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THE VARIATIONAL PARABOLIC INEQUALITY OF HIGHER
ORDER IN AN UNBOUNDED DOMAIN.
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In this paper we consider the variational parabolic inequality for the operator us + Azu +
Asup + g(ug) in unbounded domain, where As is a linear elliptic operator of the fourth order
and A4 1s a linear elliptic operator of the second order. We obtain some conditions of the
uniqueness of solution. We prove the uniqueness using the method of introducing a parameter.

JI. 3apemba. Bapuayuonnoe napaboiuueckoe Hepasencmeo 8bicue20 NOPAJKa 6 HEOZPAHUYEH-
noti obaacmu. Eduncmeennocms [/ Maremaruuani Cryaii. — 2004. — T.22, Nel. — C.57-66.

B crarhe paccMaTpuBaeTCa BapHAlMOHHOE MapaboJivYecKOoe HEePaBeHCTBO /A OllepaTopa
urr + Asu 4+ Agus + g(ug) B HeOTpaHUYeHHON 06aacTH, TAe Az — JAHHEHHBIH SJIIHITHYECKHL
OIIepaTOp YeTBEPTOrO MOPAAKaA, a Ay — JIMHENHBIN UOTHYECKHH OEpaTODP BTOPOrO MOPA J-
ka. Mcnoansysa MeTo[ BBeJeHHUs IIapaMeTpa, MOAyYeHbl HEKOTOPLIE YCJAOBUA €JUHCTBEHHOCTH
pelleHus.

The variational parabolic inequality for the operator u; + Au in an unbounded domain,
where A is a linear elliptic operator of the second order, has been first considered in the paper
[1]. The existence and uniqueness of a solution of this inequality has been shown in the class
of functions which do not grow faster than the function e**l, ¢ > 0, for || — co. In the paper
[2], the author has considered a variational inequality for the operator w;+Au+|u|P~?u, p > 1,
in an unbounded domain. In particular, she has proved uniqueness for p € (1,2] in the
Tichonov class of functions Ey, namely in the class of functions which grow for |x| — oo not
faster than e,

The variational inequalities for the operators u; + Aju in bounded domains have been
considered in the papers [3] and [4]. The authors have showed some conditions of existence
and uniqueness of the solution of the variational parabolic inequality for the operator u; +
Aju 4+ Asuy. Here, Ay, A, are linear elliptic operators of the high order.

Let QO C R” be an unbounded domain and 99 € C'!, QF = QN By be a domain for all

R > 0, where Br = {z € R", |z| < R}. By I'lt we denote the set T'F = 90 N INE.

Let 5
U 0} 7
re

0/OR\ _ Ry . _
H2O(Q )_{uehﬂ(ﬂ )il =0, 5
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Hl%)(?(Q) ﬂ HZ’D(QR% Hloc ﬂ H2 QR
R>0 R>0
L, (9 ﬂ L"(Q%), re(1,400).
R>0

The space V' is such that the inclusions Hl o (Q) C V C HE () are continuous. Moreover,
let K be a closed and convex subset of the set V such that 0 € K.
Let us denote

Q.- =0x(0,7), 7€(0,7], T>0, QF=0fx(0,7).

We shall consider the inequality of the form

n

/ {< @) S A Ot (0= )W), +

1,5,k,1=1

r

n

+ Z aij(l',t)uxi((v - ut)q}(x))l’] +

Tale, u(o = u)U(e) + 3 byl (v — u)W(a)),, +

7,75=1
+ g, tu) (v —ug)¥(x) — fa,t)(v— ut)\I/(:L')} dedt >0, 7€ (0,7]. (1)
For this inequality we put the following initial conditions

u(x,0) = up(x), u(x,0) = uy(x). (2)
For inequality (1) we give the following system of assumptions:
(Ay) a”, ]Zt € L>(Qr); a (:1; ) = aZ(:z;,t) for almost all (x,t) € Qr;

n

Z “fj(%t)fijsz > ay Z &,

ik =1 ij=1

for almost all (z,1) € Q7 and for all £ € R**Y/2 and ay > 0 is a constant;
(A2) aij, @ijwy aije € L(Qr), 1,5 € {1, ...,n}; a;j(x,t) = aji(x,t) for almost all (x,t) € Qr;

n

Y a6 =0 and D ai(w,1)6g <0

ij=1 ij=1
for almost all (x,t) € Q7 and for all £ € R™;
(As) a € L=(Qr), a(x,t) > ag > 0 for almost all (x,1) € Qr, where aq is a constant;

