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A non-linear parabolic variational inequality in unbounded domain with respect to the space
variables is considered. Sufficient conditions for the existence and the uniqueness of the solution
of the inequality were obtained, which does not depend on the behaviour of the solution and
the coefficients, the free term, the initial condition as |x| = +oc.
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PaccmaTpuBaeTcs HedumHelHoe mapaboimtdeckoe BaphUallOHHOE HEPABEHCTBO B HEOTDAHIU-
YE€HHOW OTHOCHTENBHO MPOCTPAHCTBEHHHIX TMepeMeHHBIX obgactu. [lomyvenwr gocTaTodnBIE
VCJIOBHUA CYUIECTBOBAHUA U €IMHCTBEHHOCTH DPEIIeHUA 3TOT'0 HEPpAaBEHCTBA, He 3aBUCAIINE OT
HNOBeeHs pelleHns, Koo PUIUNeHTOB, CBOGOHOIO WieHa I HAYAJIbHOIO YCIOBUA || — +00.

It is generally known that the uniqueness of the solution of Cauchy problem or the Dirich-
let problem in unbounded domains with respect to the space variables for linear parabolic
equations takes place in the class of the functions satisfying the inequality |u(x,t)| < cel”l,

where the constants ¢, a depend on the coefficients of the equation [1, 2]. It turned out [3-7]
that for some non-linear parabolic equations the uniqueness of the solutions of the problems
in unbounded domain does not depend on the behaviour of the solution as |z| — +o0, also
the existence of the solution does not depend on the behaviour of the coefficients, free term,
and the initial condition as |z| — 4oc.

In this paper a non-linear parabolic variational inequality in an unbounded domain with
respect to the space variables is considered. Sufficient conditions of the existence and the
uniqueness of the solution of the inequality were obtained, which did not depend on the
behaviour of the solution and the coefficients, the free term, the initial condition as |z| —
+00. Let us note that the linear parabolic variational inequalities in unbounded domains
were studied in the papers [8, 9].

Let Q be any unbounded domain in R*, 9Q C C! and let QF = QN B be a domain for
every R > 0, where Br = {z € R" : |z| < R}. Write I'F = 92N Bg.

Let
(@) = {u e H'(QM) s ulpp = 0},
HL(Q) = {u L(VR>0)ue Hl(QR)},

loc

2000 Mathematics Subject Classification: 35K85.

© K. Urbanska, 2003



166 K. URBANSKA
HE Q) = {u ((VR>0)u e HﬁF(QR)},
Q) = {u: (VR > 0)u e L'(QF) },r € 1, 0],

Vool @) = {u: (VR > 0)w e V(O ],

where H%R(QR) C V(QR) C Hl(QR) and if u € V(QR2) then u € V(QRl) for Ry > R;.
Set Q, = Q x (0,7), QF = QF x (0,7) for 7 € (0,7] and T € (0,+c0), R > 0,
O, =Qrn{t=1}, 0 =QFn{t =7} Let

T

L Qr) = {u: (VR > 0)u e I'(QD)}, r € [1,+00],

Hi(Qr) = {us (VR > 0)u € H(QF) .

From now on we make the assumption:

(K) : K is a closed subset of L*((0,7'); Viec(£2)) such that the span of any finite number of

elements from K with the non-negative coefficients belongs to K" and 0 € K.

(Qr)N K is said

loc loc

Definition 1. A function u € C([o, T); L? (Q)) nL? ((0, T); Vloc(Q)> NI
to be a solution of the inequality

n

/ (Ut(v —u)p(@) + > @i, g, (v, — e, () + Y (g, (v — u)ib (v)+

i,j=1 =1

3 b (0= ) (o) = 5l = 0)20() + el Dl — )i () + gl 1 u) (o = w)(o)-

—fla,t)(v— u)¢(x)> e~ dxdt > %/ (u —v)*e " p(x)dr — %/Q (up — v)*p(x)dz (1)

r

with the initial condition
u(x,0) = up(x), =€ Q (2)

if u satisfies (1) for some o > 0 and for every 7 € (0,7],v € HL_(Q7) N LY (Qy) and ¢ €
Co(R™), %, € L=(R"™) for i € {1,...,n}, ¢(x) >0 in R™

