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The paper is devoted to the problem of exact reduction of some special Hamiltonian systems.
The existence of the full collection of first integrals in involution for the reduced systems is
proved for the case of first integrals which are polynomial in the momenta.
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Nlamras paboTa mocBslleHa MpobiaeMe TOYHOW PEAYKIINN HEKOTOPBHIX KOHETHOMEDHBIX T'a-
MUJLTOHOBBEIX cucTeM. Jlag cayvasd cUCcTeM C MOAMHOMHUAJLHBLIME IO WMIYJbCaM TEePBBIMHI
WHTerpaJaMi J0Ka3aHO CYIIeCTBOBaHNE MTOJHOT'O HHBOJAIOTUBHOI'O Habopa MepBHIX NHTEr PAJIOB
[T TIPUBEEHHON CHCTEMHI.

Consider the natural Hamiltonian system with the Hamiltonian

1 n
H:§;p§+mxl,x2,...,xn) (1)

which is integrable by Liouville and

{Fi,....F.} (2)

is the correspondent full involutory and functionally independent collection of first integrals.
Suppose that this system also admits the first integral (the full momentum)

P = Zpi
i=1

which does not belong to collection (2). The following problem arises: does this system also
admit a full involutory and functionally independent collection of integrals containing the
full momentum P?
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In this paper we consider the class of three-dimensional Hamiltonian systems with the
Hamiltonian

1
H = 5(}?? + 3+ p3) + W, 22, 23), (3)

which admits two additional functionally independent first integrals that are polynomials in

b1, P2, P3-
Using the linear canonical transformation with the matrix

1/vV2 —1/vV2 0
A= 1/v6 1/vV6 —2/v6 |,
1/V3 1/V3  1/V3

the Hamiltonian H can be modified into

1 3
H= 5 szz + V(xlva)v (4)

=1

where the new canonical coordinates and momenta are again denoted by (z,p). The inte-
gral of full momentum for system (4) is now equal to ps. The problem of investigation of
the Liouville integrability of the Hamiltonian system (4) is now reduced to the problem of
discovering an additional polynomial first integral R = R(x1, 22, p1,p2) for the system with
2 degrees of freedom and the Hamiltonian

1
Ho = 5(}?% +p3) + V(an, z2). (5)
Lemma 1. Let F(x,p) be the first integral of the system with Hamiltonian (4), polynomial
in the momenta py, ps, ps. Then

1. % is also the first integral of this system.

2. F is a polynomial in x3.

The first statement of the lemma follows from the equality {25, H} = 8873{]7, H} = 0.

oz
As F(x,p) is a polynomial in the momenta, it can be representged in the form

F:Fn+Fn—1+""|’F07

where the component F}, is a homogeneous of degree k polynomial in the momenta py, py, ps.
Then for the upper part I, we obtain, that {F,, 3(p} 4+ p3 + p3)} =0, i.e.

=1

Therefore F), is a polynomial of degree n in the variables (p1,pa, ps, x1p2 — @2p1, Taps —
T3pa, 3pr — x1ps) (see [1]). Obviously, the degree in the momenta of the first integral

(%)”‘HF is less than n. This remark proves the second statement of the lemma.

Lemma 2. Let rank(H, F, ps) = 2 in a neighborhood of some point in the phase space (z, p).
Then F = Q(H,ps), where @) is the some polynomial in two variables.
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Note that under the conditions of Lemma 2 the functions H, F, p3 are polynomials in
the momenta. In accordance with the theorem about rank in a neighborhood of some point
in the phase space (x,p) there exists an R-analytic function ¢ of two variables such that
F = ¢(H,ps3). On the other hand, it follows from Lemma 1 that the first integral F' can be
represented in the form

F'=Qu(Ho)ps + -+ + Qo(Ho).

As all terms Qr(Ho) are polynomials in the momenta, they are also polynomials in H,.

Theorem. Let the Hamiltonian system with Hamiltonian (4) admit a full collection of
the first integrals {H, F, G} where the integrals F, G are polynomials in the momenta
p1, P2, p3. Then this system also admits a full collection of integrals {H, R, ps}, where the
integral R is a polynomial in the momenta py, pa, ps.

