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Recently, E.D. Tymchatyn and M.M. Zarichnyi constructed a continuous extension oper-
ator for partial ultrametrics on a zero-dimensional compact metrizable space. This extension
operator preserves the maximum of two ultrametrics but fails to preserve the homogeneity.
The aim of this note is to provide a continuous homogeneous operator that extends partial
ultrametrics and preserves norms.
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D . Tevaarers 1 M.M. 3apudHBIN TOCTPOWAN HENPEPHIBHBIA OMEPATOP ITPOIOIKEHNA
VABTPAMETPUK, 3a1aHHBIX Ha 3aMKHYTHIX OJMHOXKECTBAX HYJIbMEPHOI'O METPU3YEMOT'O KOM-
MaKTHOTO MTPOCTPAHCTBA. JTOT OMEPATOP TPOJOIKEHNUSA COXPAHAET MAKCHMyM IBYX VJIbTpa-
MeTPpUK, HO He sABJAseTcss ogHopomHbiM. ek 3TOl cTaThm — MOCTPOEHNE HENPEPHLIBHOT O
OTHOPOHOT'O OTlepaTopa, IPOAOMKAIOIIETO yIbTPAMETPUKN 1 COXPAHAOIIET 0 HOPMY.

1. Introduction. The problem of extension of metrics has a long history. Here we briefly
recall some results in this direction. The first result on the topic was proved by Hausdorff [1].
C. Bessaga [2] systematically considered the problem of existence of operators that extend
(pseudo)metrics and preserve some algebraic and topological properties of the space of (pseu-
do)metrics. The problem was solved affirmatively by T. Banakh [3] (see also the survey [4]
for related results).

Recently, a general problem of simultaneous extension of partial (pseudo)metrics was
considered in [5]. Note that S. Mazurkiewicz [6] was the first who considered simultaneous
extensions of metrics defined on the nonempty closed subsets of a compact metrizable space.
In [7] E.D. Tymchatyn and M. Zarichnyi considered the problem of simultaneous extension of
partial ultrametrics defined on the nonempty closed subsets of a zero-dimensional compact
metrizable space. The main result of [7] states that there exists a continuous extension
operator for partial ultrametrics that preserves norms (and, in particular, is continuous),
suprema, and the Assouad dimension. It turned out, however, that the extension operator
constructed in [7] is not homogeneous. M. Zarichnyi formulated a problem of existence of
a homogeneous operator that extends partial ultrametrics defined on closed subsets of a
compact zero-dimensional metrizable space.
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In this note we prove that there exists a homogeneous extension operator for partial
ultrametrics that preserves norms and suprema.

2. Preliminaries. A metric p on a set Y is called an ultrametric if p(x,y) < max{p(z, z),
p(z,y)} for all x,y,z € Y. For a metrizable space X there exists a compatible ultrametric if
and only if dim X = 0 (see, e.g., [8]). Let X be a zero-dimensional compact space. Consider
the space exp X of all nonempty compact subsets of X equipped with the Vietoris topology.
This topology has as a base all sets of the form

<V1,...,Vn>:{A€eXpX:AC UVk, Aﬂ%;«é@forallk},

k=1

where Vi,...,V, is a finite family of open subsets of X.
For a compatible metric d on X the Vietoris topology on exp X is generated by the
Hausdorff metric dy,

dir(A, B) = max {sup d(a, B), sup d(b, A)} .

a€A beB

For a nonempty compact subset A of X let Y M(A) be the set of continuous ultrametrics
defined on A and let

UM = J{UM(A): A€ exp X, |A] > 2}

be the set of all partial ultrametrics (we impose the condition on the cardinality of the domain
in order to avoid trivialities). We assume that every ultrametric p € UM is identified with
its graph I', € exp(X x X x R). We write dom p = A if p € UM(A). For every p € UM
let ||p|l = max{p(x,y) : x,y € dom p}. For every A € exp X the set UM(A) is closed
under the operation of pointwise maximum, max: UM(A) x UM(A) — UM(A). Let
max{p1,p2} = p1 V p2 € UM(A) for all p1,ps € UM(A). For all ¢ € Ry, A € expX
and p € UM(A) we have cp € UM(A). Thus, the set UM (A) is a positive cone for every
A€expX.