Lemma. Let

we ([0, 12,) 0 L2 ((0,7): Vioel ) 1 K 0 L, (@), where p € (2, +00)

and ug € K N LY. (Q). Then a solution w, of the problem

loc

77w77t‘|’w772w7 77>07 tE(O,T],

wy(,0) = uo(z) (3)

is weakly convergent to w in the topology of L* <(0, T); VlOC(Q)> N LY (Qr).
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To prove the lemma we use the fact that problem (3) is the Cauchy problem for linear
equation in a Banach space.

We will make the following assumptions concerning the coefficients of inequality (1):
(A): a;;(x,t) = aji(x,t) almost everywhere in Qr, a;; € L°(Q7), 1,5 € {1,...,n},

n

Z aij(x,1)6E > ao fo, ap = const > 0

7,75=1 =1

for every £ € R™ and almost every (x,t) € Qr;

(B): b; € L>=(Qr), 1 €{1,...,n};

(C): c€ L2 (Qp), c(x,t) > cp almost everywhere in Q7, co = const;

(G): ¢(+,-,7)is a measurable function in Q7 for every 7 € R, a function g(x,,-) is continuous
in R for almost every (z,t) € Qr; the following inequalities are satisfied: <g(:1;, t,() —
g(x,t,r)>(§ —7) > go|¢ —7|", go = const > 0, p € (2,+00) for every (,7 € R and

almost every (z,t) € Qr, |g(z,t,7)| < g1|7]|P~", g1 = const for every 7 € R and almost
every (,1) € Qr.

Set
& 2 - 2 a1 —I' bO
by = sup g b(x,t), ay = sup g ai;(z,1), ap = max {0, —2¢o + },
Qr =1 Qr ij=1 o
P
- P 2, +00).
q p— 17 p € ( 7‘|’OO)

Theorem 1. Let assumptions (A),(B),(C),(G),(K) hold and p < 2% for n > 2. Inequality

(1) has at most one solution for a = ay.
Proof. Let u; and uz be two solutions of inequality (1). Then
/ (%(U —ugp)¥(z) + Z i (@, ) g, (Ve — Upa, )0 (@) + Z aij (2, ) e, (v — up)the, +
Qr ij=1 ij=1

37 b Dk (0 = 0 (2) = S0(0 = w(e) + el Dur(o = )i (e) +

+g(a, tyug)(v —up)p(x) — fa,t)(v— u@;b(:z;)) e~ "tdxdt >
> %/QT(uk — v)2€_a°T¢(x)dx — %/QO (ug — v)2¢(x)dx, ke {1,2}. (4)

In equation (3) we put w = (u; 4 uz). Letting v = w, in inequality (4), where w, is the

solution of problem (3), and adding the corresponding inequalities we obtain

/ (2wm<wn () + D ) (a0, — 1) 1, — ) )4

1,5=1
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+§j 2,) (112, (10, = 1) + s, (0, = ) ) (2) +

+ Z bi(x, 1) <ulggi(w77 — Uy ) + Usgg, (w0, — u2)>¢(x)_

—%ozo <(u1 —w,)? + (ug — wn)2>@/’($) + c(x, 1) <u1(w77 —u1) + uz(wy, — u2)>¢(:1;)—|-

—|—<g(:1;,t, uy)(w, — uy) + g(a, t, uz)(w, — u2)>;/)(:1;) —2f(x, t)(w,; — w);b(:z;)) e~ dxdt >

z%AT@n—wf+wrwwﬂw@a%%m (5)

From (3) we have w,, — w = —nw,, so

2/ wyi(wy — w)(x)e” " dedt = —277/ (wye)*Y(x)e dxdt < 0.
Qr Q

T

Moreover,
/ <(u1 —w,)? + (ug — wn)2>¢(:1;)e_a°Td:1; > 0.
Qrp
We conclude from (5) that