(B) bij € L=(Qr),

me z, )& 26025

ij=1

for almost all (x,t) € Q7 and for all £ € R™ and by > 0 is a constant;
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(G) The function (x,t) — g(x,t,€) is continuous for every ¢ € R, the function & —

g(x,t,€) is measurable for almost all (x,1) € Qr and satisfies the following inequali-
ties: (g(x,t,&) — g(a,t, 1))(€ — ) > 0 for almost all (z,1) € Qr and for all £, 4 € R;
lg(z,t,8)| < q1l€|P~t, p > 1 for almost all (z,¢) € Q7 and for all £ € R;

(F) feLV((0,7); LL (), p/ = Py
(U) Ug € V, u € K.
Definition. We call the function u a solution of Problem (1)-(2) if

(S L2<(07 T)7 V>7 Ut € L2<(07 T)7 leoc(ﬁ»? Ut € L2 <(07 T)7 V) N Lp((ov T) L{)oc(ﬁ»
0,7). Moreover, u satisfies inequality (1) and conditions (2)
0

and u; € K for almost all ¢ € (
for all v € L2<(0,T); V) N Lp<( T Lfoc(ﬁ)> such that v € K for almost all ¢ € (0,7") and

for all ¥ € C3(R") such that ¥(z) > 0 in R" and for all 7 € (0,7].
Theorem. If the conditions (A1)—(As), (B), (G), (F), (U) hold, then Problem (1)-(2)

has at most one solution in the class of the functions u such that

/{UZ + Z uii% + uf] dadt < e

7,75=1
QF ’

for all R > 0, where a > 0 is a constant.

1

Proof. To obtain a Contradiction suppose that there exist two solutions u!, u? of inequality

(1) such that u! # u*. Then the followmg inequalities are satisfied

n

[t rwiar 4 Y e (o= ), +

1,7k, 0=1

r

+ Z aij(x, tul ((v— ut)\Il(:I;))x] + a(x, t)u’(v —uf)V(x) +
= (3)

+ Z bij (@, tyul, (2, ) (v — ud)W(2)),, +
+g(z, L uf) (v —u)W(z) = fz, 1)(v —w)¥(z) | dedt 2 0, s € {1,2},

in particular for the function

1
v = §(u% +ui)e " v > 0. (4)

Adding (3) for s = 1 and s = 2 and choosing v of form (4) we obtain the following inequality

n

/ {uﬁutm) TS @ Ot (0 8(2) e, +

1,5,k,1=1

r

+ > i, g (w¥(2))e, + al, V() + me o, e, (we (), + (5)

7,75=1 7,75=1

+Hg(z, t,ul) — gla, t,u ))ut\I/(:Jc)} e Mdxdt <0,
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where u = u* —u', 7 € (0,7] and
u(x,0) =0, w(x,0)=0. (6)

From initial conditions (6) we obtain

I = /uttutql(x)e_wtdxdt =
Qr
— 7 2 _—t 1 2 _—~v1
=5 |us|“e™ " (@) dadt + 5 |us] "€ (2)d.
- Q.

