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We will prove that the inequality
! T
m | r I < log* T f) _»p +4.8517,
f roop—r

where p > r, holds for all meromorphic functions such that f(0) = 1. This is an improvement
of the earlier results by Gol’dberg and Grinshtein, Benbourenane and Korhonen.
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BEHCTBO

rje p > r, IMeeT MeCTO [1Jd BceX MepoMophHBIX GyHKImi Takux 410 f(0) = 1. DTa oueHka
ABJsieTcss Goslee TOYMHON, YeM Tpeabiayinue pe3yabTaThl [oababepra u I'puainrenna, Benbype-
mana u Kopxonena.

Gol’dberg and Grinshtein obtained an upper bound for the proximity function of a mero-

morphic function, f
2

def 1 i
m(r, f) = g/log"' |f(re)|de,
0

in [1]. Their result is stated as follows:
! T
(1) <togt (LD 2 L5501, (1)
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where p > r and f is a meromorphic function such that f(0) = 1. Then, Benbourenane and
Korhonen [2] improved the result (1). They obtained the constant 5.3078 instead of 5.8501.
In this paper we will deal with some corollary of the Jensen inequality, in order to find a
better constant than 5.3078.

Our result is the following one.
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Theorem. Let f(z) be a meromorphic function in {z : |z] < R}, where 0 < R < oo, such
that f(0) = 1. Then for any r and p with 0 <r < p < R,

. ri’) 10+<T(p,f)i>
(’f <log™ (=0 1 4.8517. (2)

The proof of this Theorem is based on the following inequality from [2] and one lemma.
Under the conditions of the Theorem for all o, §, 0 <a<1,0< <1,

27 f/(reié’) o do T(p7 f) p o
/0 F(reid) o < C(a,B) (T/Jj> ) (3)
where
_ 2 ¢ am 44+ (2(1+0‘)/(1—0f) + 2(2-I—oz)/(1—a))1_a
Cla,B8) = (m) + sec <7> ( e ) ‘

T
Lemma. Ifu(t) >0 on [0,T) and I = £ [ u(t)dt exists, then
0

T

1
T /10g+ u(t)dt < max(1,logI).

0

Proof. Denote = {t:u(t) > 1} C [0,T].
If meas £ = |E| = 0 then log" u(#) = 0 and Lemma is proved. Let |E| > 0. By the
definition of £ we have u(F) C [1,+00). The function log u is concave on [1, +o00). Applying

the Jensen inequality (see, for example, [3, p. 58]) |é—| Sz logudt <log <|é—| Jpu dt> we have

T
1 1 E T1
T/log+udt:?/logudt<| |1o E (4)
0 E
Put @ = |E|/T and consider the function xlog . Its unique maximum point on (0, 400) is

I/e. We consider 0 < @ < 1. Then

I/e if [IJe<1,
:Jclog .
logl if [/e>1.

So, xlogé < max(l,logI), 0 < # < 1. From this inequality and relation (4) we obtain the
statement of Lemma. O

Proof of Theorem. Denote

S /27r f’(rew) aﬁ
—Jo | flre®) | 2n
Then using (3) we have
T
log I <logC(a, )+ alog ( (p.f)_r ) :
roop—r
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Next by means of Lemma and the inequality log? < log™ ¢

m ( %) < L max (1,1og+c<a,@> +alog" (M/Jﬁ )) -

Since

T(p,f) »p ary 4
logt C(a, 3) + alogt (fﬁ) > 1 (C(a,ﬁ) > sec <7> — > 4) ,

we see that

Jl 1 1(107.]) P )
ml|r, — —log Cla +logT | 220 ),
<7 p><_ gC(a, ) g ( r p—r

This inequality holds for all «a, 3,0 < a <1 and 0 < § < 1. Applying some mathemat-
ical software Mathcad we see that the minimum of (log™ C(a,3))/a is 4.8517 attained at
o~ 0.797184, 3 ~ 0.841914. 0

Remark. Our Theorem allows us to sharpen the constants in the error terms of the second
main theorem in [4], and in the lemma on the logarithmic derivative in [5]. By using our
result instead of inequality (1), we may replace the constant 6.7 in the second main theorem
by 5.71, and the constant 7.55 in the lemma on the logarithmic derivative by 6.55.
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