/QT ( Z ai(z,t) <U1xi(wnxj — Uiy, + U2xi(wmp] — u2x])>¢(;p) T

7,75=1

+ Z <u1$ — uy) + U, (w, — u2)>¢xj($) +

+§:@@JKMM@UG—WJ+WM@M—WD¢%@%+
e, t) (s (w0, = wr) + walw, — ) (@) + (gl tun)(w, — ) +
+a%mmwwwmﬂwwnﬂ%mW—wwwﬂaWWwz
1 2 2 —agt
> O/QT (11— )+ (s = 0,2 ) ()™ . (6)
By the lemma, w, — w in the weak topology of L? <(0, T); VlOC(Q)> N LY (Qr), thus

1
lim inf/ <(u1 —w,)? + (ug — wn)2>;/)(:1;)e_a°td:1;dt > 5/ ulh(z)e” ' dxdt,
Qr

n—+0 Qr
where v = v — uy.

Comparing this with (6), we get

n n

/Q (Z aij (2, 1) upup, () + Z (2, )t ug u + Zb x, ) ugu(x) + 1a0u (x)+

i,j=1 =1
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te(x, t)yup(x) + <g(:1;,t,u1) — g(x,t,u2)> u¢(x)> e~ *dzdt < 0.

By assumptions (A), (B), (C), (G), we have

I, = Z aij(x, 1 )uguq (e oot dydt > ao/ ¢(x)e_a°tdxdt,
Qr ;=1 Qr .1
Iy, = Z a;j(x,t) ;/)x]ul,lue woldrdt < —a150/ _aotdxdt—l—
Qr i,5=1 Qr =1
0
+Tl |u|%(x)e—aofdxdt+1;, & >0,
0

where

LS (p— R N
I :%};&2)/@%@(@)2_%2 ¢(x)> e~ drdt,

71=1
Is = Z bi(x, ) uguh(z)e” " dedt < 5060/ ¢(x)e_a°tdxdt+
Qr ;=1 Qr =1
1 2 —Ozot
+250 u“p(x)e” " dxdt,

[4:/ c(x,t)u2¢(x)e_a°tdxdt > co/ ulh(z)e” ' dxdt,
Qr Qr

[5 = / <g(l’,t,U1) - g(x7t7u2)>u¢($)€_aotdxdt Z go/ |u|p¢($)€_a0td$dt,
Qr o

Putting these estimates into (7), we obtain

/QT <<ao— —dpay — bo50> Zu —|—< ap + co — 2§0>u2—|— <90— %>|u|p>x

xp(x)e” " dedt < I,.

Qo (902750)
Let & )
€ 0 ay bov 1 2 9
1 2 2 <
o= { (RE=IP) ISR Lo
0, |z| > R,

It is easy to check that ) 7_, ;/)zj(x) < 4. From (8) we get the inequality

1— 2P

/QT lu|Ph(z)e dadt < s /QT <¢(x)> T et dudt,

where p5 is a constant independent of R.

169
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Next

/QT <¢(x)>1—z%e—aotdxdt < T/BR <%(R2 _ |x|2)>1—1%dl‘ <

<72 [ (R—|e|) P de < pe R
Br

i 1s a constant independent of R.
Let us now take Rg > 0, Ry < R. Then

/ ulPep(x)e™ ™ dadt > / luP(R — Ro)e™> T dadt,
Qr

R
Q7°

so from (9) we find that

R n— 2B
/QRO |u|Pdedt < M7<R — RO>R =7, (10)
T

where p7 is a constant independent of R.

By the assumption n < ]%, we may choose R (for fixed Ry) large enough such that the
right-hand side of (10) be smaller than any small number. Thus v =0 in Q?O. As Ry is an
arbitrary number, the proof is complete. O

For every R > 0 we define B to be a bounded, monotonic, semi-continuous operator
defined in L2 <(0, T); V(QR)> with values in L? <(0, T); V*(QR)> and B(0) = 0.
Set

K =1{v € Vie(Q): (YR>0)v € Kg}, Kr={veV(QF):B(v)=0}.

