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We establish a condition on exponents of an entire Dirichlet series under which its sum
F = 0 provided that F' is bounded in a strip.

B. B. Bunnuuxuii, I'. /1. Taxeaiok. O yeavz padax Jupuzae, oepanuuennvir 6 noaoce // Mare-
matmari Cryqii. — 2003. — T.19, Ne2. — C.213-216.

Haiigeno ycaoBue Ha moxazarenn 1eqoro paga Jupuxie, mpm koTopoMm ero cymma F' = 0,
ecim TOABKO F' orpaHmveHa B TOJOCE.

For an entire function f(z) = >.°7, f,2z* a problem of conditions on A, under which
f # 0 and f is bounded on a ray is investigated by J. Anderson and K. Binmore [1].
V. A. Martirosyan [2] investigated boundedness of such function in an angle. Analogues of
Anderson-Binmore results for entire Dirichlet series

F(z)= Zdne”", z =z + 1y, (1)
n=1

are obtained in [3-7]. Complete analogues of Martirosyan results are unknown in spite of
the investigations in [6]. In the present paper we obtain counterparts of such results for
Dirichlet series. The method of proof is based on Carleman’s formula [8]. We note that the
similar arguments is used, for example, in [3].

So,let 0 < 0 < 400, D, ={z: |Imz| <o}, 0 < A, T 400 and Dirichlet series (1) has
the abscissa of absolute convergence A = +o00. We put

1A, 1 ITAE

S00= Y (5-%) Sl = X g mele) = Il
An<r n An<r n n=1

The following result is main in the paper.

Theorem. If a function F' # 0 is bounded in D,, then there exists ¢; > 0 such that for all
r>1andallT>1

1 An — A /2 o T 2 M T
— | —— — (In" - — ) 2
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Proof. We put A\g = A\;/2 and
400
G(z) = / F(w)exp{—w(Xo + 2)}dw, w=mu+iv. (3)

Clearly,
+oo
Glx +1y) < e / | F'(u + iv)| exp{—u(Ao + @) }du

and, since |F(u + )| = O(e*M) (u — —o0) and |F(u + )| = O(1) (v = +o0) for all v,
|v| < o, the integral in (3) convergent absolutely and uniformly on each compact set from
the strip {z: —Xg < Rez < A — Ao} and depends on v € [—0o, o]. Therefore, the function
(G is analytic in this strip. Moreover, choosing v = —c if y > 0, and v = o if y < 0, we have
|G(1y)| < c;exp{—oly|} for all y € R and some constant ¢; > 0.
For an arbitrary 7 € (0, 400) we write G(z) = G1(z,7) + G2(z,7), where
v ivto0

Gi(z,7) = / F(w)exp{—w(Xo + 2)}dw, Gi(z,7)= / F(w)exp{—w(Xo + 2) }dw.

TW—00 w4t
Since for fixed v € [0, 0]

T
Gi(z,7) = Zdn / exp{—w(Ao + z — A,) pdw = Z GXP{(T)\ z_vl(o — 0 Z)}7
n=1 !

n=1

TW—00

the function G1(z,7) is meromorphic with poles z, = A, — Ag and

= |dn] exp{T(An — Ao) + vy
Gufer)| < 3 (el RAre Zul o0,

n=1

The function Gs(z,7) is analytic in the half-plane {z : Rez > —X¢} and
|Ga(z,7)| < esexp{—7(Xo + ) + vy}, Rez>0.

Therefore, the function (G is meromorphic in {z : Rez > —Ao}, |G(1y)| < ez exp{—0oly|} for
all y € R and

|G(2)] < (m@((') + i—i) exp{—oly| — 7(x + Xo)}, Rez>0.

Hence, using Carleman’s formula [8], we obtain

| M — Ao 1 [/1 1 .
_ _ < -
> (AH_AO - )_ %/(t2 r2>ln |G(it)| dt +

An_AOST 1
-1 /2
+1 L_1), |G( 't)|dt—|—1 In |G(re'?)| cos 0df <
27[_ t2 7“2 n 2 r n re COS ~
—r —7/2
< =Ty Tk (I mi(r)  Aor) +
——Inr——+ —{Un"mp(7) — AoT cy.
- om 2 7r d 0 !
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As in [3], from Theorem we obtain some corollaries.

Corollary 1. If > A7? < +oo,

n=1

lim <S(r) — % r> = —00

r—+0oo

and I is bounded in D, then F' = 0.

Indeed, if F' % 0 then by Theorem with 7 = 1 we have

1 Ap — A
Z — 0 §glnr—|—0(1), r— 400, A= A/2.
An — Ao 72 T
An—A()ST’
But
1 B i N 1
A= A A(An = Ao)
and

Z )\nr—Q)\o: Z i‘_;_|_0(1), r— 400,

An—A()ST’ AnSAo-I—T’

215

(5)

because in view of the condition >~ A7? < +oo0 we have n(r)/r* — 0(r — +00), where

n(r) = >, ., 1. Therefore, condition (5) is equivalent to the condition S(r) > Zlnr+
n< T

O(1) (r — +00), which contradicts to (4).
Corollary 2. If

lim So(r) < z

rotoo DT T

and I is bounded in D, then F' = 0.
Indeed, from (6) it follows that 2211 A% < +oo and

. S(r
lim (r) = lim
rotoo Inr S35 Invw T

So(r) - o

Y

and by Corollary 1 F' = 0.

Corollary 3. Let In m(z) < ¢;e®” for all € R and some ¢; > 0 and a > 0. If
Z A% < 4o,
n=1

. o 1
TE—I:I—rloo (S(T) — (; + £> In r) = —00

and I is bounded in D, then F' = 0.
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Indeed, if F' £ 0 then by Theorem, as in the proof of Corollary 1, we have

1 An 2
Z ()\___> > ghqr—%——(clem—)\(ﬂ')—l—O(l), r — +oo,

T mwr
AnSAo-I—T’

whence for 7 = lhq ( ™o ﬁ) we obtain

o dejaa o
) LAY S Ty Lt 00), ro (3)
— - — —Inr4+—Inr r %)
A, TE2) T 200 ’ ’

that is we have a contradiction to (7).

Corollary 4. Let In my(z) < c1e 9% for all € R and some ¢; >0, @ > 0 and ¢ > 0. If

2L A < oo,
n=1
. Sr)y o 1

1 -+ — 9

,,_1_+moolnr<7r+20z (9)
and I is bounded in D, then F' = 0.

1 41
Indeed, if we choose 7 = n == Rl then from (2) we obtain (8), whence a

n
ate  cala+te)

contradiction to (9) follows.

We remark that if A, are positive integers then in view of results from [2] conditions (4),
(6), (7) and (9) are necessary in order that corresponding statements are true.
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