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An example of a generalized Williams’ solenoid is given in the case of irreversible dynamical
systems with expanding attractors.
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IIpuBeaen mpuMep 0600IIEHHOT O COMEHON A YUAbAMCA A caydad HeOOpATHUMBIX TUHAMU-
YeCKIX CHCTEM C PACTATUBAIOMINME aTTPaKTOPaMU.

Introduction. Let M be a compact manifold, f: M — M be a continuous map.

Definition 1. A set A is called attractor, if there exists a neighbourhood U(A) of A such
that ()50 /(U(A)) = A.

R. Williams [3, 4] defined and studied expanding attractors for hyperbolic diffeomor-
phisms. The main goal of this paper is to expand Williams’ theory onto the case of irre-
versible maps. We provide an example of an irreversible map and an analog of Williams’
solenoids.

Hyperbolic maps and their hyperbolic sets mentioned there are irrelevant for understand-
ing, so they are not defined there. See, e.g. [1] for their definition and properties.

It is a pleasure to acknowledge the help and encouragement given by my supervisor
Vladimir Sharko and collegues Sergiy Maksimenko and Eugene Polulyakh.

Manifold of the dynamical system. Let T be the complex torus C/Z x iZ, where Z x 1Z
is the lattice {a + bila,b € Z}, and Ty be the complex torus C/Z x 2iZ, where Z x 2iZ is
the lattice {a + 2bila,b € Z}. Let D = {z € C: |z| < 1} be the complex unit disc. Let
g(w) be a homeomorphism of D swapping two subdiscs Dy = {z € C: [z — £| < 1} and
D, ={z € C: |z 4 £| < 1}. For example, let g(w) = —w.

Introduce an action of the group GGy = Z xZ on CxD. Let (n,m) € ZxZ, (z,w) € CxD.
Then (n,m)o (z,w) = (z + I{n +im,g"(w)). The group acts freely and discrete. Hence, the
quotient set N = C x D/Z x iZ is a manifold. N is a fiber bundle over the torus T with
the fiber D, because the group acts on C C C x D exactly as the lattice Z x 1Z. N is
diffeomorphic (but not holomorphic) to T x D as a fiber bundle. Let hy be corresponding
diffeomorphism preserving fiber bundle structure.
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Let Ny be a submanifold of N such that in each fiber D of NV it consists of two mentioned
above discs Dy UDy C D. Obviously, it is a fiber bundle over the torus T with the fiber
Dy UDy. On the other hand, since g(w) glues Dy and Dy, Ny is a connected submanifold. It
is diffeomorphic (even holomorphic) to Ty xDy as a fiber bundle. Let hy, be a corresponding
diffeomorphism.

Mapping. Let f(z) = 2z be a map f: C — C. Note that f(z) preserves the lattice of T
and hence it can be considered as a map of T. Consider a map [ : C XD — C x Dy, defined
by l(z,w) = (f(z), 5+ %) Show that [ commutes with both lattices.

Let g = (n,m) € Z X iZ, (z,w) € C x D.

ioglo(z,w) = <f(z—|—2n—|—mi),%> = <22—|—4n—|—2mi),%> :gzoZo(z,w)

where g2 = (n,2m) € Z x 2iZ. Hence, [ induces a map T x D — T, x Dj,.
Since hy and hpy, coordinate with the fiber bundle structure, [ induces a map [ : N — N,
as shown on the following diagram

C><]D>—i> C x Dy

l l

Irxp

TxD — T1><D1

b D

N —% N CN.

Let p and ¢ be expanding maps on T: p(z) = Rez + 2ilmz, ¢(z) = 2Rez + iImz. Note
that (pot)(z) = 2z.
Remark 1. [p,p can be written as the composition of the maps p and i, where p(z,w) =
(,0(2), %) is a homeomorphism, and (z,w) = (¥(2),w) is a “pure irreversible” part of l1yp.
(z,w) € C xD. They induce “pure reversible” map py : N — N; and “pure irreversible”
map ¥n : N — Nj.

Attractor of [.
Remark 2. N is a hyperbolic set of the map [ : N — N because N is a fiber bundle and [
is a contraction on D and expansion on T.

Lemma 1. The dynamic system (N,[) has an attractor with N as the basin of attraction.

Proof. Let £ be a point of T and let D¢ be a fiber disc over £. The image [(Dx) of Dy is one
of discs D; contained in the fiber Dy ). The second image [*(D;) is a disc contained in one
of the discs D; and so on with diameters of images monotonely decreasing to 0.

The limit set of the images of N under the map [ is a local direct product of an imbedded
into D Cantor set and T. O

Solenoidal representation. Let T be as defined above and p and ¢ be expanding maps
on it: p(z) = Rez 4 2ilmz, ¢(z) = 2Rez + ilmz. Note that p = mpy and ¢ = wihy, where
m: N — T is a projection.
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Consider the sequence
TETE .. ETE

The inverse limit of the sequence can be written as the set

Y= {(517527---7§n7--')|§k S T7§k:lo(§k+1)}

There exists a shift map i : X — X,

h(flv&v . '75717 e ) = (@ZJ(P(&)),@ZJ(&),@ZJ(&), cee 7¢(§n—1)7 st ) (1)

It is natural to call the obtained dynamical system (X,h) the irreversible Williams’
solenoid. If ¢ is Id then the so introduced shift map h will coincide with the shift map
introduced by Williams in [3].

Theorem 1. The obtained dynamical system (A,l) is topologically conjugate to the dy-
namical system (X, h).

Proof. First consider the dynamical system (A, py). It is a “pure reversible” Williams’
solenoid. So, according to Williams’ theorem A in [3], there is a homeomorphism R, to the

solenoid ¥ = T & T & ... & T & ... with the shift A, such that (A, py) is topologically
conjugate to (X, h,). Then

Fy(a) = (n(e).m(p ™ (@),...). (2)

hp(flvg% .. '75717 . ) = (p(gl)vflvg% o '7571—17 o ) (3)

Note that A is the common space for [ and py.
From the commutate diagram

we obtain the diagram

which shows that (A,l) is topologically conjugate to (X, F,inFth,).
Using (1),(2) and (3) we get h = F,oonF 'h,. O
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