Theorem 2. Let assumptions (A), (B), (C), (G), (K) hold, we are given f € L{ _(Qr),

loc

up € KN LY (Q) and p < 2 for n > 2. Then there exists a solution of inequality (1).
Proof. Let R > 0 be an arbitrary fixed number,
W, (Q5) = H™(Q%) nV(Q"),

where m = [3] + 2.
The space W,,(2F) is dense in W(QF) = V(QF) N LP(QF). We choose a base {p;} of
W,.(QF) as a system of the eigenfunctions of the problem

(©r V)W (ar) = Ak <<Pk7U>L2(QR)7 vE Wm(QR)v (11)

where we denote by (-, )H the inner product in a Hilbert space H. Without loss of generality
we can assume that {¢y} is orthonormal in L#(QF).

Consider the functions
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where ¢, ..., ¢ are the solutions of the system

(0 3 astetiion, + 3 b0+ o0 e + oot on
QR

7,75=1 =1

1
—f(x,t)¢k> dz + E<B(UN),W>A =0 RE{L N e>0, (12)

0

with the initial conditions

where u)(z) = Ei\;l uéch,ok(x) and limy 4o [[u) — uollwigry = 0. We will denote by
(-,+) >a(r) the duality between V*(QF) and V(QF). Multiplying (12) by ¢ (t)e™*, sum-
ming on k and integrating from 0 to 7 € (0, 7] gives

/QR<utu —I—Za”xt NN—I—Zb :L'tu U —I—C(:L' ) (u )2+g(:1;,t,uN)uN—

7,75=1

1 T
— flz, " Je ol dxdt + My Y —ooldp = (). 14
Flosn® )ttt + - [ (B 0 (14)

Proceeding as in Theorem 1, we obtain

[6:/¢9§<Utu —I—Za”xt N N—I—Zb :L'tu U —I—C(:L' ) (u N)2>e_a°td:1;dt2

7,75=1

= (o= g o) S = ) )

1 1
—|——/ (uN)ze_aon:L' — —/ (uéV)Qd:z;, 69 > 0.

By assumption (G) we find

I7 = / glz, t, ™ )uN e dadt > go/ lu™N |Pem 0t dadt.
@ QF

The operator B is monotonic, this implies that

1 T
Is = —/ <B(uN),uN> —o0t gt >
£ 0 Ao(R)
FPurthermore
)
Iy = —/ f(:z;,t)uNe_aotdxdt > _3 |uN|pe_a°td:1;dt, 63 > 0.
QF P Joxr
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Putting the estimates of I, ..., Iy into (14), we get

& 1
/ (uN)ze_Md:L' + / <2a0 — §a(ay + bo) > <a0 + 2¢¢ — —>( N)2 +
or QF — 02
20 1
—|—<Zgo — —3> |uN|p> ool dadt + —/ <B et <
p € Jo AO(R)
2
< / (ud )?dx + / |f(z, )|~ dxdt, T € (0,T]. (15)
Qg q5p
Now choose in (15) §; = a1+bo ;03 = B2 It follows that
| 1P < s, 7 e 0.7 (16)
Qf
| (P P YR ot < (1)
Q¥ =1
i Ny . N
— dt < 1
S (Bt <, (15)

where pg 1s a constant independent on V.

Making use of (G) and (17) we conclude that
/ lg(z, t, u™) | dedt < po, (19)
QF

where 19 1s a constant independent of .

We will denote by Sy the linear span of the set {p;,...,.on}. Then the projection
Py in L*(QF) onto Sy is bounded by one in ,C(LQ(QR),LZ(QR)>, E(Wm(QR),Wm(QR)>,
(W), Wi @m).

