 — X)['s(X). The series Ag is called the
word growth series of the semigroup S.
The growth series of a Mealy automaton is introduced similarly:

Definition 9. Let A be an arbitrary Mealy automaton. The growth series of A is the formal
power series

TaA(X) =) yaln)X".

n>0

3. Composite growth functions Let us introduce the concept of composite growth
function in the following way. Let v: N — N be an arbitrary function, and let £ > 1 be
a positive integer. Let us define the functions v;: N — N, ¢ € {0,1,...,k — 1}, by the
equalities:

vi(n) =v(k-n+1i),n e N,

We say that the function v is composite, if there exists integer k£ > 2 such that at least two
functions from the set

{70771, o ,’)’k—l}

can be defined by different expressions.

Let us fix the notation. Let A be an arbitrary Mealy automaton. Let us denote the
semigroup of automatic transformations, defined by A, by the symbol S4, and the growth
functions of A and S4 by the symbols v4 and g, , respectively. If 74 is a composite function
for some integer k, then let us denote its “parts” by the symbols v4,, i € {0,1,...,k — 1}.
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T1, T, T, T
Zo, Ty, Zo, T1 o, Lo
1, Zo

Fig. 1: The automaton A

Let v be an arbitrary function, and let us denote the i-th finite difference of v by the symbols
@ §>1, 1
YW i > 1, e,

() = 5(m) —5(n 1),
Y9(n) =4V (n) =7V (n - 1),

where 1 > 2, n > i+ 1.

Let us consider an example of Mealy automaton with the composite growth function.
Let A; be the 3-state Mealy automaton over the 2-symbol alphabet whose Moore diagram
is shown on Figure 1. Its automatic transformations have the following unrolled forms:

fo = (fo, f1) (x1, 1), fi = (fo, f2) (x1, 1), fi = (f1, fr) (zo, o) -

The following theorem holds:

Theorem 1. 1. The semigroup Sa, has the following presentation:

fifo = fofe, fifi = fifofe, i € {0,1};
Sa={ fo.f fof =13, f2f0f1:f22fj:f2fo27j€{0,172};
4 1 fo =13, f8fa= 13, fofafd = fofifofo; '
fifofafo = fifofe, fof§ = fof§

2. The growth function 4, is a composite function for k = 2, and is defined by the
following equalities:

Yaro(n) =23-2"72 — 1, Yara(n) =32-2"72 — 1,
where n > 2, %41(1) =3, 7A1(2) =38, 74, (3) = 14.

It follows from Theorem 1 that the growth function 4, has the exponential growth order
and can be written as

(n) = 23-2"774—1, if n is even;
T 32.2"° —1, ifn is odd:;

where n > 4. The normal form of elements of Sy, is declared in the following proposition:

Proposition 1. An arbitrary element s of S4, has the following normal form

s=5"- (fofo)" (fifo)” (fof)?® (fufo)P* ... (fofo)P™ ™ (fufo)?™ - s",

where s' € {1, fo, fo}, s" € {1, fo, f1, 1, [1fS, fof3, fofafifofa}, and k > 1, py,pay, > 0,
pi>0,1€42,3,...,2k — 1}, £(s) > 1.
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90 qQ
To,Tg
Lo, T T1,T9
1,1 Lo, Lo
T, Tg T3,T

T3,Tg

Fig. 2: The automaton A,

4. Non-monotonic growth functions. The conception of a composite function allows
us to construct easily non-monotonic functions. For example, let £ = 2 and 7 be a function
such that v;(n) = 1 and 72(n) = 2. Obviously, 7 is non-monotonic. Below we consider the
2-state Mealy automata over the 4-symbol alphabet, that have non-monotonic growth functi-
ons of constant, linear and square growth. There exist automata that have non-monotonic
growth functions of other polynomial growth orders, but their consideration requires more
technical details.

4.1. The automaton A, of constant growth. Let A, be the Mealy automaton defined
by the Moore diagram on Figure 2. Its automatic transformations have the following unrolled
forms:

fo= (fo, fo, fo, fo) (!1?1,171,51?0,51?0), fi= (f07f17f17 fl) (5130,5132,130,5131) .