3. Main result.

Theorem 1. There exists an operator u: UM — UM(X) with the following properties for
every p,o € UM:

D) flu(p)|l = llell;
2

u(p) is an extension of p;

4

)
3) u(pVo)=ulp)Vu(o) and u(cp) = cu(p) if dom p= dom o and ¢ > 0;
) u is continuous.

Proof. For the sake of completeness of our exposition, we repeat the construction from the
proof of the main result of [7].
Consider a multivalued map G': X x exp X — X defined in the following way:

B, if:¢B,

Gl B) = {{z}, it 2 € B.
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To prove that the map G is lower semicontinuous we show that the set
U= {(z,B) e X xexp X :G(z,B)NU # @}

is open whenever U is open in X. Take arbitrary (zo, By) € U. There are two possibilities.

a) Let zg € Bo. Then G(zo, By) = By and By N U # @. There exist neighborhoods V' of
zo and W of By in X with VN W = &. Then for every (z,B) € V x (W, W N U) we have
z ¢ B and therefore G(z, B) = B. Since BN (W NU) # @, we obtain (z, B) € U.

b) Let zo € By. We have G(zg, By) = {20} and zo € U. Then U x (X, U) is a neighborhood
of (zo, Bo) and for every (z,B) € U x (X,U) we have G(z,B)NU # @, i.e. (z,B) € U.

Now let A € exp X, |A| > 2 and (z,y) € (X x X)\ Ax, where Ax denotes the diagonal
of X. Take a,,a, € A with a, # a, and a, = x (a, = y) if and only if € A (y € A). Now
define a multivalued map Fi,, 4): X x exp X — X by the formula:

B, if (2,A)# (2,B)# (y,A) and z ¢ B,

I (2. ) = {z}, if(x,;A)# (z2,B)# (y,A) and z € B,
o2 fa,), i (2, B) = (2, A),
{ayt, i (2, B) = (y, A).

We claim that the map F{,. , 4) is lower semicontinuous. Take arbitrary open subset U of X.
Since (G is lower semicontinuous, the set

U={(z,B)e X xexpX :G(z,B)NU # @}
is open in X x exp X. Then the set
(5 B) € X x exp X : Floy (e, B)NU £ 0} = U\ {(2,4) : 2 € {r,y} . & U)

is open in X x X.

Since the space X is zero-dimensional, so is the space exp X and, consequently, X xexp X
(see, e.g., [9]). Therefore, by the zero-dimensional Michael Selection Theorem, there exists a
continuous selection f(;y 4) of Flpy 4y i€, f(zy,4) 18 a single-valued map and for all (z,B) €
X xexpX we have f,, 4)(2, B) € Fipy (2, B). Since fy4(2, A) # foy,1(y, A), there
exist neighborhoods Wy of A in exp X and V,, of (z,y) in X x X such that for every
A€ Wy and (2',y') € V(y,y) we have

f(lwlhA) (xlv A/) 7£ f(x,y,A)(ylv A/)

Let
K ={(v,y,A): Acexp X, |[A| > 2, (z,y) € (X x X)\ Ax}.

The cover W = { V() x W4 : (2,y,A) € K} of K contains a countable subcover
W' = {Vis,p) X Wa, 11 € NU{0}}
of K. For every p e UM and z,y € X let
wi(p)(@,y) = p (fiasyian (@ dom p), fia, y,a0(y, dom p)), i € NU{0}.

Now let .
u(p)(x,y) = max {Ewi(p)(x,y) 1€ NU {0}} :
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We now show that u(p) € UM(X) for every p € UM. 1t is obvious that u(p)(x,y) > 0

and u(p)(x,y) = u(p)(y,x) for all z,y € X. Now let (x,y) € (X x X)\ Ax. There exists a
number k € NU {0} such that (z,y,dom p) € V,, ,,) X Wy,. Since

f($k7yk7Ak)($7 dom /0) 7£ f(xk,yk,Ak)(y, dom p),

we obtain 27 %wy(p)(z,y) := q¢ > 0 and therefore, u(p)(z,y) > 0. We now show that u is a
well defined map. There exists m € NU {0} such that 27 < ¢/||p|| for all i > m. Therefore,