From (12) we obtain

1
ul + Py Au™ + Pyg™ + Py (ZB(a)) = Py, (20)

where ¢V = g(z,t,u”) and an operator A is defined by the formula

(Yo € V(QH) <AuN,v> = /QR ( zn: ai(@, thulv,, + iz:;bi(x,t)uiiv + c(x,t)uv)d:z;.

7,75=1
It follows from (17) that the set {Au’} is bounded in L? <(O,T);V*(QR)>, so {AulV} is
bounded in L? <(0, T); W;L(QR)> Then { Py Au¥} is bounded in 2 <(0, T); W;L(QR)> Anal-
ogously we get that { Pygn } is bounded in L4 <(0, T); W;L(QR)> APN(IB(u™))} is bounded in

12 <(o, T); W;(QR)>, {Pxf} is bounded in L2 <(o, T); W;).
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We have from (20)

M m

[ < > < Mo, (21)
La( (0,1);Wp

where (110 1s a constant independent on N.
Consider the space S(Q%) = {u cu € L2 <(0, T); W(QR)>,ut e L1 <(0, T); W;L(QR)> }
Obviously W(QF) c LEH(QF) c Wx(QF) at the same time the inclusion W (QF) C L*(QF)

1s compact.
Estimates (16), (17), (19), (21) imply that there exists a subsequence {u™*} of {u}

such that u™ — u®F in the weak-star topology of L* <(O,T);L2(QR)>,uNk — usf in
the weak topology of L? <(O,T);V(QR)> N Lp(Qﬁ),uivk — u>™ in the weak topology of
L1 <(0, T); WTZ(QR)>,UN’€ — u®in LY(QF) and almost everywhere in QF and g(-, -, u¥*) —
z5% in the weak topology of LY(Q%) as k — +occ.

Then {g(x,t,u™¥)} is convergent to g(z,t,u™) almost everywhere in Qf and g(z,t, u®
= z5f(2,1). Since the operator B is bounded, we can write

)

1B(u)]] > < s,

r? <<07T>;v*<QR>

where (112 1s a constant independent of V.
Without loss of generality we can assume that B(u™) — 05 weakly in L? <(0, T); V*(QR)>
as k — +oo. Using (12) it is easy to prove an equality

n

7 &R > &R - &R
u,; v dt—l—/ ( aj(@, t)u vy, + bi(z,t)u v+
/0 (50 o (22 ot 0fon, + Yo bo

7,75=1
1 T
+e(z, )u=Mo + g(a, t,u™)o — f(:z;,t)v) dxdt + —/ <(96’R, v> dt =0, (22)
€ Jo Ao(R)

vr e (0,7), Y0 € H'(Q) N Y(QF), where Y(QF) = L2 ((0,1); V(2™)) 1 L7(QF).

We deduce from (22) that ui" € Y*(QF). Therefore by Theorem 1.17 [10], we get u*" €
C([O, T; LQ(QR)> and

<u§’R,v> :/ uE’Rvd:Jc—/ uE’Rvd:L'—/ ut T o,dadt. (23)
(V<@HY(@E)  Jar ok QR

We have

up (+,0) = u™(-,0) weakly in L*(Q%) and u} (-,0) = uo in L*(QF).
Thus

u T (z,0) = uo(2).
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By using (22), (23) becomes

,R ER ER ,R
“wd — i t - bi(x,t)u t
/Qﬁu w:z;—l—/Q¥< u® wt—l—g aij(x, t)us w]—l—g (, Tw A+ c(w, t)ut

7,75=1

1 T
+g(z, t, u™H)w — f(:z;,t)w) dxdt + —/ <05’Rw> dt = / uowdz (24)
€ Jo Ao(R) off

Vw € HY(QE) N Y(QEF), 7 € (0,T]. Applying (23) we have

1 e —agT - e e, 1 e e e,
§/Q7B(U7R)2€ dx+/R<Za2](xt) R R_|_2a( R ‘|‘Zb$t R R_I_

Q7 Ng =1 i=1

1 T
—I—C(l', t)(us,R)2 T g(:z:, t us,R)us,R _ f(l‘, t)us,R> e~ 20t Je dt 4= / <057 us,R> eool gy —
€ Jo Ao(R)

:/ ugdr, 7€ (0,7). (25)
off

Proceeding as in [11, I1,1.2] we prove that 057 =B(u>"). Hence Vv € HY(Q%) N Y (Q¥) and
V7 € (0,T] we obtain