Taking into account the assumptions of the theorem and the form of the function v we obtain
the following equality

n

Iy = Z afjl(xvt)uxixj(th’(e’li))xkxle_”tdxdt =1+ 2+ 15,
Q‘r i7j7k7l:1
where
[21 - Z afjg(x7t)u95iﬂfj7utl’kxle_qu}(l')dl'dt =
Q‘r i7j7k7l:1

1 n
= 5 Z af‘il(w?t)ul’il’]7ul’kl’le_,yq—q}(x)dx —I_
g iikl=l
~ n
5 Z afjl(w7 t)ul’il’ﬂuxkxle_mtq}(l')dl'dt —
G, bidi=t
1 n
9 Z afjlt(xvt)uxix]auxkxle_wq}(l')dxdt,
g, biki=1

with Q. = Q, N {t = 7}. From (A;) there exists a constant as such that the following

inequality

n
kl
Z a;jijlu < as Z 522]

ik d=1 ij=1
is satisfied for almost all (z,%) € Q7 and for all £ € R™5™. Then from (Aq)

1 n
L > 542 Z U, |70 () da +

QT 27]:1

n 1 n
—|—%a2/ Z |uxm]|2€_wt\1/($)dl‘dt — 5@3/ Z |ul,m]|2€_wt\1/(x)d$dt.
Q Q

Z7j:1 Z,j:l
T T
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Next

L ::/ Z afj(:z;,t)uxmj,ute_wtkllmmdxdt§

On 1.4,k 0=1
L[N Lo (Wa)?] -
< 5/2 [52(afj)2|um%|2\1/(x)—l— + QW%]@ Mdadt <
Q- 1,7,k,[=1
= 52a3n2/ S fu, P et L / e (6r)7 2 ddt
~ 9 —~ Ty 252 t R 9
Qr T Qr

where U(z) = [¢p(z)]?,

and po is a constant such that [V, | < to(or)?=%;

n

I = / Z af}(x,t)uxixj (umk\I/l,l + utggl\I/xk)e_wdxdt <

Y 05 2 \I}il \I}ik E 2 2 —t
< / ' Z_ 2—53|le1’]| W + 7 + §(|umk| + |utl’z| )\I/ e dxdt <
Qr =

n 4 2 0 n
< n%, / 3 e P W)t + / S (tte, ()2 dadl.
=1 3 ;

Qr Q, W=l

From the assumption (Az) and the initial condition we obtain

i [ 3 e b)) et = 1+ 1
Q, W=t
where

n

I = / Z aijuxl.,um]e_w\l/(x)dxdt =

Q. W=l
1 n n
= 5 / Z(aijuxiux]e—wlll(x))tdx + %/ Z aiju%u%e—wtq;(x)dx _
Q, 2,7=1 On ij=1
1 n n
—5/ Z ijelo Uz, € T (z)dr = / Z Uijug e e W (2 )dr +
Q- 2,7=1 Q. 2,7=1

n 1 n
—I-%/ Z @it U e U (@) de — ) / Z ittty €W (2)da > 0

Q‘r 27]:1 Q‘r 27]:1
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and

n
[3? = / Z aijuxi,ute_w\ll%dxdt =
Q, W=

/Z aiju, e 7t Vo) dt — /Z Qjjo UULE Ty, Jdxdt —

2,7=1 On i,7=1
/ Z ;UL € \I} dwdt / Z a;;ule ’Vt l’x dzdt <
9, W=t ij=1
/Z{&M ¥+ W’ |2( )] e Mdudt +
QTZJ 1 o
2 T, )2
/Z[Csﬂum ( ) lu |2( ) }e_wdxdt—l—
y
QTZJ 1
/ Z |: az] |ut| |q}x x]| + |U| |\I}x xj|2:| _Wtdl‘dt <
QTZJ 1

ﬁ 2 _Wtd:zjdt—l— n /|u| Ve Mdadt +

/|u V2 M dxdt + n55/2|um| Ve Mdxdt +

an’u _
At / ul*(6r)

Qr

ﬁ e dxdt.

Next, from (Ajs) and the initial condition we have
1
1= /a(:z;,t)uute_w\l/dxdt =3 /(a(u)zllle_w)tdx +
- Q.