The automaton A; has a non-monotonic growth function of the constant growth order, and
the graph of v4, is shown on Figure 3. The following theorem holds:

Theorem 2. 1. The semigroup Sa, has the following presentation:

fofi= foftfi=f3, 1 €{0,1}; f2f5 = fof1 £3, > '

Sz = < Jo 1 ‘ flfoflfg - f14 = f13f0, (f1f0)4 = (f1f0)2

2. The growth function 4, is a composite function for k = 2, and is defined by the
following equalities:

7142,0(”) = GO, 7142,1(”) = 9a
where n > 2; 7A2(1) = 2a 7A2(2) = 4a 7A2(3) =

4.2. The automaton A; of linear growth. Let us consider the automaton As, whose

=

4
) /
2

01284567 891011121314 151617 1819 20 21 22 23 24 25 26 27 28 29 30

Fig. 3: The growth function of A,
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90 qQ
To, T3
Lo, T T, 2y
X1, Ty T, Ty
Lo, Ty T3,To

T3, Ty

Fig. 4: The automaton Aj

Moore diagram is shown on Figure 4. Its automatic transformations have the following
unrolled forms:

fo= (fo, fo, fo, fo) (331,332,332,332), fi= (fo,f1,f1, f1) (2133,!130,372,372) .

The automaton Az have the non-monotonic linear growth function, and the graph of 74, is
shown on Figure 5. The following theorem holds:

Theorem 3. 1. The semigroup Sa, has the following presentation:

fofi= ffs = 15,1 €{0,1}; fofifo = fo, >
f0f12f0:f3) f13f0f1:f1f0f13 '

2. The growth function 4, is a composite function for k = 2, and is defined by the
following equalities:

SA3 - < anfl

Yago(n) =4n, va,1(n) =5n+1,
where n > 1 and y4,(1) = 2.

4.3. The automaton A, of square growth. Let A, be the automaton such that
its Moore diagram is shown on Figure 6. Its automatic transformations have the following
unrolled forms:

fo= (fo, fo, fo, fo) ($O7x07$17$1)a fi= (f07f17f1, fl) (5132,5133,500,5131) .

The automaton A4 has a non-monotonic growth function of square growth, and the graph
of 4, is shown on Figure 7. The properties of A4 are formulated in the following theorem:

Theorem 4. 1. The semigroup Sy, is infinitely presented and has the following presentati-

on:
f3fi =13, fufofifi = fifofi, i € {0,1}, > ‘

foffpﬂfo = fofifo,p>1 (1)

Sa, = < fo, f1 ‘

. A

VA
A

40
30 /\/ N

01234567 89 1011121314151617 1819 20 21 22 23 24 25 26 27 28 29 30

Fig. 5: The growth function of Aj
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90 qQ
T, Lo
Zo,Tg T,T3
1, To Lo, Lo
Lo, Ty T3,T

T3,T

Fig. 6: The automaton Ay

2. The growth function 74, is a composite non-monotonic function defined by the following
equalities:

7 3
Yag0(n) = 4n* — 5n +6,n > 2, Yaga(n) = 5712 4 §n +2,n>0

and y4,(2) = 4. The function 74, has the square growth order.
From the defining relations (1) the proposition follows:

Proposition 2. An arbitrary element s of S, admits a unique minimal-length representati-
on as a word of one of the following forms

foffp1 (fof1)p2 -8

where p; > 1, py > 0, s € {1, f1, fo, fé}, except the combination py =1, po =0,s' =1, or
1 (fofr)™ -8,

Wherepl Z OJ D2 Z 1; sl € {17f1’f07f02}7 Oor ps = OJ D1 Z 07 SI € {fl?fO?f(?}'

5. Growth functions with doubled finite differences. In this section we consider
composite growth functions such that one of its finite differences consists of doubled values.
We consider the sequence {B,,, m > 3} of Mealy automata of polynomial growth, and two
Mealy automata of the intermediate and the exponential growth orders.