R R R R e,R\2
! d — ! 07 ,t DU, bZ ,t l,’, ,t !
/Qﬁu v:z;—l—/@ﬁ( u" v+ E ai(x )ul,lvj—l—;:1 (z, t)ulv + ez, t)(u™7) "+

1,5=1

1 T
+g(z, t, u=)o — f(:z;,t)v) dxdt + g/o <B(u5’R),v>AO(R)dt = /Qg)% ugvdz. (26)

Let R be any natural number. We are given a sequence {u®*}, where u** satisfies the equa-
tion

/ us,kvdl’ + / ( —ut Ut + Z CLZ] x, t U /Ul’] + Z bi(x7t)u;7ikv + C($,t>u5,kv+
Qk QL i=1

7,75=1
+g(x,t us’k)v — flz, v |dedt + 1/7 <B(u5’k) v> dt :/ uovde (27)
5 by ’ =) ’ Ao (k) Qéﬂ 0 ’

Vv e k,c(QTmL?((o T);: Vieel ) 0 15,(@1) = HE(Qr) N Yioe@r), V7 € 10,7,
Obviously u*(x,t) = u®!(x,t), | > k in Qk. Write

u(z,t) = uH(x, 1), (z,1) € Q% ke N

Therefore (by (27)) the function u® satisfies the equation

n

_/ uSwip(x)e” T dr — / ( — uSwp () + agutwip(x) + Z aij(x, t)us, we 1h(x )+

1,5=1
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n

+ Z aij(xvt)u;iw¢x] (z) + Z bi(:l:,t)u;w;/;(x) + c(@, utwip(z) + gla, ¢, uf)wy(a)—

1,5=1

—f(:z;,t)w;/;(:z;)) e~ dxdt — l/0T <B(u5),w;/;(:z;)>AO(R)e_a°tdt =— /QO uowip(x)dx, (28)

e

V7 € (0,T],Yw € HL . (Qr) N Yiee(Q7) N K, and

n

%AT(UE)2¢($)e_a0de —I—/ (Z aij(x,t)u;iu;;/;(x) T Z Gij(:li,t)u;usg/;%(x)—k

Qe \; -1 i j=1

37 bty () + (a0 + ol ) (0 (o) Pole) + gl Lo (o)

—f(x,t)u5¢(x)> e~ dxdt + 1/07 <B(u5), u5¢>AO(R)e_a°tdt = /QO ugh(z)dz, (29)

e

¥r € (0.7, & € CNR™), by, € L¥(R"), i € {L....,n}, suppt C Bp, R > 0, th(x) > 0

in R”. Moreover,

1 1
—/ wwpp(x)e” * drdt = ——/ wih(z)e™ " dx + —/ wi(x)de—
Q‘r 2 Q‘l' 2 QO

1
——ao/ wih(x)e” " dxdt. (30)
2 Jo,

Adding (28), (29) and (30) we obtain

n

%/Q <u _ w>2¢(aj)e—a07dl‘ + /QT (Z aij(x,t)ug, <u§,J — wxj>;/)(:1;)—|—

¥ Z s 0 (07 = ) (&) + Z b, (1 = w) bl (o = w) o)+

= %/QO <u0 — w>2¢(:1;)d:1;. (31)

But w € K and the operator B is monotonic, it follows that B(w) = 0 and from (31) we get
the inequality