Under the conditions of the theorem, rank(H, F, ps) = 3 in all points of the phase space.
Consider the following 2 cases:

Case 1. rank(H, F,G,ps) = 3. Then, obviously, for any point (x1,xq, 23, p1,p2,ps)
from the phase space the vectors grad ‘H, grad F) grad (¢, grad ps are functionally dependent.
Therefore the Poisson brackets { F, ps} and {F|, p3} are equal to zero on the phase space. Let
N be a natural number such that N > max(deg, I, deg, ¢). Then the expression I = Py +G
satisfies all conditions of the theorem, i.e. the Hamiltonian system with Hamiltonian (4) ad-
mits a full collection of the first integrals in the form (H, R, ps).

Indeed, assume that in some neighborhood U in the phase space rank(H, R, ps) = 2.
Then in this neighborhood rank(H, F, ps) = rank(H, G, p3) = 2. Consequently, there exist
two nontrivial linear combinations,

Ly = ay grad H + ay grad F' + asgrad ps,
Ly = by grad H + by grad G + b3 grad ps,

such that Ly = Ly = 0identically in U and at least one of the coefficients as, b3 is not equal to
zero. Therefore there exists a nontrivial linear combination of grad H, grad F), grad GG which
is identically zero in U. This contradiction proves that (H, R, ps) is a full collection of the
first integrals for Hamiltonian (4).

Case 2. rank(H, F,G,ps) = 4. The first integrals F' and G can be represented in the
following form:

F=F,t ot Foal,  G=Gpt + Goxl,

where F,,,..., Gy are independent in x3. Without loss of generality we can assume that

rank(H, Fo, ps) = rank(H, Go, ps) = 2.

Definition. The collection (H, I, (¢, p3) is said to be a minimal collection of the first inte-
grals, if rank(H, I, G, p3) = 4, and for any other collection of the first integrals (H, I, G, ps)
such that rank(#, I, G, p3) = 4 we have deg,, F' +deg,, ¢ < deg,, F'+ deg, G.

We will also say that the collection (H, r, é,pg) is “less” than (H, F, é,pg), if deg,., F'+
deg,, G < deg,, F+ deg,. G,
Without loss of generality we can assume, that the collection (H, F, (¢, ps) under consid-

eration is minimal, deg,, I' = m,deg,, G = n and m < n. If m = 0, then the full collection
(H, F, ps3) satisfies the statement of the theorem.
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Naturally, if rank(#, Fo,ps) = 3 (rank(H, Fo, ps) = 3), then the corresponding collec-
tion of the first integrals satisfies the statement of the theorem. Let rank(H, Fo,ps) =
rank(H, Go, ps) = 2. From Lemma 2 it follows that Fy and Gy are polynomials in H, ps. It is
easy to see that for the minimal collection the equality m = n > 0 is impossible, otherwise
the collection (H, FoG — GoF, F, p3) is “less” than (H, F, GG, p3). Consider the remaining two
cases:

Case 1. 1 = m < n. This case is impossible, because the collection (H, F, F§G—GoF", p3)
is “less” than (H, F, G, ps) and rank(H, F, FJG — GoF", ps) = 4.

Case 2. 1 < m < n. According to the definition,

oF oF
rank <7‘[, —, G,p3> < 4, rank <7—[, —. F p3> < 4.
81'3 81}3
Taking into account the equalities rank(H, GG, ps) = rank(#H, F, ps) = 3, we obtain that there
exist two nontrivial linear combinations,

Ly = ay grad H + ay grad % + azgrad G + a4 grad ps,
Ly = by grad H + by grad 8873 + by grad F' + by grad ps,

such that Ly = Ly = 0 in U and both of the coefficients as,b; are not equal to zero.
Besides, the coefficients as, bs are also nonzero, because m > 1 and, therefore, grad(9F/dx3)
essentially depends on x3. The expression by Ly — az L4 is a nontrivial linear combination of
grad ‘H, grad F|, grad &, grad ps, which is equal to zero. This contradiction with the condition
rank(H, I, G, ps) = 4 proves the theorem.

The similar statement for Hamiltonian (3) with a full collection of the first integrals being
analytical in the momenta (at least one of them) is still open.
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