5.1. The automata {B,,, m > 3} of polynomial growth. Let B,,, m > 3, be the
2-state Mealy automaton over the m-symbol alphabet (Figure 8), and the unrolled forms of
the automatic transformations fy = fy 5,, and fi = f,, B, are defined in the following way:

fo= (fmfo,fbfo, .- 7f0,f0) (5131,500,5132,5173, .- 'a$m727xm71)7
fi= (f07f1,f17f1, .- 7f1,f1) (5131,502,5133,5174, .- -,$m71,xm71)~

/

-
/

400

300

200

100

0123456 78 91011121314151617 1819 20 21 22 23 24 25 26 27 28 29 30

Fig. 7: The growth function of A4
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Lo Ty
To, Ty Tg, T T, T
L1, %0 L9, X3
.’I/'3, .’I/'3 e
v Tip—2,Tm—1
T—1y Tm—1 Tr—1y Tm—1

Fig. 8: The automaton B,,

Theorem 5. 1. For any m > 3 the semigroup S,, has the following presentation:

Sp, = fo, f1 | fP=Fft ffofv=10 ),
b= fo fr | fi= f1f0f12, fi plflfofl A2 fp >0,

H (hfh = H (fLfe) frfof2,
= < f07f1 H (flf() )flf()fl = H (flfOl)f()fl, >

z_

pi>0,ie€{1,2,...,m—3}

All semigroups Sg,, for m > 4 are infinitely presented.

2. For m > 3 the growth function g, is defined for alln > 1 by the following equalities:

we-2(1)0 % ()2 ()5 ()

(2)

Here [r] denotes the integer part of the real number 7, and we assume that < Z ) =0

ifk>norn<0.
The following proposition holds in the semigroup Sg,,.

Proposition 3. The normal form of the element s of Sp,, is one of the following words

glflfé)zfl . f(l))k—lfl é%
where 1< k<m-—1,p; >0,i€{1,2,...,k}, £(s) > 1, and
§1f1f52f1 N pm 2f f2pm lflf(‘;)my
where p; > 0,1 € {1,2,...,m}.
The corollary follows from Theorem 5.

Corollary 1. 1. For all m > 3 the function vy, has the growth order [n™!].
2. The (m — 2)-th finite differences of yp,, are defined by the equality

(m=2) () [n -m+1

B, 5 }—I—2, where n > m — 1.
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Ty, Zo

Fig. 9: The automaton As

It follows from (2) that for any m > 4 the equalities hold:

79 (n) = ys,,(n) — van—lz

i ngi

w

/N
3

|

—

N———
_I_

Y
3

|

[\

o~

|

[\

N——
|
)
™
3
—
N
|
=

where n > 2. The growth function 7p, is defined by the equalities
(n) = n?+n+1, ifnis even;
VBs\Tt) = in? +n+3, ifnisodd.
Hence, joining two last equalities, one has

) = (- 3) = [P g [P

for any m > 3, n > m — 1. Therefore, the (m — 2)-th finite difference of g, consists of
doubled values, i.e. for any even integer n, n > 0, the equality holds:

fyg::z)(n +m) = 7](37:7’172)(71 +m—1).

5.2. The automaton A; of intermediate growth. Let As be the 3-state Mealy
automaton over the 2-symbol alphabet such that its Moore diagram is shown on Figure 9.
The following theorem holds.

Theorem 6. 1. The semigroup Sa, is an infinitely presented monoid, and has the follow-
ing presentation:

IR (721%) =
>. (3)

SA5 :< 17f0af1 i=k
P2k+1f 1—[<f12Z 1f0> k>0p€{0 1}

2. The growth series I' 4,(X) of A5 and the growth series I's, (X) of S, coincide and are
defined by the equality

P4, (X) = Tpy (X) =

:ﬁ<1+1i{){ <1+1i(§(2’ <1+1i(;4 <1+1i(;‘8(1+ )>>>>
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T1, I
Lo, I Zos Lo Zos Lo Z1, Lo

1, Zo

Fig. 10: The automaton Ag

The properties of the growth function 74, are formulated in the following corollary.
logn
Corollary 2. 1. The growth function 74, has the intermediate growth order [nﬂogz}.