/QT <u N w>2¢(:1?)6_%7d:1; _ /Q <u0 _ w>2¢(x)dx < Q/QT (wt <w B us>¢($)_

0
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_%ao <w — u6> 2¢(x) + z”_: aij(:zj,t)u; <wxj — ui,]);/)(x) + z”_: aij(:zj,t)u; <w — u5>¢x](:1;)—|—
¥ z b0, (10— 0 ) o) + e (w0 — 0 ) s(a) 4+ gl 1) (w0 — 7))
—f(x,t) <w — u5>;/)(:1;)> e 'dzdt, T € (0,T]. (32)
Let
il el P 7
;/)(:1;):{ O,R 7 I:L'IE]];

We conclude from (16)—(19) (for R = [), that

J

(us)de S Hi2, T € [OvT]v / <|u6|2 + |us|p + Z(u;,)2> dxdt S H13,
Q i=1

l l
T T
T
| (B < gt i <
0 Ao (1)

where y13 is a constant independent on e (but depends on 1), [ € N.
Therefore we may extract a subsequence {us"-'} of {u} such that

usFt — ol weakly-star in L <(07 T); LQ(Q1)>7

usRLL 1 weakly in L? <(0, T); V(Ql)> N Lp(QlT)v
gl ™) 2! weakly in L7(QF),

fOT <B(u5(k)’1), us(k)’1> dt — 0, where lim e(k) = 0.

Ao (1) k—+oco

There exists a subsequence {u®¥?} C {u*®)1} such that

usk)2 — oyl weakly-star in L <(07 T); LQ(Q2)>7

w2 5 4? weakly in L2 <(0, T); V(Qz)> N LY(Q7),
g(, - w2y = 2% weakly inL?(Q3%),

fOT <B(u6(k)’2), us(k)’2>A ( )dt — 0 as (k) — 0 and so on.
0(2
Obviously u'(z,t) = u*(x,t) in Qf, 2'(x,t) = 2*(x,t) in Qf, for k> 1.
Write u(z,t) = ul(z,t), (z,t) € Qb z(x,t) = Z(z,t), (z,t) € Q%,1 € N. Thus

w* Bk 5 weakly-star in L™ <(0, T); L} (Q)), u™E — 4 weakly in

loc

L2((0,7): Vioe @) N £2(@1), g, w%) = = weakly in L, ().
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By (27), we have
lim <B(u6(k)’k),v> =0

k—+o0 A

Yo e L? <(O,T); V*(Q1)>, [ € N, where by <-, > we denote the action of an element from

LA(0,7); V¥()) on L2((0,T); V(2)).

Consider a sequence {0y} with non-negative members of the form

- <B(v), us kb v> —

Ay

— <B(us(k),k) _ B(v),us(k)’k _ U>Al _ <B(us(k),k)7us(k),k>

—<B(u5(k)’k), v>

Ay

Yoe L2<(O,T); V*(Q’)), k> L.

Ay
Therefore

(Vi € N) <B(v),u—v> >0 and B(u)=0

Ay
Thus v € K.

We write (32) for u®®)*F and u(*)* s > k, take w = w,, where w, is a solution of problem

1
Nyt + w, = v, w,(0) = up, v= §<us(k),k i us(s),s)

and add the corresponding inequalities. The result is

/ <2w77,5(w77 —v)p(x)+ Z a;j(x,t) <U§(ik)’k(w77xj — u;(]k)k) 4 U;E.S)’S(wmg — u;gs),s)>¢(x)+

1,5=1

£ g, (o) (s (= ) o0, — ) )

B

7,75=1
£ 37 bl ) (w9 (w0, — ) s 0, — 0 ) Jab(a)
=1

el ) (w0 (w0, = ) o, — 0 ) ()
1

_§ao<(ue(k>,k —w,)? + (w9 — wn)2>¢(l‘) + <g(x7t7 IR, — ) 4

(e, 0 (0, = ) () = 2 1) w0, — vw(x))e—%fdxdt >

>

/ <(u5(k)’k — w77)2 + (us(s)’s — wn)2>¢(:1;)e_a07d:1;, T € (0,7]. (33)

r

[N

We have

/ Wyt (W, — v);/;(:z;)e_aotdxdt <0, w, - v weakly in L? <(0, T); VlOC(Q)> N Lfoc(@T)

as 1 — +0 (by Lemma), so (33) implies the inequality below
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%/T(uk’s)%(m)e—awdx—l—/T (ia”(:p Dubul b (z) + iam(x Hul oo, (2)+