1

o)) < oo loll < g

for all © > m. We obtain
1 .
u(p)(x,y) = max Ewi(p)(x,y) 1 €e40,....m} o

We now show that u(p) satisfies the ultrametric inequality. Let z,y,z € X. There exists
a number 7 € NU {0} such that

o)) = mex{ o)) € 0}
u(p)(x,z) = max{%wi(p)(x,z) : 1 €H0,... ,]}}

and

u(p)y, z) = max{%wi(p)(y,z) :1€40,... ,j}} .
Then

ulp)e0) < max{ 3 max (o) 2)ip) 21} € (0.} | =

- max{max{%wi(/})(m,z) Lief0,... ,j}} , max {%wi(p)(y,z) Lief0,... ,j}}} —
= max{u(p)(z, z),u(p)(y, )}

It is obvious that u(p) is continuous on X x X. Therefore, u(p) € UM(X) for every p € UM.

It is easy to see that u(cp) = cu(p) for every ¢ € Ry and that [[u(p)]] < ||p|| for all
pEUM. If z,y € dom p then fi,. . a(z, A) =z and fi,, 4 4,)(y, A) = y for all « € NU{0}.
Therefore, wz(,o)( y) = p(x,y) for all ¢ and we obtain u(p)(x,y) = p(x,y). Thus u(p) is an
extension of p and ||u(p)|| > ||p|| which implies ||u(p)|| = ||p|l-

Now let p1,p; € UM with dom py=dom p; = B, and f(,, 4. .4,) = [i for all i € NU {0}.
For every [ € NU {0} let I(l) = {0,...,{}. Fix #,y € X. There exist 1,72 € NU{0} such
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that
(ulp1) Vulp2))(z,y) =

= max {max { o)) 21 € 1G0) bamax{ Lty s € Tii b | =

= { e { g o) o) o) € T, i)) | -

- max{max {épmﬁ(x,B),fi(y,B)), §p2<fi<x,B>,fi<y,B>>} i€ f<ma><{w'2}>} =

= maX{%max{lol(fi(xaB)afi(va))7p2(fi($vB)?fi(va))} NS [(max{ihiz})} =

max{%wi(m Vopo)(z,y):i € NU {0}} = u(p1 V p2)(z,y).

Now we are going to show that the map w is continuous. Let p, be a sequence in Y M that
converges to p € U M. Then dom p, — dom p. Let dom p, = B,, and dom p = B. There
exists a continuous ultrametric p on X that extends p over X x X (take, e.g., p = u(p)).
Let p, = plB,xB,. Since B, — B in exp X, we have p, — p. Therefore, dg(l',,,1'5,) — 0.
From this we obtain

n\*, - Nn ’ = n\+%, —p ’ — 0.
Jmax |pu(,y) = pul@,y)| = max |p,(z,y) — oz, y)]

Take arbitrary ¢ > 0. There exists ng € N such that for every n > ny we have

1

SiloU e, BY. £y, BY) = plfilar, B, fly. B)| < 5, (i)
1
o7 max |pu(z,y) = pu(z,y)] < % (i)

for all z,y € X and « € NU{0}. Inequality (i) takes place due to the uniform continuity and
boundedness of p and the uniform continuity of the maps {f; : ¢ € NU{0}} on X x exp X.
We obtain

§|w2(,0)(:1;, y) - wi(pn)(l', y)| I ,O(fz(l', B)v fi(yv B)) - Pn(fz(l', Bn)v fi(ya Bn))‘ S
p(filx, B), fily, B)) = pfilw, Ba), iy, Ba))| +

sl Ba). Filw. Ba)) — ol il B, Fily, B))| < =

for all #,y € X and ¢ € NU {0}. Thus, we have |u(p)(z,y) — u(ps)(x,y)| < e for all n > ng
and x,y € X which implies u(p,) — u(p). O

4. Remarks and open questions. It does not follow from our construction that the
extension operator preserves the Assouad dimension (see, e.g., [10] for the definition).

Question 1. In the conditions of Theorem 1, is there an extension operator that satisfies
(1)=(4) and preserves the Assouad dimension?

In [11], the notion of logarithmic ratio, a metric invariant of zero-dimensional spaces, is
introduced.
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Question 2. s there an operator extending partial (pseudo)metrics for a zero-dimensional
compact metric space that preserves the logarithmic ratio?

Question 3. Does there exist an extension operator for partial ultrametrics whose restriction
onto UM(A) is continuous with respect to the pointwise convergence topology for each
A € exp(X) and which satisfies the conditions of Theorem 17
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