2. Let us define 7533(0) = 71(423(1) = 75423(2) = 1. The second finite difference of ~ya, is
defined by the following equality

’7A5 Z 7,45 ‘ a n Z 3. (4)

The system of defining relations (3) implies the following normal form.

Proposition 4. Each semigroup element s of S4, can be written in the following normal

form:
2 Pr— z+(

2k
w g S Dy f gy ity et o
where k > 0, p; > 0,1 € {0,1,...,k}.

71p1+(2’“*

The growth series for the second finite difference AT 4, (X) can be easily constructed
by using the expression for I' 4, (X):

DT 46(X) = D (X7 +25(0) + 9 (DX + ()X =

— (1= X)PTay(X) — (1= X)74,(0) = X (745(1) — 74,(0))—
— X%(745(2) = 2745(1) +745(0)) + 1+ X + X? =

X X? Xt X*#
=14+ (1 1 1 1+... .
+1—X<+1—X2<+1—X4<+1—X8(+ )>)>

The right-hand series of the last equality are the formal series for the numbers of partitions
of n, n > 1, into “sequential” powers of 2, that is yffg(n) equals the cardinality of the set

k .
{pO)pla"'apk ‘ k20)2p1222n7p121a0§2§k}
=0

Equality (4) is well-known for these partition numbers [1]. Therefore, the second finite di-

fference of v4, consists of doubled values, i.e. for any even integer n, n > 2, the equality
holds:

Vi (n) = 74 (n — 1).
5.3. The automaton Ag of exponential growth. Let Ag be the 3-state Mealy
automaton over the 2-symbol alphabet such that its automatic transformations have the
following unrolled forms:

fo = (fo, fo) (z1,20) fi = (f1, f2) (zo, 21) f2 = (f1, f2) (w0, o) .
The Moore diagram of Ag is shown on Figure 10. The following theorem holds.
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Theorem 7. 1. The semigroup Sa, has the following presentation:

_ f2:1,f2f1:f1f2:f2:f2
S“‘ﬁ‘<f°’f1’f2 ‘ 12 = f2, fofofufofa = fufofifofs >

2. The growth series ' 4,(X) of Ag admits the description

Ty (X) = ﬁ <2X 14

3. The growth series I's, (X) of Sa, is defined in the following way

1+ X+ X3
1—X2-X4)°

1 1+ X+ X3
g, (X)= (X >

(1-X)? 1—X2— X4

Let us define the Fibonacci numbers by the symbols ®,,, where ®,, = ®,, 1 +®,, 2, n > 2,
and &y = ®; = 1. It follows from Theorem 7 that the growth function 4, can be written in
close form and the following corollary holds.

Corollary 3. The growth function 74, is defined by the following equalities:

2
7A6(n) = { (I)[

The growth function 74, has the exponential growth order.

46 + (I)[%]+4 —2n — 18, ifn is even; )
]-1—6 + 2(1)[2]_1_4 —2n — 18, if n is odd.

D[S N3

Let n be any positive integer, and represent n = 2k, when n is even, and n = 2k + 1,
when n is odd. From (5) it follows that for any k& > 0 the following equalities hold:

75416)(% +1) = ®pyq — 2, 75}2(% +2) =205 — 2,
and, using the previous equalities, we have
Y2k +1) = Brpr, YD (2k+2) = By

Hence, the second finite difference 4, consists of doubled values and for all even integer n
the equality holds:
@y =~ 1
6. Final remarks. There are some questions that concern the composite non-monotonic
growth functions of Mealy automata.

1. Does there exist a Mealy automaton such that its composite growth function includes
“parts” of different growth orders?

2. Does there exist a Mealy automaton which has the non-monotonic growth function of
the intermediate or the exponential growth order?

3. Does there exist a Mealy automaton such that its growth function is non-monotonic,
but is not a composite function (in the sense of Section 3)?
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