1,5=1 1,5=1

+Zb (o () + Lao(u) i) + el )bV

—|—<g(:1; ¢, us) e g(:z;,t,us(s)’s)> uk5¢(x)> e~ *dzdt <0, (34)

where ks = y=k)k _ g=(s)s,
Inequality (34) coincides with (7). Hence applying (34) gives that {u®®*} is a Cauchy
sequence in C((O, T; LIQOC(Q)> N L2 <(0, T); Vloc(ﬂ)> N LY (Qr).

Writing (32) for u**)* and passing to the limit as k — +oo , we obtain inequality (1)
and initial condition (2), which completes the proof of Theorem 2. O
Example 1. Let Vioc(Q) = H} ) (Q), K = L <(O,T); H&IOC(Q)>, B =0, u be a solution of
(1) with condition (2) and u, € L? <(O,T); (H} IOC(Q))*>.

Then in equation (1) we put v = u + A, where ¢ € HL (Qr) N L? <(0, T); H&IOC(QD N

IOC(QT) Qb( ) — 07 A € R.
Thus we have from (1)

n

/ wbe— b (2)d +/ <_ ug(x) + 3 aie, s, (0 ) + Zb o, ), dtb(2) +

g g ij=1

Fe(e, thunb(z) + augip(x) + gl u)dnb() — £, t>¢¢<x>)e—“dxdt —0

which implies that u is a weak solution of the following problem

u= Y (e )+ by, + ol ut glatu) = Sl ),

i j=1
wlagx oy = 0, u(z,0) = uo(x). (35)
Example 2. Let
Vie() = HL (Q), K = {v ve L2<(O,T); H;OC(Q)>,U > 0 on 99 x (o,T)},

u be a solution of (1) with condition (2) and u; € L? <(O,T) (HIEC(Q))*>

In this case we can define

B L ((0.7): Hin() = L2((0,7): (L))
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by the formula

T
<B(u),v> :—/ / u”vdl,
<L2((OvT)%(Hl(QR))*)7L2((07T)%H1(QR))> o Jr

u,v € L* <(O,T); HI(QR)>,‘V’R > (), where

_ |0, if w(x,t)>0
u (1) = { —u(x,t), if u(x,t) <O.

The set K satisfies condition (K), the operator B is bounded, semilinear, monotonic and
K= {v Lo € L2 <(0,T); Hlﬁ)c(Q)),B(v) - o}.
Proceeding as in [11, II, 9.5], we obtain that u is a weak solution of (35) with initial

condition (2) and the boundary conditions

u>0 on 9Q x (0,T), Z a;j(x,t)uy, cos(v,x;) >0 on 9Q x (0,7,
7,75=1
u Z a;j(x, t)ug, cos(v,z;) =0 on 09 x (0,T), where v is the normal vector
=1

to 9Q x (0,7T).
Example 3. Let Vio(Q) = Hl, (Q), K = {v ‘v e L2<(O,T); VIOC(Q)>,U > 0 in QT},

u be a solution of (1) with condition (2) and w, € L? <(0,T); (H&IOC(Q))*). We define in
L (Qr) an operator B by the formula

(B(u),v) 208 = — /Ru_vdxdt, Yu,v € L} (Qr), YR > 0.
QT

The set K satisfies (K), the operator B is bounded, semilinear, monotonic in L? <(0, T); Vloc(ﬂ)>
and K = {v cv e L? <(O,T); H5710C(Q)>,B(v) = 0} (because L? <(O,T); VlOC(Q)> is dense in

L} (Q7)). Analogously like in [11, I, 9.5] we prove that u is a weak solution of (35) in this
part of Q% where u(z,?) > 0,u(x,t) = 0 in the remaining parts of Q7,u = 0 on 9Q x (0,T)
and satisfies condition (2).
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