1
—|—%/a(:1;,t)|u|2\116_7tdxdt— §/at(:1;,t)|u|2\116_7tdxdt >
Qr Qr

1
5 /|u| Ve dx + —a0/|u| Ve Mdxdt — —a1/|u| Ve Mdzdt,

where a; = esssup a,(x,t). From (B) we have
Qr

N by (s Ot (w0 W (), dadt = 2+ 12,

Q, W=t

! ._/waumum (s dwdt>bo/2|um e () da

Q, W=l

where
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and
5= [ ) b e "W, dadt <
Q- W=t
/Z{(SO i) [, | \II—I— |u |2( xj)} e Mdxdt <

Qr”l

5ob°n
S 02 /ZWW@
Q, =t

22
QG—WKII(:I;)d:I;dt + n? /|ut|2(¢R)5—ze—dedt.
0

Moreover, from the condition (G) we obtain
Is = /(g(:z;,t,uf) — g(x,t,u) )u e M dadt > 0.
Qr
From the estimates of the integrals I1—/g and (5) we have

/|u |*We™ Wd:z;—l——/z U, [P W™ da +

7,75=1
Q-

/|u| Ve Mda + — /|u| Ve Mdxdt +

r

)
+{7;2 —%— 2037 }/Z |ul,x | 2P Mdrdt +

Q. W=t
)
+ {bo — n285 — don 571} /Z |, PWe™ " dadt +
yag  aq 54n .
4 2 2
< [T;;O + 2§ 4 Qnglﬁ ! al’m] /| B2~ i +
2 0 4

2 2 2 0 2
_|_|:n 0 anﬁ]/|u ﬁQ—Wtd dt—|— 6 /Z|ij ﬁ?—wtdwdt‘

Q, W=t

Let Ry be fixed and R, < R. Now we choose
v =7+, 82 = as/(agn?), & = arn?, v = max{2a; /ao, 2as/az},

o = 2bo/(36"n), &5 = by/(3n?), &5 = 2bo/(3n).

63
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From (7) we obtain the following inequality

n

Yo / Z {|ut|2 + |taya, |* + IUIQ} Ve ™ dadt <

Ry 1,5=1
-

< Kzazﬁ—?/ > {|u,f|2 + e, | + |u|2] e~ dxdt.

7,75=1
o7

Then from (8) we have

Yo / we 0 drdt < [&”Rﬁ_z/we_%tdxdt,
QM QF

where
n

w =Y "Jluel + e, |* + |uf].

ij=1

In O

1 B
bo) = lonle) = |~ aD(R+lal)| = (R R

Using (10) we obtain from (9)

Yoe °T(R — Rl)ﬁ / wdzdt < KR"™? / wdxdt
Q" @

B ot
wdzdt < i ft ¢ wdzdt.
Yo R — Rl RZ

Q" e

or

Since lim &= = 1, we get from (11)
R—oo E

R-R
K 1
/wd:z;dt < i—e%”/walacalt.
Yo 12

Q" e

Let R = R,. Then

Moreover, let

pr =Ry — Ry)/k, k€ N, Ri(s) = By + spr, Ra(s) = Ra(s) +pr, s € {0,1,

(10)

(11)

(12)

(13)

ok — 11,
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Then inequality (13) for Ry(s), R2(s) and pg will be in the form

K1
/ wdxdt < i—zew / wdxdt.1 (14)
Yo P

71_%1(5) 71_32(5)

From the form of Ri(s), R2(s), pr and (14) we have

Nk
/wd:z;dt§ ( A2> e / wdzxdt. (15)
Yo%

R R
‘rl Q‘r2

K \*
Choosing K and 7y such that < 2) < e7!, putting the constants x, X, a, by such that

YoPy,
Ry =2" Ry =2"" me N, r=X2"" X=24][d], v =bA?2""", by =8K ¢,

and assuming that

/ wdrdt < e“Rg,

Ry
7

we obtain from (15)

/wd:z;dt < e(—m-l-%ﬂ'o) / wdzdt < e(—ﬁ+’707’0+aR§)‘

Ry Ry
T T

Since

—k + om0 + aR: = (=2 + a — [a] + boN*7)2" T < (=1 4 boAPrp)2™
for 70 = min{7, ﬁ)\z} it follows that

/ wdzdt < e 2
Qn

Hence for m — 400, w(x,t) = 0 almost everywhere in Q. If 7o < T', then by analogy we
can prove that w(z,t) = 0 almost everywhere in (), 25, e.t.c.
Hence u(x,t) = u'(z,t) — u?*(x,t) = 0. O
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